ULTRADIFFERENTIABLE EXTENSION THEOREMS: A SURVEY

ARMIN RAINER

ABSTRACT. We survey ultradifferentiable extension theorems, i.e., quantita-
tive versions of Whitney’s classical extension theorem, with special emphasis
on the existence of continuous linear extension operators. The focus is on
Denjoy—Carleman classes for which we develop the theory from scratch and
discuss important related concepts such as (non-)quasianalyticity. It allows us
to give an efficient and, to a fair extent, elementary introduction to Braun—
Meise—Taylor classes based on their representation as intersections and unions
of Denjoy—Carleman classes.
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1. INTRODUCTION

The development of differential analysis in the last century was strongly influ-
enced by Whitney’s work on differentiable functions. Especially fruitful was Whit-
ney’s extension theorem which describes the restrictions of smooth functions on R™
to closed subsets. For a closed non-empty set A C R™ we consider the restriction
map

Jx s CFRY) = AT, fo (F9)aer
Taylor’s theorem implies that the image j$C°°(R™) is contained in the set £(A)
of Whitney jets: F = (F), € C°(A)N" belongs to £(A) if for all compact subsets
KCA jallpe N and all |o| <p

(REF)*(y) = oflz —y[P~1*) as |z —y| = 0, 2,y € K,
where ( v
« « y—x «
(REF)*(y) = F*(y) — Y TF ().
1BI<p—|al '

Whitney’s extension theorem [92] states that jC*(R") = £(A), i.e., every Whit-
ney jet F' € £(A) admits an extension f € C°(R") such that j°f = F.

In this paper we shall be interested in quantitative versions of Whitney’s exten-
sion theorem.

Question 1.1. Given that a Whitney jet F' € E(A) satisfies certain uniform growth
properties, can these properties be preserved by the extension? If they cannot be
preserved, can the loss of reqularity be controlled? Can the extension be performed
by a continuous linear map?

The uniform growth properties we have in mind are bounds on the multisequence
of partial derivatives imposed in terms of a suitable weight sequence which measures
the deviation from the Cauchy estimates and hence from analyticity. They give
rise to so-called ultradifferentiable classes which form scales of regularity classes
between the real analytic and the smooth class. More specifically, the use of a
weight sequence M leads to Denjoy—Carleman classes which originated around
1900 in work of Borel, Gevrey, Holmgren, Hadamard, etc. A different approach
based on decay properties of the Fourier transform is due to Beurling and Bjorck
in the 1960s. An equivalent description of this second approach was later given
by Braun, Meise, and Taylor. The resulting classes are called Braun—Meise—Taylor
classes; their definition involves a weight function w.

In this survey we will first treat the extension problem extensively for Denjoy—
Carleman classes. In a second part we will discuss it for Braun—Meise-Taylor
classes. Our treatment of the latter is based on their description as intersections
and unions of Denjoy—Carleman classes in terms of an associated family of weight
sequences (called weight matriz).

Our study of Question 1.1 will first focus on the simplest case when the closed
set A is just the singleton {0}. Then j75, is called Borel map, £({0}) is isomor-
phic to the ring of formal power series K[[X71,...,X,]] (where K is R or C), and
Whitney’s extension theorem reduces to Borel’s lemma. Emile Borel’s discovery
at the end of the 19th century that there exist classes of smooth functions which
have an analytic continuation property (called quasianalyticity), but contain func-
tions that are nowhere analytic, led to a lot of activity. A class of smooth func-
tions is quasianalytic if the restriction of the Borel map to this class is injective.
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The famous Denjoy—Carleman theorem characterizes quasianalyticity of Denjoy—
Carleman classes in terms of the weight sequence M. We give a full proof based
on two elementary lemmas (Lemma 3.2 and Lemma 3.3) which will turn out to be
foundational for the whole theory. For example, we will deduce the characteriza-
tion of quasianalyticity for Braun—Meise—Taylor classes from the Denjoy—Carleman
theorem.

The bounds on the derivatives defining an ultradifferentiable class naturally in-
duce corresponding bounds for the infinite jet of such functions at 0. Thus the
natural codomain of the Borel map on an ultradifferentiable class is a sequence
space defined by the corresponding bounds, and one may ask about surjectivity of
this map. We will see that surjectivity on Denjoy—Carleman classes is equivalent
to a condition on the weight sequence M that is called strong non-quasianalyticity.
It will turn out that this condition is indispensable for the existence of suitable
(even optimal) cutoff functions crucial for the solution of the extension problem.
By different methods (studying the distribution of zeros of quasianalytic functions
and their derivatives) we shall also see that the Borel map is never surjective in the
quasianalytic setting, except for the real analytic class.

All ultradifferentiable classes considered in this paper come in two types, Beurl-
ing type and Roumieu type. The classes of Beurling type carry a natural locally
convex topology that make them to Fréchet spaces, the topology of the classes of
Roumieu type is more complicated. We shall see that the Borel map on Denjoy—
Carleman classes of Beurling type is even split surjective if M is strongly non-
quasianalytic. In the Roumieu case, generally, the Borel map does not admit a
continuous linear right-inverse.

Having solved the extension problem for the Borel map, the solution of the
general problem for arbitrary non-empty closed subsets A of R™ depends on the
existence of optimal cutoff functions. They are optimal in the sense that they
realize necessary sharp bounds. In conjunction with a family of Whitney cubes for
A, they yield optimal partitions of unity with the help of which the local extensions
(provided by the solution for the Borel map) can be glued to a global extension of
Whitney ultrajets on A. The construction of these cutoff functions involves some
delicate properties of auxiliary functions associated with the weight sequence M.

The existence of extensions in the Beurling case follows by a reduction argument
from the Roumieu case. But we will also find optimal cutoff functions of Beurling
type and utilize them for a direct proof of the split surjectivity of the restriction map
J% on Denjoy—Carleman classes of Beurling type. In this way we give an elementary
constructive proof for the existence of extension operators in this setting, without
relying on the abstract splitting theorem for Fréchet spaces, which we shall however
discuss briefly.

If strong non-quasianalyticity is lacking, and hence extension preserving the
class is impossible, one is led to the problem of controlling the loss of regularity.
This problem is solved by describing the pairs of weight sequences (M, N) (later
called admissible pairs) such that Whitney jets on a closed set A satisfying M-
bounds admit extensions with N-bounds, both in the Beurling and Roumieu case.
Technically, this requires an interesting tool inspired by Dyn’kin’s theory of almost
analytic functions: instead of the local extensions (for the singleton) one uses the
Taylor polynomials of the jet to higher and higher degree as the closed set A is
approached.
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The second part of the survey is dedicated to a concise introduction to Braun—
Meise—Taylor classes and a discussion of the extension problem in that framework.
Our approach is based on the description of these classes as suitable intersections
and unions of Denjoy—Carleman classes which allows (to a fair extent) for a swift
and elementary treatment, building on the extensive study of the latter in part
one. The discussion of the extension problem for Braun-Meise-Taylor classes will
be more expository (compared to part one). We will present the state of the art
of this area mostly without proofs but indicating the important ideas and meth-
ods involved. Interestingly, there appear phenomena that are not present in the
framework of Denjoy—Carleman classes. For instance, if extensions preserving the
class are possible, even in the Beurling case they cannot always be realized by ex-
tension operators. The existence of extension operators (always in the Beurling
case) depends on the geometry of the set A and on the weight function w. The
singleton {0}, for example, admits an extension operator if and only if w has a
certain additional property (namely, it is a so-called (DN)-weight). And, if w has
this property, then every closed set A has an extension operator. Given that w
lacks that property, then the existence of an extension operator on a compact set
K is characterized by the linear topological invariant (DN) of the space of Whitney
w-ultrajets of Beurling type on K. A compact set may or may not satisfy this
condition: sets with real analytic boundary do and sets with sharp (i.e., infinitely
flat) cusps do not.

In order to make the exposition not too technical we do not strive for the utmost
generality of the results. But we provide appropriate references for the interested
reader.

This survey article arose from notes for a mini-course I gave at the School of
Real Geometry in Fortaleza, Brazil, May 24-28, 2021.

Notation. We use standard multiindex notation.

The supremum norm is denoted by [|ul|x := sup,ex |[u(x)|.

A sequence (ay) is called increasing if ar, < ag41 and strictly increasing if aj <
ak+1 for all k; analogously with decreasing. That an increasing sequence (ay) tends
to infinity is abbreviated by ay  co.

For two non-negative sequences a = (ax) and b = (bg) we write a < b if there is
a constant C' > 0 such that a < Cby for all k; similarly for functions. We will also
use a < b for a,lc/k < b,lc/k and a < b for a,lg/k/b,lc/k — 0.

The indicator function of a subset A C R™ is denoted by 14. If A is non-
empty, then diam A := sup{ja — b| : a,b € A} is the diameter of A. If B C R”
is another non-empty set, then dist(A, B) := inf{la — b| : a« € A, b € B} is the
Euclidean distance between A and B. In particular, d4(z) = d(z, A) = dist(z, A) :=
dist({z}, A) for z € R™.

For open subsets A, B C R™ we use the symbol A € B to indicate that A is
relatively compact in B. And we write K C., A if K is a compact subset of A.

1h‘ctps ://sites.google.com/view/scregefor2020/
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Part 1. Denjoy—Carleman classes
2. ULTRADIFFERENTIABLE FUNCTIONS

In this section we discuss natural growth conditions for the infinite sequence of
derivatives of smooth functions.

2.1. Denjoy—Carleman classes. Let M = (M} )ren be a sequence of positive real
numbers. Let U be an open subset of R™. For f € C*(U), p > 0, and compact
K C U we consider the seminorm
@) (g F@ x
Hf”%,p ‘= sup sup ||a| ( )‘ = su Hla‘ H ’
zeK aeNn Pl Mo aenn plIM 4
where ||u||x = sup,cg |u(z)| denotes the supremum norm. (In the definition of
I f||% , it is not important that K is compact; we will occasionally use || fH% , for
open sets U.) We define the Denjoy—Carleman class of Beurling type
EMU) = {feC®(U) VK Ce, UVp>0: | fII}, < oo}
and the Denjoy—Carleman class of Roumieu type
EMIU) = {feC®U):VK Co, U Ip>0: || £[}, < o0}
It is convenient to consider also the global Denjoy—Carleman classes
BM\(1) = {feCc>U):vp>0: ||f||{>4p < oo},
BMIU) = {feC™U):3p>0:|flf, <o},
as well as the Banach space B)(U) = {f € C>(U) : [|f|l}f, < co}. We consider
the natural locally convex topologies on these spaces, i.e.,
BUD(U) = proj,en BYY,(U),  BUHU) = indnen BY (U),
and

EMIU) = projy cy BM (V).

Convention 2.1. For notational convenience we use £M! as placeholder for either
EM) or 1M} with the understanding that if the placeholder appears repeatedly in
a statement then it must be interpreted by either €M) or E{M} at all instances. In
an analogous fashion we use BIM!, DM etc.

The spaces BM) (U) and £M)(U) are Fréchet spaces, BIM}(U) is a Silva space,
and all spaces are nuclear provided that the weight sequence M is derivation-closed,
see Section 2.5.

Furthermore, we need the subspaces consisting of functions with compact sup-
port: for compact K C R"™ let

DMI(K) = {f € EM(R") : supp f C K}
with the induced topology. If U C R™ is open, we set
DM(U) = indgc, v DM(K).
We shall see below that DIM)(U) can be trivial.
For the sequence My = k!, the Roumieu class £M}(U) coincides with the class

of real analytic functions C*(U) and the Beurling class £€)(U) consists of the re-
strictions to U of the entire functions H(C™) on C™. This follows from the Cauchy
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estimates. In general the sequence M describes a deviation from the Cauchy esti-
mates.

2.2. Weight sequences. It is convenient to require some basic mild regularity
conditions for the sequence M. Most importantly we assume that M is log-convez,

that is (log M)y is a convex sequence.? Equivalently, the associated sequence
with
My,
P 1= , k>1,
My

is increasing. We also assume pg =1 < p.

Definition 2.2. We call a positive log-convex sequence M = (M},) with My =1 <
M; and M,i/k — 00 a weight sequence.

Log-convexity of the sequence m defined by

T T
is a stronger useful property; it means that p* with pf :=1 and
* my 1223
= =—, k>1
K Mi_1 k ’ = b

is increasing. A weight sequence M with this property is said to be strongly log-
convez.

Lemma 2.3. A positive log-convex sequence M with My =1 < M, has the follow-
ing properties:

(1) M;/k < g for all k > 1.

(2) The sequences (My,) and (M;/k) are increasing.

(3) MMy < Mjiy for all j,k e N.

(4) M;/k — 00 if and only if ur — oo.

Proof. By assumption, we have 1 < pu; < ps < --- and thus M,i/k =

(papen -+ - pug)*’® < g, that is (1). An easy computation shows that Mé/k <
M,ii(lkﬂ) is equivalent to M,i/k < pg41- So (2) follows. To see (3) observe that

MM < (p1---p5)(p1-- ) < pa---pjre = Mjpx. Let us check (4). That

M,i/k — oo implies pp — oo follows from (1). If pp — oo, then for each positive
integer n there is k, such that ux > n for all k£ > k,,. Then

kn
Moy, = My, pk, +1 - - - P2k, =1
and thus M%ﬂ@k”) > /n for all n. So M;/k — 00, since M;/k is increasing. d
2Generally, this assumption can be made without loss of generality. Indeed, if M is a positive
sequence, then E1M}I(U) = €M} (U) and €M (U) = €AD(U), where M is the log-convex mi-

norant of M, provided that the classes contain the real analytic class, respectively. This follows
from the Cartan—Gorny inequality, see [41, 26] and [74, Theorem 2.15].
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2.3. Characteristic functions. Every Roumieu class contains functions whose
derivatives max out the defining bounds.

Lemma 2.4. If M = (M) is a weight sequence, then there exists f € BIM}(R, C)
such that f(k)( ) = i*ay with ap > My, for all k € N and i = /—1.

Proof. The following construction is due to [3], see also [88, Theorem 1]. Since py
is increasing, we have

. M,
—k . 2
T <—2, for all (j,k) € N°.

Then the function

fa) =30 Mk s
= (2pr41)"

has the required properties. Indeed, j-fold term-wise differentiation yields

| Z

whence the series is uniformly convergent and f € B#}(R, C). Moreover,

) ~
/ (O)ZZE:Agggl%;izzﬂﬂu
= (k)7

kaJrl)J 2ipp 1@ < M; ZQJ k 2j+1Mj
2uk+1 P

The lemma is proved. (]

2.4. Inclusion relations. Let M = (My) and N = (Ny) be positive sequences. It
follows from the definition that the inclusion EIMI(T7) C V(U holds for all open
U CR" and all n > 1, provided that the positive sequences M und N satisfy

M\ 1k -
sup ( ) 0.
keN \ Ng

In that case we write M < N. Notice that the inclusion EM)(U) C EMI(U) is
trivially true. It is also clear from the definition that
. M\ /k
dm (5) =0

implies the inclusion EMH(U7) € £NV)(U) for all open U C R™, n > 1. We abbre-
viate this relation by M < N.

Lemma 2.5. Let M be a weight sequence and N a positive sequence. Then:
(1) The inclusion EM(U) C EWNNU) for all open U C R™, n > 1, is equivalent
to M < N.
(2) The inclusion EMY(U) € ENNU) for all open U C R™, n > 1, is equivalent
to M < N.
(3) The inclusion EM(U) € ENY(U) for all open U C R™, n > 1, is equivalent
to M < N.
Actually, for the necessity of M < N, respectively M < N, it is enough to have the
respective inclusion relation for some non-empty open subset U of R.
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If the smaller space is of Roumieu type, then the necessity of the various con-
ditions follows easily from Lemma 2.4. That EM)(R) € EMV)(R) and EM)(R) C
EWHR) imply M < N, respectively, can be shown by an argument of [21] based
on the closed graph theorem.

Let M and N be weight sequences. The lemma implies that EM = gINV] if
and only if M x N < M. In that case we say that the weight sequences M
and N are equivalent. (Here (and below) M C £IN] means that the inclusion
EMI(Uy € EINI(U) holds for all open subsets U C R, n > 1.)

In view of C¥(U) = LN} (1) and H(C™) = £(F)R)(U) one easily deduces the
following corollary.

Corollary 2.6. Let M be a positive sequence. Then:

(1) The inclusions C<(U) C EMIU) and H(C™) € EMN(U) for all open
U CR", n>1, are both equivalent to the condition

lim inf m,lﬂ/k > 0.
k—o0
(2) The inclusion C¥(U) C EMN(U) for all open U CR™, n > 1, is equivalent
to the condition
y 1k
im m,’" = oo.
k—o0

In this case the inclusion C*(U) C EM)(U) is strict.

2.5. Stability properties. Under suitable assumptions on the weight sequence,
Denjoy—Carleman classes are stable under basic operations of smooth analysis. Let
M = (My) be a weight sequence.

Pointwise multiplication: Let U C R™ be open. Then £M](U) forms a ring
with respect to pointwise multiplication of functions. This follows from the
Leibniz rule and Lemma 2.3(3).

Analytic change of variables: Suppose that C*(U) C £MI(U) and ¢ :
V — U is real analytic, V C R™ open. Then the pullback ¢* : EMI(U) —
EMI(V), o*(f) = f o o, is well-defined; cf. [40]. Hence one can consider
EMI_functions on real analytic manifolds.

For the following properties the weight sequence M must satisfy additional condi-
tions.
Stability under differentiation: £M(U) is stable under differentiation
(i.e. 0°EMI(U) C EMI(U) for all a € N™) if and only if

Mk+1>1/k
su < 00. 2.1
k£< M, 21)

In this case we say that M is derivation-closed. It is easy to see that (2.1)
implies that there is a constant C' > 1 such that M, < C** for all k.
Actually, also the converse implication holds if M is log-convex, see [58].
Stability under composition: €M) is stable under composition (i.e.,
EMI(U) o MV, U) C EMI(V) for all open sets U C R™ and V C R™)
provided that
M° < M, (2.2)
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where mj, := max{m;jmq, ---Mq, : @; € Nso, ay +--- +a; = k}. This
follows easily from Fad di Bruno’s formula; cf. [74].> We call (2.2) the
(FdB)-property.

Remark 2.7. The (FdB)-property is not easy to check, but it follows from several
conditions that are easier to handle. If M is a positive sequence, then each of the
following conditions implies that M has the (FdB)-property:

(1) m = (my) is log-convex (i.e. M is strongly log-convex).

(2) mymy < mymjyp—q for all j, k> 1.

(3) M is derivation-closed and the sequence m,lf/ " is almost increasing, i.e.,

there exists C > 0 such that m;/j < Cm,lc/k for all j < k.
Conversely, if M is a weight sequence having the (FdB)-property, then mi/ s
almost increasing; cf. [74]. See [74, 3.6] for an example of a weight sequence M
such that M is stable under composition, but there is no strongly log-convex

sequence N that is equivalent to M.

Inverse mappings: For any £M-mapping f : U — V, where U C R™ and
V € R"™ are open, such that f'(xg) € L(R™,R") is invertible at g € U
there exist neighborhoods g € Uy C U and f(xg) € Vo C V and a EM]_
mapping g : Vo — Up such that fog = idy,, provided that C* C EMI M s
derivation-closed, and m,lf/ k

we evidently also have the implicit mapping theorem in £

Solving ODEs: For any £Ml-mapping f : R x R® — R™ the solution of
the initial value problem 2’ = f(t,z), 2(0) = xq, is of class EM, where
it exists, provided that C¥ C EM] M is derivation-closed, and m,lf/ s
almost increasing.

It was proved in [75] that, given that C* C &M and M is derivation-closed,

the condition that m,lc/ " is almost increasing is also necessary for stability under

composition, inverse mappings, and solving ODEs, respectively. As a consequence

EMI is inverse-closed, that is 1/f € EM(U) if f € EM(U) is non-vanishing.

is almost increasing. Under these assumptions
(M]

2.6. Moderate growth. Let us finish this section by briefly discussing another
property which often plays a decisive role. We say that a weight sequence M has
moderate growth if

3C > 04,k € N: My < CITFM; M. (2.3)
Evidently, (2.3) entails (2.1). It is not hard to see that (2.3) is equivalent to
et S M,i/k and in turn to por S pg; cf. [76, Lemma 2.2]. In terms of the

spaces £MM] moderate growth of M is equivalent to separativity [59], validity of
the exponential law [48, 49, 50], and stability under ultradifferential operators [47],
respectively. Note that (2.3) holds for M if and only if it holds for m.

The moderate growth condition is rather restrictive. Indeed, it implies that there
is a constant C' > 0 such that p9; < Cpgi—1 for all j, and thus, if 27 < k < 2911,

. kS
pi < pigitr < Cpgy < CITE < Cﬁlﬁ

3It was shown in [74] that (2.2) is also necessary for the stability under composition of &[]
provided that the class is stable by differentiation; this is based on the characterization of inverse-
closedness and stability of EM] under superposition by entire functions due to [81, 21].
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for any s > 1. If we choose s > 1 such that the sequence (C771/27%); is bounded,
we find that M < G*, where Gy := k!°.

Example 2.8. For s > 1 the sequence G* = (G) is a strongly log-convex weight
sequences of moderate growth. It is called the Gevrey sequence of index s. We have
£1@" = ¢, For s > 1 a typical function in E(°I(R) is ¢ > exp(—1/tY/ (D). I
is easy to check that (k*¥); is an equivalent weight sequence.

3. THE BOREL MAP AND THE DENJOY—CARLEMAN THEOREM

Coming back to Question 1.1 we shall now discuss our problem for the singleton
{0}. Suppose that M is a weight sequence and f € EMI(U), where U is an open
connected neighborhood of 0 € R"™. Then the jet I := j&%,f = (£((0))qenn

obviously satisfies

_Ee
aeNn Pl Mg
for some p > 0 or for all p > 0, depending on whether we consider the Roumieu
case EM} or the Beurling case £M). We define

AMY .= fgecN : Ip>0: la])" < oo},
AM ={aecCV : Vp>0: |a|£4 < 00},

and equip them with their natural locally convex topology. In accordance with

< 0 (3.1)

Convention 2.1, we use AM for both of them and just write A if the dimension
n is clear from the context. Now the (restriction of the) Borel map

ity EMU) — A (3.2)
is well-defined. We may specify Question 1.1 in this setting and ask:

When is the Borel mapping (3.2) surjective or injective?

We start with discussing injectivity.

3.1. Quasianalyticity. Let M be a weight sequence. We say that the class [M]
is quasianalytic if for all open connected neighborhoods U of 0 € R™ the Borel map
Ity EMI(U) — AM) is injective. The class EMM] is called non-quasianalytic if it
is not quasianalytic. In that case it is easy to construct non-trivial functions with
compact support (so-called bump functions) in the class, since £ [M] is stable by
multiplication.*

Remark 3.1. There is nothing special about the origin. It is easy to see that £
is quasianalytic if and only if j{oz} : E[M](V) — AMI s injective, where V C R™ is
any open connected neighborhood of an arbitrary point a.

Note that it suffices to check in dimension one whether a class £M is quasian-
alytic or not. Indeed, if there exists a bump function f in dimension one. Then
f®---®f (ntimes) is a bump function in dimension n. And, if a function f defined
in a neighborhood of 0 € R™ satisfies j{og}f =0, then jfg}(f o /) =0 for all lines ¢
through 0.

4The study of quasianalytic classes started at the end of the nineteenth century with the work
of Emile Borel who found examples of non-trivial sets C of smooth functions on R containing
nowhere analytic elements such that all members f of C have the unique continuation property
(VkeN: fF)(0)=0) = f=0.
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In a communication [42] to the Société Mathématique de France Jacques
Hadamard asked whether quasianalyticity can be characterized in terms of a growth
condition on the iterated derivatives. This was essentially confirmed a decade later
by [32] and [24, 23] and became known as the Denjoy—Carleman theorem. We shall
give a proof based on the approach of [31] and [44, Theorem 1.3.8].

3.2. The size of a function near points of flatness.

Lemma 3.2. Let M = (My,) be a weight sequence. Let I = (—r, 7‘) C R for some
r > 0. Let f € C®(I) be such that f(t) =0 for all t <0 and || f*|; < My for
0<k<n. Then, forall1<{<mn and0<t<m1n{r,4zk luk}

If(B)] < (Eji?;l)é (3.3)

Proof. Cf. [14] which is based on [3] and [31]. Fix { with 1 </ <mnand t =1, €
(0,7). Let tp4q1 > tgpo > -+ > tpy1 = 0 be such that the interval Iy := [tr41, tk]

has length
|22

Y=t
Additionally, we set I,,11 := (—7,0]. We define F(s,k) = || f**)||;, and claim
F(s, k) < (2a)* M, forf<k<n+1and0<s<k. (3.4)

|| = i, where a:=
22

The claim holds for s = k and for s < k = n+1 by assumption, and the fundamental
theorem of calculus gives the bound
F(s,k) < F(s,k+1)+ |Ix|F(s+ 1, k).

Let 0 < s < k < n. If we assume by induction, that (3.4) is true for (s, k + 1) and
(s+1,k), then

1
F(s,k) < (20) 17 M, + <= (20) " M < (20)°° M, (20 + 5),
22
since Mg11 = Mspsy1 < Mspg. Provided that 2a < 1/2; claim (3.4) is proved by
induction. In particular, for t = t, € I, and s = 0, we obtain | f(¢)| < F(0,£) < (2a)*
which is (3.3). O
As an immediate consequence we observe that the divergence of the series ) -, ﬁ
is a sufficient condition for the injectivity of Jfoy EMHR) — AM} To see that it
is also necessary we aim to construct a non-trivial function with compact support
in EMH(R) provided that the series converges.

3.3. Special bump functions. For a > 0 let us consider the step function H, :=
%1(07(1). If f is a continuous function on R, then

o Hy( /fx—t t:i/:af(t)dt

is C! with derivative

(o By () = TS 0),

Hence f % H, is C*¥*! provided that f is C*.
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Lemma 3.3. Let (ax) be a decreasing positive sequence with a := > o, ay < 00.
Then fy := Hgyy % ---% H,, is of class C*~1 and has support in [0,a]. The sequence
(fx) converges to a C*°-function f with support in [0,a] such that [ fdz =1 and

1 k
0@ <5 [ 17 @) de <
for allk € N and z € R.

aOal"'ak7

Proof. Cf. [44, Theorem 1.3.5]. It is easy to see that f; is the piecewise linear
function which vanishes outside [0, ag + a1] has slope (aga;) ™! in [0, a1], is constant
in [a1, ap] and decreases linearly to 0 in [ag, ap + a1]. In particular, f; is continuous.

It follows that f; is C*¥~1 with support in [0, ag+a1+- - -+ax]. Writing (7, f)(z) =
f(xz — a) for the translation operator, we have

1
fl/c(x) = Htlzg *Hal oo *Hak(x) = 7(1 _Tao)Hal **Hak(x)

ao
and iterating we find
Looazhy
F9 = H (1 — T )Hy, %+ % Hyp,  for j <k—1.
i= 0
Since [ H,, dz =1 for all i, it follows that

. 2J , 2J
s =2 ad [P T
apay - ay apayq - aj—1

where we use |u * v| < sup|u| [ |v]dz and fu*vdx = [wdz [vdx. We have

|fk+f(x) —fg($)| = ‘fe*Hal/+1 *Ha/+k( )_fl(-%')‘
| [ (el =) = o) Hay 5+ Hop o (0) ]

< (apy1 + - 4 aegr) sup | fy
Qo1+ -+ apyk

)

<2

apaq
since Hy, , *---* Hy,,, has support in [0, apq1 + -+ agqr). It follows that f; has
a uniform hmlt f. Similarly, one sees that all derivatives of f; have uniform limits.

Hence f is C*° and the lemma follows easily. O

3.4. The Denjoy—Carleman theorem. We are ready to characterize quasiana-
lyticity in the Roumieu case. In order to also include the Beurling case we first
treat the following lemma. This lemma will be very useful for reducing the Beurling
to the Roumieu case at several occasions.

Lemma 3.4 ([27, Lemma 16]). Let (ox)r>1, (Bk)k>1, and (yk)k>1 be sequences
with the following properties:

(1) o >0 and ), oy < 00.

(2) Br >0 and By — 0.

(3) vk >0 and v 0.
Then there exists a positive sequence (Ag)gp>1 such that Ay /oo and

(1) jspAjay <8N D sy forallk > 1,

(2) Ak — 0,

(3) Agyk is decreasing.
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Proof. We find a strictly increasing sequence (j,)p>1 of integers with j; =1 and
1 I 1
Y ;< 1 d a0 B < » I 20p Ve < 7
J2Jdp+1 J2Jp
for all p > 1. Then 2p+1’yj b < 2Py, < 21"“1 . Let k, be the largest integer k
satisfying j, <k < jp41 and 2Py; < 2p+1fyk Deﬁne ()\k)k21 by setting

M i 2?”;—': if j, <k <k,
2Pt ik, <k < jpat

It is clear that Ay " oo and that Ag7yy is decreasing. If j,y; < k < jpi2, then
2P+t < )\, < 2712 and hence A\ f, < 27712, whence A8, — 0. Finally,

oo Jpt24+n—1 Jp+24n—1
. p+2+n .
E Ajoy = E E Aja < E 2 E o
JZ2dp+1 n=0j=jp+14n J=Jp+itn
1 .
p+2+n _— . _ 9p+3 .
< E 2 D E aj =2 Q;.
n=0 J2dp+1 J2dp+1

For k£ > 1 take p such that j, < k < jp41. Then

Jp+1—1
Z)\jaj:z:)\a]—i—z:/\aj
j>k J2Jp+1
Jp1—1
< optl Z a; + 2778 3" 0 <820 " <8N Y oy
>dpin i>k >k
The proof is complete. (I

Corollary 3.5. Let (a) be a decreasing positive sequence with ), ay < oo. There
exists a decreasing positive sequence (Bx) such that Y, Br < oo and Pi/ox /0.

Proof. Apply Lemma 3.4 to a = B = 7x. Then By := Apay has the required
properties. (I

Theorem 3.6 (Denjoy-Carleman theorem). Let M = (M}) be a weight sequence.
Then the following conditions are equivalent:

(1) &M} s quasianalytic.

(2) €M) s quasianalytic.

(3) Zkﬁ = 0.

Proof. The equivalence of (1) and (3) is an easy consequence of Lemma 3.2 and
Lemma 3.3 (with ay, = y;').

If £M) contains non-trivial functions of compact support then so does E1M}| by
the trivial inclusion €M) C €M} which shows (3) = (2) since we already have
the equivalence of (1) and (3).

In order to show that (2) implies (3) suppose that >, p%k < oo. By Corollary 3.5,
we find an increasing sequence (1) such that ), i < oo and ’;—’: /" 00. So the se-
quence % is log-convex and thus (N )/F — oo since Bt — oo (cf. Lemma 2.3(4)).

Then N = (Nk) is a weight sequence satisfying N <« M and thus EINY € (M),
Since ), = < oo, we find that £ {N} is non-quasianalytic, and hence so is EM). [
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The Denjoy—Carleman theorem completely characterizes injectivity of the Borel
map (3.2). It shows that the following definition makes sense.

Definition 3.7. A weight sequence M = (My,) is called quasianalytic if the equiv-
alent conditions of Theorem 3.6 hold, and it is called non-quasianalytic otherwise.

Remark 3.8. For later reference note that the proof of the implication (2) = (3)
in Theorem 3.6 shows the following: For any non-quasianalytic weight sequence M
there exists a non-quasianalytic weight sequence N with N < M.

Remark 3.9. For a weight sequence M = (M},), the divergence of the series ), ﬁ

is equivalent to the divergence of 3, W This follows from M,i/ F< wy for all k
(cf. Lemma 2.3(1)) and Carleman’s inequality: If (a) is a positive sequence, then
Z(alag cap)t < ez ag.

n=1 k=1

Cf. [44, Lemma 1.3.9].
If M is not necessarily a weight sequence, then one can work with the log-convex
minorant
M, = inf{Mk,MjZ_] M/ :j<k</t}
of M or the increasing minorant
— f‘lel/k
TR

of M ,1/ ¥ In fact, the following are equivalent (see [44, Theorem 1.3.8]):
(1) &M is quasianalytic.
(2) >k i = 00.
(3) 2k W = <.
(4) 2k i = 0.

Example 3.10. (1) The Gevrey sequences G*, s > 1, are non-quasianalytic if and
only if s > 1.
(2) The Denjoy sequences
n—1
n . . k n n 6k
w0 =k T (g (k + expl) (1)) (log"™ (k + expl™ (1)),
j=1
where n € N>1, 0 < 0 <1, and f["'is the n-fold composite of f, are quasianalytic
strongly log-convex weight sequences of moderate growth.

3.5. Non-quasianalytic cutoff functions. Before we study surjectivity of the
Borel map (3.2) in the next section we show that we may use Lemma 3.3 to construct
non-quasianalytic cutoff functions in all dimensions.

Proposition 3.11 ([44, Theorem 1.4.2]). Let U C R™ be open and K C U compact.
Let || - || be any norm on R™. Ifd=inf{||lx —y| : x € K, y € R*"\ U} and (d;) is a
positive decreasing sequence with Y27, d; < d, then there exists p € C°(U) with
0 < ¢ <1 such that ¢ =1 on a neighborhood of K and

v U PR v
oD@, we) < Oy Llell Tl

k>1, xeU.
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Proof. Let us first consider the norm ||z| = max; |z;|. Let f be the function from
Lemma 3.3 (with a; = d;41) and set h(t) := f(t + %Zj’;l d;). Then t € supph
implies [t] < %Z;‘;l dj, we have [hdt =1, and

: 27
RO ()| dt < ———.
J i< g

Let x(z) := h(z1)h(x2) - - h(w,) which satisfies [ x dz =1 and set ¢ := x * 1k, ,,
where Kg/5 := {y € R" : ||z —y|| < d/2 for some € K}. Then ¢ € C*(U) is as
required, since

9lal
(o) </ @) () dp < — 20
R L

as (dy) is decreasing. The statement for arbitrary norms follows from the fact that
any two norms on R” are equivalent with constants only depending on n. ([l

Corollary 3.12. Let M be a non-quasianalytic weight sequence. Let U C R™ be
open and K C U compact. Then there exists a function ¢ € E[M](U) with support
contained in U such that ¢ =1 in a neighborhood of K.

Proof. Let d := dist(K,R™" \ U)® and d; := %, where s := .o, i < co. Then
the proposition provides a function ¢ € E1M} (U) with the desired properties. Using
Remark 3.8, we may achieve that ¢ € £ (U). O

That non-quasianalytic functions are “abundant” is witnessed by the following
remark.

Remark 3.13. Let M be a non-quasianalytic weight sequence. For each closed
subset A C R™ there exists f € BIMI(R") such that f is flat on A4, i.e., iXf =0,
and f|gn\ 4 is positive and real analytic. Cf. [55, 56].

4. SURJECTIVITY OF THE BOREL MAP

Let M = (M) be a weight sequence. We shall see that a necessary and sufficient
condition for the surjectivity of the Borel map jfg} : EMIR) — AM] s

1
sup& — < o0. (4.1)

kK >k Mg
In the Beurling case the condition even guarantees that the Borel map is split
surjective. This section is primarily based on [68].

Definition 4.1. A weight sequence M satisfying (4.1) is said to be strongly non-
quasianalytic.’

Obviously a strongly non-quasianalytic weight sequence M is non-quasianalytic,
and thus M admits cutoff functions. We will see that (4.1) allows for special
cutoff functions that are in a certain sense optimal; see Section 7.

5The distance dist(A, B) := inf{la — b| : a € A,b € B} of two subsets of R” is defined with
respect to the Euclidean norm.

6Many authors use Komatsu’s (M._) notation [47]: log-convexity (M.1), moderate growth
(M.2), strong non-quasianalyticity (M.3), derivation closedness (M.2)’, and non-quasianalyticity
(M.3)".
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Example 4.2. The Gevrey sequences G° are strongly non-quasianalytic provided
that s > 1. Indeed, ’y,ﬁ = 5/(;’271 = k% and

/ gt — 1 1 <k>s—1k<2s—1k
Lt 5—1(k—1)s—1_s—1 k—1 ks = s—1ks’

4.1. Necessity. Let us assume throughout this section that M is non-
quasianalytic. The quasianalytic case which requires different methods will be
discussed in Section 5

]>1€

Theorem 4.3. Let M be a non-quasianalytic weight sequence. If the Borel map
Jfoy EM)(R) — AM) or j 5{M}( ) — MM} s surjective, then M is strongly
non-quasianalytic.

Proof. We give details in the Beurling case and indicate the required changes for
the Roumieu case.

We may suppose that Jifoy BM)((=1,1)) — AM) is surjective, by multiplication
with a suitable cutoff function. Then the open mapping theorem for Fréchet spaces
(cf. [64, 24.30]) implies that there exist constants C,p > 0 and functions fj €
BAD((~1,1)) such that f)(0) = ;. and
C
s € e
Let t; = inf{t € [0,1] : fB) < Ly Then fM(t) > L for t € [0, and
hence f(k)( t) > 2k' for t € [0,t2x]. In particular, for ¢ = to we find, by (4.2),

ke N. (4.2)

T;k < f(k)(tzk) < pQC,CM’“ which implies (using that py is increasing)
20)/F k
tor < ( )2 —. (4.3)
P2
We claim that there exists 0 < h < min{1, 2} such that
ty > h Z for all sufficiently large k. (4.4)

_7>2k
Then (4.3) and (4.4) imply (4.1),
4k—1
Y=Y Y s s
P A A Ny W B
It remains to show (4.4). To this end we apply Lemma 3.2 to the functions
0 if t < 0.

Indeed, each gy is C*°, satisfies |gx| < 1, and for j > 1 we have

= Sy C “1C My
‘gk)l_(p +1) |fk(; +j)|§(p7+1> o~ MkJSM/c+1"'Mk+j=5Mfk,

by (4.2). Then M** (with M :=1) is a weight sequence and Lemma 3.2 gives

ng(t)|<(z2t1)k, 0<t< - Z—

J>2k py j>2k
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Suppose for contradiction that (4.4) is violated for infinitely many k. For those k

we obtain
1 pF 2ty

2C + pk > isok i
which is however only possible for finitely many k. Thus (4.4) is proved.
Now suppose that Jfoy BIMY((—1,1)) — A{M} is surjective. By the
Grothendieck factorization theorem (cf. [64, 24.33]), there exist C, p > 0 with

{(ar) : [(an) ¥ < 1} Cag A I, < O

Thus there exist f, € BIM}((—1,1)) such that f,gj)(()) =0, and
C
M
||fk||[—1,l],p < ﬁk’ k€ N.

It is easy to modify the above proof to conclude again (4.1). O

= Jon(to)] < ( "< ny,

4.2. Sufficiency.

Theorem 4.4. Let M be a strongly non-quasianalytic weight sequence. Then:
(1) iy - EWMYR) — AMY s surjective.
(2) j‘fg} : EMI(R) — AM) s split surjective, i.e., there exists a continuous
linear right-inverse E : AM) — €M)(R) with Jfoy o B =idpan.

Remark 4.5. By [68] (see also [84, p.223]), the existence of a continuous linear
right-inverse for j75, : € {M}(R) — ATM} is equivalent to (4.1) and additionally

M\ a1
Ve > 0 Ja € N5 : limsup (—ak) Hemy <e. (4.5)

k—oo \ My Hak

This condition is not easy to satisfy; for instance Gevrey sequences fail it. Indeed
s N — 1 — s
(Gask)k(a—l) 1 > ((k‘(a—l))!s) k(a—1) 1 > (a 1) .
¢/ @hy = e
See also Section 9.4.

Let us concentrate on the more interesting Beurling case (2) in Theorem 4.4. We
have to develop some tools before we can give the proof in Section 4.4.

4.3. The descendant of a non-quasianalytic weight sequence. A strongly
non-quasianalytic weight sequence is equivalent to a strongly log-convex sequence,
as will be shown in the next lemma. More generally, we may associate with any non-
quasianalytic weight sequence N a weight sequence S with many good properties.
The following construction was used in [78]; it is inspired by [68, Proposition 1.1].

Definition 4.6. Let v = (v) be an increasing positive sequence with vy = 1 and

L < 00, The descendant of v is the positive sequence o = () defined by

k Vi
setting o9 := 1,
k 1
T = — + E —, k>1, (4.6)
Vi =% vy
Jj>
and
le'
op:=—, k>1 (4.7)
Tk

We shall also say that Sy = ogoq - - - 0} is the descendant of N = oy -+ - Vg
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Lemma 4.7. Let o be the descendant of v. Then:
(1) supy, 78 < oo.
2) supy % ijk U% < 00.
3) 1<% =0" 7 o0.
4) o is maximal among the sequences satisfying (1) and (2): If p is an in-
creasing positive sequence with supy, ‘;—: < oo and supy, GE Ejzk % < o0,
Bk
then sup;, 2+ < co.
Proof. (1), (2), and (3) are immediate. The assumptions on p in (4) imply 7 <
V%—I—}%Sﬁandhenceukﬁak. d

Note that, by (3), the descendant S of N is a strongly log-convex weight sequence.
Corollary 4.8. The descendant o of v satisfies

asovk:crt < <o (4.8)

Vi

if and only if N is strongly non-quasianalytic. In that case the weight sequences S
and N are equivalent.

Proof. This follows from (1), (2), and (4) in Lemma 4.7. O

Lemma 4.9. Let N = (Ny) be a strongly non-quasianalytic strongly log-convex
weight sequence and S its descendant. Then, for all small € > 0, S := (Si/k!¢) is
a strongly non-quasianalytic weight sequence.

Proof. Note that v} := 4t is increasing. So, for o} := 3t and k > 1,
o T vtk _ wptlisky ) Phsj<ak v
T é + D >0k u% B i + D >0k % lék + >0k y%
Since ;<o % > Y h<i<ok or = é and U;kk + D ok % < l’i*k’ we find that
q := inf U;*k >1
k>1 o,

Suppose that € € (0,1) is such that ¢ > 2°. Then 6} := % = 2—" satisfies

It follows that S is a strongly non-quasianalytic weight sequence. [

Corollary 4.10. Let M = (My) be a strongly non-quasianalytic weight sequence.
We may assume that fi := (u/k®) is increasing to infinity and satisfies (4.1) if
€ > 0 is small enough. Hence the sequence
k. € k €
Nka~~~»ﬂkaﬂk+1<m) »Mk+2(m) e (4.9)

k times
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is increasing and for the sum of the reciprocals we have
k 1 77\¢ k
—+ 3 —(3) 4=, k21, (4.10)
Kk JSht M ke

for some constant A > 0. (]

4.4. Proof of Theorem 4.4. We give a detailed proof of (2).

Claim. For each k € N, there ezists 1, € DM)(R) such that w,ij)(O) =0 and

C,Hk
loullgl, < =

P —

for all small p > 0. (4.11)

Then E : AM) — £)(R) defined by E : a = (ay,) > k>0 @k is the required
right inverse of ji5,. Indeed, for every o > 0 we have la|M < co. Let p > 0 (small)
be given. Then

| > a?| <3l

k>0 k>0
<> lald oF My, - |wellE, o7 M;
k>0
< Mk C”H’f'M—MC'M H,)*
—Z'a’laa k- M p] j_‘a’|a' Pp] j.Z(o_ P)'
k>0 k k>0

We may choose 0 = o(p) > 0 such that Zkzo(UHp)k converges. It follows that
f=E(a) =) 4> artr defines a C*°-function f on R such that for all p > 0 there
exist o > 0 and C' > 0 such that

If1Iz, < Clal}, (4.12)

in particular, f € EM)(R). So the linear map E is continuous and j{OS}E(a) =aqis

clear from w,(cj)(O) =djk-
Let us prove the claim. We apply Proposition 3.11 to the setup in Corollary 4.10
(for K = {0} and > d; the left-hand side of (4.10)). So for each k > 1 there is a

C>-function ¢y, with 0 < ¢ <1, supp pr C (_Aﬁ’Au%)’ 0e(0) =1, ‘Pl(c])( 0)=0
for all j > 1, and

29 1} if0<j<k,
o] <

. €
2 (E5) >k

Then ¢y (t) == @k(t)% clearly satisfies w,gj)(O) = 0;%. It remains to show (4.11). If
0<j <k, then

IWI<Z()2 (ﬁ) (=D

M /sz+1 k J () M; k N
< 2ot PR VAT < LAl (2 4+ A7), (413
SNy ; < Mk( e)"(2+ ) (4.13)
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If j > 2k, then

i, . o
(4) I\ i M rETRENe k o\ k—j+i 1
s 2 ()2 ) (o)
j

g s J—=2KkL1\ € AN o
< %Mk M1 M (Ae)k-(k. k) Z (?)21A—J+z
My prgy1 -y U=k =\

kj72k

M; —1yj ‘
T (e @+ A (('—%)1) . (4.14)

IN

If k< j < 2k, then(smcek kk'_klkl < eb)

i EE

k

=S () e

=0

i—k —jti
S () ()
< %(Ae)’%? AT ¢ %(Aez)’“@ +ATYY

< A2+ AT, (4.15)

j
—2
1, 2
Let 0 < p <2+ A1 be fixed. For j < 2k, we get from (4.13) and (4.15) that

|1/1(J)| 1 ok (2+ AN 1 ok (2 AT\

< —2(A — ) <—2(4 _—

pJMJ_Mk(e)( p )_Mk(e)( 0 )
and, for j > 2k, (4.14) gives

|¢(J)| 1 2+A_1 j kj—Qk' €

R =

pIM; — My p (j — 2k)!
1 w (2 ATINZR (24 ATENG=2k o T2k e
i () () (o)

(Y e (251 ),

This completes the proof of the claim and hence of (2) in Theorem 4.4.

Let us briefly discuss the Roumieu case, that is (1) in Theorem 4.4. Given
a = (ap) € MM} which means that |a|} < oo for some p > 0, one looks for
functions ¥, k € N, such that f := Zkzo aptp is of class EMM} and j{og}f =a. It
suffices to repeat the above construction, where (4.9) is replaced by

H:uk?a" -7HMk7Hﬂk+1aH/Jk+27-~-
N— ———

k times

If H > 0 is chosen large enough, one finds that there is a constant B > 1 such that

1R < Clp)laly’
but H and thus also ¥, and f depend on p; cf. Remark 4.5.
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5. THE BOREL MAP IN THE QUASIANALYTIC SETTING

Let us investigate surjectivity of the Borel map in the quasianalytic case. Since
there are no cutoff functions, we will restrict jfg} to the ring of germs of £Ml-

functions at 0 which we denote by S(gM]. (The dimension of the ambient space
will be clear from the context.) A result of Carleman [22] states that the Borel
map jf{’g} & IMI_ AIM] s never surjective if M is a quasianalytic weight sequence

with mi/k — 00. Recall that ml/ — oo means that the real analytic class is

strictly contained in EMI; on the ring of real analytic germs the Borel map is an
isomorphism Eé(k!)} =~ AR}

Many different proofs of Carleman’s result are known. We present a much
stronger result which shows that certain elements of A[M] cannot be extended to
germs of class ENV} where N is any quasianalytic weight sequence. It is based on
a theorem of Bang [4] on the zeros of quasianalytic functions and their derivatives.

See also [65] and [77].
5.1. Zeros of quasianalytic functions and their derivatives.

Theorem 5.1. Let M be a quasianalytic weight sequence. Suppose that f €
C*([0,1]) is not identically zero and satisfies

1™ o1y < My, for all k € N, (5.1)
Suppose that for 0 < j < m there exists x; € [0,1] such that f)(x;) = 0. Then

- 1 1
;lfﬂj—l -zl 2 2 > —, (5.2)

w<kem HE
where )
|fY (o)
= —logsup ———. 5.3
BSUD 0, (5.3)

Proof. For n € N and ¢ € [0, 1] consider By ,,(t) := sup;>,, L T ( )l Then:
(1) Byn(t) <e ™ foralltel0,1].
(2) Byn > Byps1, and f( (o) = 0 implies By, (to) = Byt (to)-
(3) For all k > n and all ¢, s € [0, 1],
Byn(s) < max{By,(t),e "} et

(1) and (2) are obvious. To see (3) let k > n, n < j < k, and ¢, s € [0,1]. Then, by
Taylor’s formula, for some £ between ¢ and s,

. k—i—1 y ) o
OIS Sl A A G T
eij - =0 QJMJ’L' GJMJ(]C—])'
k_l_l i i _
_ ZJ: My |f9T0(8)] (eft — s]) ek M |F®E(E)| (e]t — s])*
i—o M] €j+7’Mj+i 7! M Mk (k—])'
k—j—1 b
et—s _ _ilelt—s J
<m0 Y i e j(|(k—|j))'
1=0 ‘

t),efk}ee\t s\p,k

N
=
o
i
AN
oy}
g,,
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where we used that py is increasing. If j > k, then trivially

[f ()]

W § €7j < ma,X{Bf,n(t), eik} eeltisluk.
This implies (3).

Let f and x; be as in the theorem. Set 73 := Zle |zj—1 — x|, k> 1, 9 := 0,
and define for ¢ € [1,-1,Tn),

By o(t) =  Brn(@not Ty = 1) 2 <2,
fin Bin(zp_1 — Tpo1+t) if x> xp_1.

The function nyn is continuous, by (3), and Bf,n(Tn) = Bfu(n) = Bfpi1(z,) =
By nt1(7), by (2). Thus,

By(t) := Byn(t) ift€[mn_1,7], n>1.

defines a continuous function on [0, 7,,,]. By (1) and (2), we have By(t) < e~™ for all
t > T,_1, in particular, Bf (t) <e ™ forall t € [r—1,7Tm]. Since f does not vanish
identically, max;cio,r,,] By(t) > B#(0) = Bf.1(z0) = Bfo(z) > 0. Hence, the range
of By contains all numbers e~* for k < k < m, where e* = By o(xo) which is
equivalent to (5.3). So we may choose a strictly increasing sequence tg, k < k < m,
such that By(t;) = e * and By(t) > e~* for all t € (t;_1,tx) (recursively, take for
ty the smallest t € B;l(e*k) with ¢ > t;_1). By (3) (applied to each interval in
the subdivision of (¢x_1, %) induced by the points 7, between t;_1 and ;) we may
conclude that

Bf (tp—1) < Bf(tk) etr—th—1)pk

Since By (t),) = e *, that means

1
tp —tp—1 2> —.

ek
Summing over k we find
1 1
tm Z - Z -
€ r<k<m Pk
By the choice of the sequence tj, we have 73, > t; which implies (5.2). O

Corollary 5.2. Let M be a quasianalytic weight sequence. Let f € C°°([0,1])
satisfy (5.1). If f9(0) > 0 for all j € N, then fU)(x) > 0 for all z € [0,1] and
jeN.

Proof. Suppose that some derivative f() has a zero z; € (0,1]. By Rolle’s theorem,

we find a strictly decreasing sequence x; > xj41 > --- > 0, where f®) (z) =0 for
all k > j. This contradicts Theorem 5.1. O

Corollary 5.3. Let M be a quasianalytic weight sequence. Let f € C*°([0,1])
satisfy (5.1). The total number of zeros (counted with multiplicities) of f is bounded

by
sup{mEN: Z iSe}Jrl.

K<k<m Pk
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Proof. Let z; < zo < -+ < z,, be the zeros of f in [0,1]. By Rolle’s theorem,
there exists a sequence of points z; = 29 < x1 < -+ < xy,—1 in [0, 1] such that
f9(x;) =0 for all 5. By (5.2),

m—1
12 (25 —aj-1) >
j=1

and the statement follows. O

5.2. The quasianalytic Borel map is never onto.

Theorem 5.4. Let M be a quasianalytic weight sequence such that m,i/k — 00.

Then there exist elements in AM) that are not contained in j{OS}B{N}((—r, r)) for
any quasianalytic weight sequence N and any r > 0.

Proof. Let a = (a;) € AM} be positive, i.e., a; > 0 for all j. Let N be any quasi-
analytic weight sequence and 7 > 0. We claim that if there exists f € BIN}((—r,r))
such that jfg} f = a then f is real analytic. After rescaling we may assume that
£ Dlj0.1] < Nj for all j € N. Corollary 5.2 implies that f()(z) > 0 for all € [0, 1]
and all j € N. By Bernstein’s theorem (e.g. [93, p. 146]), f extends to an analytic
function on the unit disk in C. Now it suffices to choose a = (a;) such that it does
not define a real analytic germ, which is possible by the assumption m,lc/ P 0.

To see that there exist such a even in AM) get Ly := k! /My and let L be the
log-convex minorant of L. Thus L << M and ﬁ,lc/k — oo (cf. Footnote 2), so that L is
a quasianalytic weight sequence for which the argument in the previous paragraph
applies.” O

5.3. The impossibility of quasianalytic extension.

Theorem 5.5. Let M be a quasianalytic weight sequence with m,lc/k — 00. Then
BM)((=1,1)) contains functions f which have no quasianalytic extension to a larger
interval, i.e., if f is an extension of f to a neighborhood of [-1,1] and N is any
quasianalytic weight sequence, then f ¢ ENY.

Proof. We use an argument of [65] to see that B1M}((—1, 1)) contains functions with
the asserted properties. That such functions can even be found in B ((—1,1))
follows from the reasoning at the end of the proof of Theorem 5.4. Let ¢; be a
positive sequence with

1
i

=L (5.4)

> i <M, forallneN, (5.5)

j=1
The even function f(z) = Y po c2,@?* is real analytic on (—1,1), by (5.4), and
belongs to B{M}((—1,1)), by (5.5). Suppose that f has a quasianalytic extension
f to a larger interval. Then f()(0) = f()(0) > 0 for all j € N. Hence f is analytic
on a disk centered at 0 with radius larger than 1, by Corollary 5.2 und Bernstein’s
theorem. But this contradicts (5.4). O

Tt is not hard to see that A(M) = U{A{L} : L positive sequence, L <1 M, @i/k — 00}
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5.4. Digression: intricacies of the quasianalytic setting. We want to point
out some interesting intricacies of the quasianalytic setting. This section deviates
from the central theme of the article it is thus kept rather short.

(1) For each smooth germ f there exist quasianalytic weight sequences M, M?
such that f = f; + fo with f; € EIM'} j =1,2. See [57] and [80] (who concluded
from this that there is no largest o-minimal expansion of the real field).

(2) Weierstrass division and preparation, generally, fail in quasianalytic classes.
See [2, 35, 67]. If M is derivation-closed and quasianalytic, then division in & (M}
by a Weierstrass polynomial ¢ holds if and only if all roots of ¢ are real; see [30]
and [29]. For an overview of related results see [88].

(3) Assume that M is a quasianalytic strongly log-convex and derivation-closed

weight sequence. It is not known if the local ring S([)M] is Noetherian. But £M]
admits resolution of singularities [8, 9] and also [80] and, consequently, tools such
as topological Noetherianity, curve selection, and Lojasiewicz inequalities are avail-
able.

(4) Ultradifferentiable quasianalyticity cannot be tested in lower dimensions (in
contrast to real analyticity [86, 11, 12]). Let M be a quasianalytic strongly log-
convex weight sequence with mi/ ¥ 5 c0. For any n > 2 and any positive sequence
N there exists a C>°-function f € EMI(R™\ {0})\ EIN}H(R™) such that fop e M
for all £IMl-mappings p: R™ D U — R™ with m < n. See [45] and [72].

(5) Quasianalytic Roumieu classes are intersections of non-quasianalytic ones:
Let M be a quasianalytic strongly log-convex weight sequence. Then

eiMy m ey
NeN (M)

where A/(M) is the collection of all non-quasianalytic weight sequences N > M. For
suitable M (e.g. Denjoy sequences Q™!, see Example 3.10), we may even restrict the
intersection to all strongly log-conver weight sequences in N (M). But notice that
we cannot describe all £{M} in this way: the intersection of all non-quasianalytic
EWY where N is strongly log-convex, is the quasianalytic class £ Q" 2 CY. See
[13] and [49] as well as [66] for an application.

(6) Let M be a quasianalytic, strongly log-convex, and derivation-closed weight
sequence. Consider the quasianalytic equation

play) =y Far@y'™ 4 aa(@) € ) @ = (o, ).

Due to [89], if n = 1, then a smooth solution y = h(x) is of class EM). Tt is not
known, if this is true for n > 1. There is the following partial solution [6]: Let
©(x,y) be a function of class 1M} defined near (a,b) € R” x R. Then there exist
p € N and a quasianalytic class Q C g™y (where M,gp) := M) such that if
o(z,y) = 0 admits a formal power series solution y = H(z) at a then there is a
solution y = h(x) € Q near a and T,h = H. Note that, in general, M®) is no
longer quasianalytic and Q is not a Denjoy—Carleman class.

6. BOREL’S LEMMA WITH CONTROLLED LOSS OF REGULARITY

Let M be a weight sequence satisfying m,i/ ¥ 5 00. We have seen that the
Borel map ity ¢ EMI(R) — AMI is injective if and only if M is quasianalytic
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and surjective if and only if M is strongly non-quasianalytic. If M is not strongly
non-quasianalytic, then several new natural questions arise.

Question 6.1. Assume that M is not strongly non-quasianalytic.

(1) What can be said about the image j{OS}E[M] (R)? Is there an intrinsic de-
scription?

(2) In the case that M is quasianalytic, is there a constructive method for
finding the unique function f with j{o}f = a for a given a € j{o}g[M]

(3) When do we have AF C Jgs E[M (R) for another weight sequence L?

Note that, as see in Theorem 5.4, positive sequences that grow fast enough
cannot belong to jf{’g}é’([JM] if M is quasianalytic.

6.1. When do we have AlXl C j‘{’g}S[M] (R)? This question was completely an-
swered by Schmets and Valdivia [85] if M is a non-quasianalytic weight sequence.

Let M < N be weight sequences, N non-quasianalytic. For p € N>, we consider
the sequence A\, = \,(M, N) defined by

My \ 55
Ap ki 1= bup( ) , k>1
v 0<j<k \P N
Note that A, < p for all p > 1, indeed, since M < N,

(Mk )k%j<(Mk)ﬁ_( ) <
Y =\ = Hj+1- Pk = k-

If M has moderate growth, then u; < M ,i /¥ and so also a converse estimate holds:
1k My N\
e S M, p(i) < PAp k-
P*No P

Theorem 6.2 ([85]). Let M < N be weight sequences, N non-quasianalytic. The
following conditions are equivalent:

(1) AL C jos ENI(R).

(2) A C 55, EVH(R).

(3) There is p 2 1 such that

A 1
sup 22K — < o0. (6.1)
k21 kS

By the remarks before the theorem, if M has moderate growth, then (6.1) (for
any p > 1) is equivalent to

sup % Z — < o0. (6.2)

In general, the latter condition is stronger than (6.1). By Lemma 4.7, the descen-
dant o of v is the largest sequence among all sequences u satisfying p < v and
(6.2), in the sense that it generates the largest function space.
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6.2. Moment-type summation. Some interesting results concerning the ques-
tions 6.1(1) and (2) based on a moment-type summation method are due to Beurl-
ing, Carleson [25] and recently Kiro [46].

Informally, it works as follows. Let I C R be an open interval containing 0.
Given f € EM)(I), the singular transform of f is the entire function

)0
Smf(z) =) ——— !

7>0 n! mn+1

It depends only on ]{o}f and hence studying the image Sy &™) (I) is equivalent to
studying the image of the Borel map 3{08}5 (M)(I). This study is based on the ob-

servation that elements in Sp;EM) () have a certain growth behavior in horizontal
strips. (In the Roumieu case the series may have a finite radius of convergence and
analytic continuation to a horizontal strip is required.)

Let K be the kernel that solves the moment problem

oo
/ PR () dt = mny1, neN.
0
Under suitable conditions, the regular transform

Ry F(x / F(zt)K(t)dt

then yields the desired reconstruction Ry Sy f = f.
To make this approach work, one needs to control the asymptotic behavior of K

and of

Z’ﬂ

E(z) :=
n>0

Mp+1

which manifests itself in regularity properties of the weights M. The function F
regulates the growth behavior of elements in Sp;E™)(I) in horizontal strips.

Kiro [46] executes this program for a suitable class of weights; the case My =
k'log(k + e)F was treated by Beurling. Also a duality between suitable non-
quasianalytic and quasianalytic classes, which have the same image under the re-
spective singular transform, is explored.

7. OPTIMAL CUTOFF FUNCTIONS

The most important tool for the extension problem for general closed subsets
A C R™ are good cutoff functions. We start with an observation that shows how
good ultradifferentiable cutoff functions can be.

7.1. A lower bound for cutoff functions. Cf. [20]. Let M = (M}) be a non-
quasianalytic weight sequence. Let r, €, p > 0. Suppose that ¢ € BS/I (R) satisfies

Ol=rry =1 and suppy C [—(1+¢€)r, (14 €)r]. (7.1)

It is to be expected that [|¢||g!, tends to infinity, if 7, €, or p approach 0. Let us
check and quantify this guess. For ¢ € (r, (1 4 €)r), we have by Taylor’s formula

*) (1
el < D eof, ke,
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for some 7 € (t,(1 + €)r). Since ¢(t) — 1 as t — r, we find || || > k!/(re)* for
all k. Thus,
k! 1

M !
) > sup = - .

Vol 2 S8 Corey i = infran(preym

It turns out that h,,(t) := infreny mit® is a very useful auxiliary function; we will
discuss it in Section 7.2. So any cutoff function ¢ € B} (R) with (7.1) must satisfy

Il > (72)

m(pre)’
7.2. Associated functions. Suppose that m = (my) is log-convex, 1 = mg < my
and mi/k — oo (i.e., m is a weight sequence or, equivalently, My = k!lmy is a

strongly log-convex weight sequence). We associate the function h,, : [0,00) —
[0, 00), where h,,(0) := 0 and

B (t) := inf myt®, ¢ > 0. (7.3)
keN
Then h,, is increasing, continuous, and positive for ¢ > 0. For ¢ > 1/m; we have
hp(t) = 1. From h,, we may recover the sequence m by my = sup;q hm(t)/t*.
We also associate the counting function I'y, : (0,00) — N>; by setting

1
T (t) :=min{k > 1: hy,(t) = mktk} = min{k; >1: % > ;}, (7.4)
k
for this identity we need that mm’”—;” is increasing, i.e., m is log-convex. Then:
k s myt" is decreasing for k < T, (t), (7.5)
hm(t) = mpm(t)tr’"(t) < myt® for all k. (7.6)

It follows that
L) =k and  hp,(t) = met", for t € [k kL) (7.7)

Mig+1’ Mk

Example 7.1. For my = k!®, where s > 0, the function h,, behaves like ¢ —
exp(—1/t1/%):

t $ tk/s s 1/s
- = < = ¢t
SUP s (Sl,ip k! ) = (Zk: el ) ¢

and, conversely,

Wi (e 1 @ (o
¢ _(zkak ! ) = Zsup

Similarly, for my = log(k 4 €)**, h,, behaves like t — exp(— exp(1/t'/*)).

We shall need some properties of h,, and I'j,, which are guaranteed if m has
moderate growth:

Lemma 7.2. Suppose that m is a weight sequence of moderate growth, i.e., there
is a constant C' > 1 such that
mag

<C . k> (7.8)
mak—1 mg—1
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Then®
B (t) < hn(C)?, >0, (7.9)
and, for a possibly other constant C > 1,
2T, (Ct) < Tpo(t), t >0 small enough. (7.10)
Proof. Consider the function ¥,,(t) := [{k > 1: - <¢}|. Now (7.8) implies
25, (1) < Sm(Ct), t>0. (7.11)

It is well-known (cf. [58] and [47]) that w,, defined by wy,(t) = log(1/hm(1/t))

satisfies” .
W (t) = Zm(v) du. (7.12)
0 u

So (7.11) implies 2w, (t) < wy, (Ct) for all t > 0, which is clearly equivalent to (7.9).
Let us check (7.10). Since m has moderate growth and is log-convex, there are
constants Cy, Cy > 0 such that

m m m m
Pl <o —2 <0t < k>

mag mak—1 mrg—1 mg
Fix t > 0 and let £ :=T,(¢). If £ = 2k, then
1 <M 1 < mk+1’
t— my Cot = my

that is, T, (Cat) < k = T, (t). If £ = 2k +1, then we similarly see that Fm(%t) <
k= 1(Tn(t) — 1) < i, (t). Since Ty, is decreasing, (7.10) follows. O

Moderate growth of the weight sequence is an essential technical tool in this
section. So we make the following definition.

Definition 7.3. A weight sequence M = (My) is called strongly regular if M is
strongly non-quasianalytic, has moderate growth, and m is log-convex. Note that
the last condition is actually for free: a strongly non-quasianalytic weight sequence
M is equivalent to a strongly log-convex weight sequence (that is still strongly
non-quasianalytic), by Corollary 4.8.

7.3. Optimal cutoff functions of Roumieu type. It turns out that there exist
optimal EM} cutoff functions, i.e., ¢ € EIM}(R) satisfying (7.1) and realizing (7.2)
so that

1
hin(pre)’
if and only if M is strongly non-quasianalytic. The existence of ¢ will follow from
Proposition 3.11. The following lemma provides the necessary assumptions. Recall

that pj = “?’“ = —mT:fl

lelli, ~

Lemma 7.4. Let M be a strongly reqular weight sequence. There is a constant
A > 1 such that for each integer p > 1 there is a sequence (o} )ren satisfying

ai ”fil )kMk
k>0 k41 mieus

8Actually (7.8) and (7.9) are equivalent, see [76, Remark 2.5).
9Note that the integral I w%,(t) dt converges if and only if [ 21‘;’72“) dt converges, and that

is the case if and only if M is non-quasianalytic; [47, Section 4].
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Proof. We will show that, for a suitable constant A > 1, the family of sequences
A k .
p._ (l‘;+1) M, if k >,
C et if k < p,

has the desired properties. Since M has moderate growth, pry1 S M ,i/ " and thus,
for some constant C' > 1,

2C \P
o= < (25)"m,
:up—',-l

So if A is chosen large enough, then
y4 *
G ooy Lty ooy

D = o = 4y
o 2 A
k>0 Ykl o P k>p HE+1

since M is strongly non-quasianalytic. The bound for of (in (7.13)) is obvious for
k > p, since h,, < 1. If k < p, then, for large enough A,

ap b g By M ()"

A My~ G R My — (3)FMy — My — M, plm, = m,
Hpt1 Hpt1

This implies the statement. O

Theorem 7.5 ([20, Theorem 2.2]). Let M = (My,) be a non-quasianalytic strongly
log-convex weight sequence of moderate growth. Then the following conditions are
equivalent:
(1) M is strongly non-quasianalytic.
(2) There is a constant C > 0 such that for all p,r,e > 0 there exists p €
EMI(R) satisfying (7.1) and
1
M
< .
||90||R,p = hm(Cpre)

Proof. (1) = (2) We first consider the case r = ¢ = 1. Let A be the constant from
Lemma 7.4. Fix 0 < n < 2A. Since pj, 0o, there is an integer p > 1 such that

2A 24
<n< —.

Potr K

(7.14)

(7.15)

By Lemma 7.4, we may apply Proposition 3.11 (to dxi1 = a?fz and K = [-1,1])
k+1
and get ¢ = ¢, € C°(R) with 0 < ¢ <1, ¢[_1 1) = 1, suppp C [~2,2], and

kM,
pM(0)] < 2af < TS k2L
him(55)
by (7.13) and (7.15). For n > 2A we put ¢, := 4; then since h,, <1,
(ZA)kMk 1 nkMk

™ ()] <
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This implies (2), for 7 = € = 1. For the general case it suffices to compose ¢ e with
an odd smooth function  : R — R satisfying ([—r,7]) = [-1,1] and (z) = 2+
for x > r.

(2) = (1) Let ¢ be as in (2) for given r > 0 and p = ¢ = 1. Then the function
Y(2) := p(x—2r)-hpy (COr) satisfies ||1¥) ||g < My, for all k and vanishes on (—oc, 0].
Lemma 3.2 implies

)4
hu(Cr) =l < (=) 020,
2L

provided that r < i D ok>e /%k For those ¢ that satisfy C}L* < % Y ok>e %k, we obtain
>€ g ; > g
2 1 ’
C i
() < (=t )
He Zkzé n
On the other hand,
1y (7.7 1y6—1 -1
hm(ﬁ) = mé—l(ﬁ) > H
for some constant H > 0, since m has moderate growth. So we may conclude that
1 < 1
Dokl S s for all ¢. O

7.4. Optimal cutoff functions of Beurling type. There exist also optimal cut-
off functions of Beurling type. They will play a crucial role in Section 9.

Theorem 7.6. Let M be a strongly reqular weight sequence. Then there exist
functions (py)r>0 in EM(R) with the following properties:

(1) 0< ¢, <1 forallr>0.

(2) @rlj=ry) =1 and supp g, C [—%7‘, %r] for all r > 0.

(3) For each p > 0 there exist constants A, > 0 and b, > 0, such that

A

AM< P > 0. 7.16

H(p ||R,p —= hm(bpr)7 r ( )

The essential difference to Theorem 7.5 is that the cutoff functions may be taken

independent of p. The dependence of the argument of h,, on p in (7.14) is however

simpler than in (7.16); the linear dependence in (7.14) will be used in the proof of
Theorem 8.4.

Proof. We may assume the setup of Corollary 4.10, in particular, there is a constant
A > 0 such that (4.10) holds. Let 0 < r < 8A be fixed and take an integer
k = k(r) > 1 such that

8A<r< 8A

1y Nz
By Proposition 3.11 (applied to K = [—r,r] and )" d; the left-hand side of (4.10)),
there exists ¢ = ¢, € C®(R) with 0 < ¢ < 1, ¢[_y,] = 1, suppp C [~ 27, 27], and

) 2], if0<j<k,
|90$“J)|§ oM (kR € g .
2jﬂkﬁ;( i ) if j > k.

Since m has moderate growth, we have py < Cpy_, for some C' > 1. Thus

(Cept_ )k _ (8Ace>k 1

[ A G
M, Klmg = my — my

- r my
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Let p € (0,1) be given. If j < &, then ], < u’g%, and hence

8ACe)’fi < MMj(lepCe)ki

mg

9] < 2705 (

T mk.

If j > k, then k”;fk’ <

ACen* Ki=k e
(° e) L((]ek)!)
16AC’e>’f1<(k((,2,)1/6);k c

| — k)!
16AC’e>’fn;}c Ek(i)]ué

mg

mi
1

(bpr)Fmy” where by = 16ACef+5(%)l/€'

It follows that, for all 0 < r < 8A and all p > 0,
1

o (1)’

for p > 1 the estimates are much simpler. For r > 84 we apply Proposition 3.11 to

K = [—r,r] and (4.10) with &k = 1. This gives ¢, having the same bounds as ¢g4.
Then

=/ M;

lerllzl, <

1 11 A,

H‘PTHR,p = hm(bPSA) = hm(bPSA) hm(bpr) hm(pr)a
since h,, < 1. -

7.5. Whitney cubes. We denote by da(z) = d(z, A) = inf{|z —y| : y € A} the
Euclidean distance of z € R™ to some set A C R™.

Proposition 7.7 ([87, pp.167-170], [20]). For each closed non-empty set A C R™
there exists a countable collection of closed cubes (Q;)j>1 with sides parallel to the
coordinate axes and the following properties.

(1) R\ A= Uj21 Q;.
(2) The interiors of the cubes QQ; are pairwise disjoint.
(3) For each j > 1 we have

diam @; < dist(Q;, A) < 4diam Q);.

(4) For each j > 1 let Q7 be image of Q; under the dilation by the factor %
with center the center of QQ;. There exist constants 0 < by < 1 < By such
that for all j > 1 and all z € Q7,

bpdiam Q; < da(z) < Bpdiam Q;.

(5) For each j > 1 the number of i > 1 with Qf N Q% # 0 is bounded by 12*".
(6) There exist constants 0 < by < 1 < By such that for all i,5 > 0 with
Qi NQ; # 0 we have

by diam @; < diam Q; < By diam Q).
The constants by, By, b1, B1 are independent of A.

A collection (Q;);>1 with these properties is called a family of Whitney cubes
for A.
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7.6. Optimal partitions of unity. Having optimal cutoff functions, it is a stan-
dard procedure to construct optimal partitions of unity subordinate to a given
family of Whitney cubes. We begin with the Roumieu case.

Proposition 7.8. Let M be a strongly regular weight sequence. Let A C R™ be
a non-empty closed set and (Q;);>1 a family of Whitney cubes for A. Then there
exists C1 > 1 such that for all € > 0 there is a family of C™-functions (¢je);>1
satisfying
(1) 0< ;e <1 forallj>1,
(2) supp ;. CQ; forall j >1,
(3) Xojs1@se(x) =1 for allz € R™\ A,
(4) forallj>1, B € N" and z € R\ A,
|80('ﬁ)(x)| < E‘B‘M\ﬁl .
Je hm(Creda(x))

Proof. By Theorem 7.5, there is a constant C' > 1 such that for each p > 0 and
each r > 0 there exist functions x, , such that

0 < xpr(z) <1forall zeR",

Xpr(x) =1 for all x € [—r,r]|",

Xp,r(z) =0 for all z ¢ [—%r, %7‘]”,

for all 5 € N™ and all x € R",

) (z)] < M.
pr O 3 G

Let x; be the center and 2s; the sidelength of Q;. Set
Vj.e(®) 1= X g sy (€ — 25)-
Then ¢ is 1 on @; and 0 outside Q7. Moreover,

—< )\BIp, (=5=)181M, C
@ () < ()" Mg ()" Mg
5 ()] < ho(C52) ~ hn(Cocda(x))’ or Co = o o By

since da(v) < Bodiam Q; = 2y/nBys; if x € Q7, by Proposition 7.7(4). Now define

(¢j,e)j>1 by
J—1

Ple = wl,a Pje = l/}j,e H(l - 1/%,6), Jj=>2. (717)
k=1
It is clear that 0 < ¢; . < 1 and supp ;. C Q;f for all j > 1. To see (3) observe
that, for all j > 1,

Pret ot @je=1= (1=t (1 =)
If x € R\ A, then z € @Q;, for some i, > 1 and thus v;, .(x) = 1. Since the family
(supp j,¢);j>1 is locally finite, it follows that > .-, pje(z) =1 for all z € R™ \ A.
Finally, let us check (4). In the product defining ¢;. at most 122" factors are
different from 1, by Proposition 7.7(5). Thus
L -
o I (Coeda(x))12

By Lemma 7.2, there is a constant D > 1 such that Ay, (t) < by (Dt)'2™" for all
t > 0. Thus, we obtain (4) with C; = Cy/D. O
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Let us come to the Beurling case.

Proposition 7.9. Let M be a strongly reqular weight sequence. Let A C R™ be a
non-empty closed set and (Q;);>1 a family of Whitney cubes for A. Then there is
a family of C°-functions (¢;);>1 satisfying

(1) 0<p; <1 forallj>1,

(2) suppp; C Qj for all j > 1,

(3) Xojs19i(@) =1 forallx € R™\ A,

(4) for each p > 0 there exist Cy, 71 > 0 such that for all j > 1, 8 € N*, and

xre€R™\ A,
pIBIMlm

hm (1 da(x))
Proof. By Theorem 7.6, there exist smooth functions (x,)r>o such that
0 < xr(z) <1 foral x € R,
Xr(z) =1 for all z € [—r,r]",
xr(x) =0 for all x & [— 77“, gr]
for each p > 0 there exist A, > 1 and b, > 0 such that for all 3 € N" and
r € R™,

047 ()] < Oy

P 1Mg)
" hin (bpr)”
If z; denotes the center of the cube @; and 2s; its sidelength, we set
B3(2) 1= X, (@ — 25).
Then ¢;[q, = 1, suppy; C @7, and
PP Mg PP Mg
" (0psj) ~ " h(b,da(2))
In analogy to (7.17) we define the family (¢;);>1 which clearly has the properties

(1)-(3). The fact that at most 122" factors in the product defining ¢; are different
from 1 together with the estimates for ¢; and (7.9) easily imply (4). O

X (@) < 4,

()] < A,

8. EXTENSION OF WHITNEY ULTRAJETS

If we restrict an EMl-function defined on R” to a closed subset of R", then
Taylor’s theorem implies necessary conditions which lead to the notion of Whitney
ultrajets.

8.1. Whitney ultrajets. Let M = (M},) be a weight sequence. Let K C R™ be a
compact set. A Whitney ultrajet of class M} on K is a Whitney jet F = (F), €
E(K) such that there exist C' > 0 and p > 1 with

|F*(z)| < Cpl*IM |, a€N", z€K, (8.1)
(REF)*(y)] < CpP |l mpy Je —yPT 1o peN, fal <p, z,yc K. (82)

A Whitney ultrajet of class EM) on K is a Whitney jet F = (F®), € £(K) with
the property that for each p > 0 there exists C' > 0 such that (8.1) and (8.2) hold.

The set of Whitney ultrajets of class £IM] on K is denoted by £M(K). For a
closed set A C R" let

EMI(A) .= {F € £(A) : F|x € EM(K) for all compact K C A}
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be the set of Whitney ultrajets of class EM! on A.
We endow &) (A) with the projective limit topology with respect to the system
of seminorms pg 1 /¢(F) := ||F||%1/£+|F|%1/Z, ¢ € N>y and K C A compact, where

IF|I%, == sup (8.3)
K,p aenn p\a|Ml ‘
and!'®
(p+1—|a)!
FI¥ == sup sup sup |(RLF)*(y)| RNER)
K.p :L’,y;éGK pEN |a|<p * |3? - y|p+1—\a|pp+1Mp+1
7Y

Similarly, the Roumieu space
EMY(A) ={F € £(A) : YK C¢p AIm € N>y : pg.m(F) < 00}

is endowed with its natural locally convex topology. Sometimes we shall need the
Banach space ) (K) := {F € £(K) : pk ,(F) < o0}.

Remark 8.1. Let k£ be a positive integer. A compact subset K C R"™ is called
Whitney k-regular if there is a constant C' > 0 such that for all z,y € K there
exists a rectifiable path v in K joining x and y such that

length(y) < Clz — y|*/*.

It is not difficult to see that (8.1) implies (8.2) provided that K is Whitney 1-
regular, e.g., if K is convex. This is no longer true if K is only Whitney k-regular
for some k > 1; cf. [71, 1.9].

The goal of this section is to prove that Whitney ultrajets admit extensions
preserving the class if the weight sequence M is strongly regular. The proof of
the Roumieu case is based on the existence of optimal cutoff functions and the
extension problem for the singleton (the Borel map). The Beurling case can be
extracted from the Roumieu case by a reduction argument based on Lemma 3.4.

In Section 9 we will prove that extension operators always exist in the Beurling
case. As a by-product it gives an alternative direct proof that extensions exist.

8.2. Extension of Whitney ultrajets of Roumieu type. Let A C R" be a
non-empty closed set and F' € £(A) a Whitney jet on A. A function f € C*(R")
is said to be a local extension of F' in x if

Ity = F(z).
The next lemma provides local extensions in a uniform way.
Lemma 8.2 ([20], [15, Lemma 3.8]). Let M be a strongly regular weight sequence.

Let K C R™ be a compact non-empty set and F € E{M}(K). Then there exists
p > 0 such that for all x € K there exists f, € BYMY(R™) with ity fa = F(z) and

sup || fz ||, < oo (8.5)
zeK

Proof. By assumption, {F(z) : « € K} is a bounded subset of A1™}. We know
that jf{)g} : B{M}(R”) — AM} g surjective, by Theorem 4.4. Since both spaces are

Silva spaces, each bounded set in A{M} is the image of a bounded set in BIM}(R™).

M.
ONote that |a|lmpi1 < (p+1p7—+\ix|)‘ < 2P+l a|lmyy .
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Thus, there is a bounded set B in B{M}(R") such that for all z € K there exists
fo € B with j3, fo = F(z). This also implies (8.5). O

Lemma 8.3. In the setting of the previous lemma, there exist D,o > 0 such that
forallz,y € K, z € R" and o € N™ we have

|(fo = £)'(2)] < Do Mg b (0|2 — 2] + |2 = yI)). (8.6)
Proof. Let x,y € K be fixed. Take p € N and |a| < p. We have

TPF(z) =T F(2) = Z (Zﬁ'x)ﬁ(ng;F — T;F)(ﬁ)(x)
B<p '
z—x)P 2 — )8
= ; (m)(RgF — RPF)P(x) = ; (m)(Rg;F)B(x).

Using (8.2), we find that there exist A, 7 > 0 such that

2 = al 4]z — gl

(TPF — TPF)®(2)] < AP+ A,

(p+1—lal)
| 4 |z — gl
<A@ M, ET
@) My T )y

By Taylor’s formula and j{0, fo = F(z),

o) -mRG = 3 Eo 0o, e
|Bl=p+1

and thus
|z — zpti-lel
(p+1—la))l’
It follows that, for suitable constants D, o; > 0,
(|2 = @[ + |z — y[)rti e

(p+1—lal)! ’
for all z,y € K, z € R", p € N, and |a| < p. Using that M has moderate growth,
we infer

|(fo = 1) ()] < Do Mgy - (0(]2 — 2| + [z =y )P+ my 0y
for all p > |a|. This implies (8.6). O

(fo = T2F)(2)] < CpP* My al<p.  87)

|(fo = £)'* ()] < Dot My

Theorem 8.4. Let M be a strongly reqular weight sequence. For each non-empty
compact set K CR™ the mapping j5° : EMHR") — EMI(K) is surjective.

Proof. Let F € EMY(K) satisfy (8.1) and (8.2). By Lemma 8.2, there are
fe € BIM}R™), z € K, satisfying ooy fo = F(a) for all 2 € K and (8.5). Let
(Q;)j>1 be a family of Whitney cubes for K. Let € > 0 (to be specified later). By
Proposition 7.8, there is a family of C°°-functions (¢; );>1 satisfying 0 < ¢; <1,
supp ¢j.e € QF, >, pje =1L on R™\ K, and

181 pp

€

P2 (@) <
m

m, BeN' zeR"\K, (8.8)
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where C; > 0 is independent of €. Let x; denote the center of ); and let £; € K
be such that |z; — &;| = dix(z;). We define

o 2321 ©je(2) fa;(2), ifz€eR"\ K,
Je) = {FO(Z), if 2 € K. (8.9)

Clearly, f is C* in R\ K.
Claim. There exist constants Dy,01 > 0 such that, for x € K,
((f = £2) ()] < Drot™ Miajh(o1|z = al), zeR"\ K.  (8.10)

‘We must estimate

(f = ) () Z()Zw(ﬂ) o = f)@ D). (8.1

B<a ji>1
Let us first treat the term with 8 = 0. If z € supp ¢, C @, then

9
|z — 2| < |z —aj| + |z; — 35| < gdiamQj +di(z;) Sdr(2) <|z—z], (8.12)

by Proposition 7.7(3)7(4). Thus, by Lemma 8.3, there exist D, o > 0 such that

> @@ [(fa, = £2)(2)| < Dol Mig (0] — 2.
j>1
Now we consider the terms with 8 # 0 in (8.11). To this end let £ be a point in K
with |2 — z| = dk(z). Since § # 0, Z;>1%2( ) =0 and thus
S D\ 0(2) (fa, — 1) (=) =Y 60 (2) (fa, — £2)07P(2).
j=1 j>1

We infer from Lemma 8.3, (8.8), (8.12), and Proposition 7.7(5) that there exist
constants D, o > 0 such that

S, — £ )] < 127 Dol Aty Moy TN

Jj=1

(7.9)
< 122" DePlalo=PIN o o (Codic (2))

if we choose € := Co/C1, where C is the constant from (7.9). The claim follows.
In order to show that f is a C°°-function on R™ with j@ f = F, let, for o« € N,

oy @) ifzeR"\K,
f(z)'_{FQ(z) if > € K.

We prove that f = f0 is a C°°-function with f(® = f for all & € N, First we
show that all f* are continuous. This is clear near points z ¢ K. So let x € K.
Now if z € K, then

1F2(2) = f(@)| = |F*(2) — F*(2)| = (R F)*(2)] = 0 as 2 — =,
by (8.2). If z ¢ K, then
£ (2) = f2(@)] = |f(2) — £ ()|
<F D) = f0@) + [£(2) = £ (@) =0 as z— a,



ULTRADIFFERENTIABLE EXTENSION THEOREMS: A SURVEY 37

by (8.10) and since féc’) is continuous. At this point we may refer to the lemma of
Hestenes [43, Lemma 1] or argue as follows: If §; € N denotes the multiindex with
(0;); = d;; (the Kronecker symbol), then for « € K and z € R”,

() = £2(@) = 3 — ) foH @) = |2(2) — (TIHLF)@) ()] = o]z — al),
i=1
by (8.2), (8.7), and (8.10). It means that f is C' and d,,f® = f@*%. The
assertion follows.
Finally, we claim that f € E{M}(R™). By (8.1), it suffices to consider z ¢ K.
Then the claim follows from

FO)] < £+ 1(F — )@ ),
(8.5), and (8.10). 0

8.3. Extension of Whitney ultrajets of Beurling type. The Beurling case
may be reduced to the Roumieu case by means of the next lemma.

Lemma 8.5 ([27, Proposition 17]). Let M = (My) be a strongly regular weight
sequence. For any non-negative sequence L = (Ly) with L < M there exists a
strongly regular weight sequence N = (Ny) with L < N < M.

Proof. There is a decreasing sequence (eg)i>1 tending to 0 with Ly < €1 --- e M,
for all k > 1; it suffices to take € = suijk(%)l/k. Since M is strongly non-
quasianalytic, there is a constant C' > 0 such that
1 k

Y —<C—, keN (8.13)

sk Kk Hk
Applying Lemma 3.4 to ay = :—k, Br = max{ek,ﬁ}, and v, = ;Tkk’ we find a
sequence (0;)r>1 with 8, * 0o such that

0, 1
S L <80y —, forallk>1, (8.14)

=k 1 iz 1
Orer, — 0, and % ¢ 0. Define v := ’;—’;, k > 1, and v9 := 0. Then
Ny = vvy - - - Vg is a strongly log-convex weight sequence that is strongly non-

quasianalytic, by (8.13) and (8.14), and has moderate growth,
Nj+k . Mj+k 01 -- '9]'91 <Oy < Mj+k

Nij o MJMk 0 -- ‘9j+k - ]\4}]\4}€
To see L < N <M observe that (]l\’,—’;)l/k = (ALT’;)I/]“(& e Op)YE < (Orer - Opeg )V F
is bounded and (4&)/*F = (0; -- - 0)'/*F — oco. 0

Theorem 8.6. Let M be a strongly reqular weight sequence. For each non-empty
compact set K CR" the mapping j¢ : EM(R™) — EM(K) is surjective.

Proof. Let F = (F*), € EM(K). Set Lg := || F°||x and

k(R F)(y)
_ x|k—|a\

Ly := max{ sup ||F% k, sup ' }, k>1.

la|=Fk r#YyEK, |a|<k—1 ! [y
Then L < M and, by Lemma 8.5, there is a strongly regular weight sequence N
with L < N <M. So F € EW}(K) and it has an extension f € EIN}H(R™), by

Theorem 8.4, which is also an element of £()(R™). O
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8.4. Extension from closed sets. It is now easy to get extension theorems from
arbitrary closed subsets of R™.

Theorem 8.7. Let M be a strongly reqular weight sequence. For each non-empty
closed set A CR™ the mapping j : EMI(R™) — EMI(A) is surjective.

Proof. This follows easily from Theorems 8.4 and 8.6, since £M! admits partitions
of unity. Indeed, fix F € EIMI(A). For k € N>y set Uy := {x € R" : k-2 < || < k};
note that Uy, k > 2, are open shells and U; = {z € R™ : || < 1}. There exist
functions ¢, € EM] (R™) such that 0 < ¢ < 1, supp i C Uy, and Z;O:l o = 1.
For each k € N>; the jet F := F|ﬁk belongs to E[M](A N U}) and thus has an
extension f;, € EMI(R™), i.e., jffmm(fk) = Fy. Then f:=3Y 72, ¢ fr is a function
in £M] (R™) since on any compact set the sum is finite. Each © € A belongs to at
most two consecutive sets Uy, Upy1. Thus, for each a € N”,

19w =3 (§) e @i+ X () el @

BLa B<a

=3 (§)°rle) + pralanF o) = £,

BLla

since all summands with |3| > 0 vanish. O

8.5. Analytic extensions. The ultradifferentiable extension in Theorem 8.7 can
be made real analytic on the complement of A. This follows from a result of
Schmets and Validivia [83]. A different proof due to Langenbruch [56, Theorem 13]
is based on a general approximation theorem of Whitney type (cf. [92, Lemma 6])
which is interesting in its own right. In fact it is a special case of a quite general
approximation theorem based on a surjectivity criterion for continuous linear maps
between Fréchet spaces.

Theorem 8.8 ([56, Theorem 7]). Let M = (M) be a non-quasianalytic weight
sequence. Let Q C R™ be open and 1 : Q — (0,00) continuous. For any f € EM)(Q)
there exists g € H(Y*) such that

|F(z) — g\ ()| < 17(:13)‘0‘|+1M|a‘ forallz € Q, a € N".

Here Q* := {z € C" : Re(z) € Q, |Im(z)| < dist(Re(z),00)}. We may assume that
gla is real-valued.

Theorem 8.9 ([56, Theorem 13]). Let M = (M},) be a non-quasianalytic weight se-
quence and Q C R™ open. There exists a continuous linear mapping T : BIM] (R™) —
BMI(R™) such that T(f) is an analytic Q-modification of f, i.e., T(f)|q is real an-
alytic and jXT(f) = jXf, where A :=R"\ Q.

9. CONTINUOUS LINEAR EXTENSION OPERATORS

In this section we address the question whether there exist continuous linear
extension operators. We concentrate on the Beurling case for which the question
has an affirmative answer. In Section 9.4 we comment briefly on the Roumieu case
which has a negative answer most of the time.
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Let M = (Mjy) be a strongly regular weight sequence. Let A C R™ be a non-
empty closed set. By Theorem 8.7, the following sequence is exact:

0 ——ker j = EM)(R") L>5(M)(A) ——0 (9.1)

We will show that the sequence (9.1) splits: there exists a continuous linear right-
inverse E4 : EM(A) — EMD(R™) of ¥, that is j5° 0 Ea4 = idgan (4). We say that
FE 4 is an extension operator.

We give an elementary constructive proof based on the fact that the Borel map
is split surjective and on the existence of optimal cutoff functions. In Section 9.3 we
shall briefly comment on the alternative approach based on the splitting theorem
of Vogt and Wagner [91].

9.1. The existence of extension operators is a local property. We need a
variant of Lemma 8.3.

Lemma 9.1. Let M be a strongly regular weight sequence. For each p > 0 there
ezist C,o > 0 such that the following holds. If K C R"™ is compact and H C R" is
compact convex with K C int H, x1,29 € K, and f1, fo € C*°(R") and F € E(K)
satisfy ji; J1 = F(x1), Jeayf2 = F(xs2), and

1fillfe <00y |fellffe < oo, [|FlK, < o0,
then for all z € H\ K and a € N”,
(fr=£2) @) < (Wl + 1208 o+ FIKo) - Col Migihm (p(|2 =21 +]2 = 22 )).
Proof. As in the proof of Lemma 8.3 we find, for |a| < p,

(Iz — 21| + |2 — ap|)prt e

(T2, F — T, F)(2)] < |FIK ,(20)" Mys1

(p+1—lal)!
Since jf;l}fl = F(zy),
_ . \pFl-|a
e (@) M ptl (z—ah)p
|(fl TJ,LF) (Z)| < ||f1||H,UO- Mp+1 (p+ 1— ‘al)' y U= 1a2a

as in (8.7). Since M has moderate growth, My, < DPYM M, 41|, for some
D > 0. Then the triangle inequality gives for all p > |a],

[(f1 = £2)(2)] < (20D)1* M|y myi1-1a) (20D(|2 — 21| + |2 — 22|))P T 1
< (If1IH 5 + 12130 + 1FIR,)

and the assertion follows easily. O

Let M be a strongly regular weight sequence. Let A C R"™ be a closed non-empty
set. A continuous linear mapping F : £ (A) — £M)(R™) is said to be a local
extension operator for A in x if

Iy E(F) =F(x), forall Fe EM(A).

Clearly, F is an extension operator for A if it is a local extension operator for A in
every x € A.
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Proposition 9.2 ([37, Lemma 3.6]). Let M be a strongly reqular weight sequence.
Let A C R"™ be a closed non-empty set. Suppose that for each x € QA there ex-
ists a local extension operator E, for A in x and that {E, : x € 0A} is locally
equicontinuous in L(EM)(A),EM)(R™)). Then there exists an extension operator
E:EM(A) = £MI(R™),

Proof. Let (Q;);en be a family of Whitney cubes for A (cf. Proposition 7.7) and
let (¢;);jen be the partition of unity provided by Proposition 7.9. For each j choose
a point z; € JA such that dg, (v;) = dist(4,Q;). For F € EM(A) define

E(F)(z) := {%@J(Z]j %‘(Z)El.j (F)(2) iz E ﬁn \ A,

Clearly, E(F) is of class C* on R™\ A. Recall that px »(F) := ||F||%a+|F|%U < 0
for all compact K C A and o > 0.

Claim. For each compact convex H C R™ and for each p > 0 there exist C,o,7 > 0
and a compact subset K C A such that for allx € 0ANH, z € H\ A with |[x—z| < b70
(with by from Proposition 7.7), F € EM)(A), and a € N”,

(E(F) = Eo(F))(2)] < Cpk o (F) pl*' Mg hin (7|2 — 2|). (9.2)
Let us prove the claim. By Lemma 7.2, there is C' > 1 such that
B (t) < b (C1)?, £ > 0. (9.3)
Let a compact convex set H C R™ and p > 0 be fixed. By Proposition 7.9, there
exist positive C; = C1(p) and 7 = 71 (p) such that, for all j,
P Mg

(@) < 0y 1
‘SOJ (Z)| — Cl h'm(TldA(z))’

aeN" zeR". (9.4)

Set

p2 := min{p, b%} . (9.5)
We invoke Lemma 9.1 for py: there exist Cs, 09 > 0 such that the assertion of the
lemma holds for pa, Ca, oo (instead of p, C, o in the lemma).

For e > 0let H. := {z € R" : dg(z) < €} be the closed e-neighborhood of H. By
assumption, the set {F, : 2 € 9ANHy} is equicontinuous in L(EM)(A), EM)(R™)).
It follows that there exist constants o3 > o9, C3 > 1 and a compact set K C A
with A N Hy C K such that

|Eo(F) 3 o0 < C3pios(F), F e EM(A), x € 0AN Hs.
Then, by the assertion of Lemma 9.1, for all x,y € dANH;, z € H;\ A and o € N,
(Eo(F) — Ey(F))@(2)] < Ciproy(F) p5 Mo i (p2(|2 — 2| + |2 — y])),  (9.6)

for some Cy > 1.
We are ready to estimate

(B(F) — B (F)@(z) = 3 (g) S o () (B, (F) — Bu(F) @) (2),
BLla j>1

where z € JANH and z € H\ A with |z — 2| < 570 By Proposition 7.7, for each
Jj=>1land 2z € Qj,

|z; — 2| < dg, (x;) + diam Q} = dist(A, Q) + § diam Q; < 6diam Q; < %dA(z).
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Consequently (since by < 1),
|z —z;| <l|z—z|+ ]z — x| < |z—z|+%dA(z) < %|x—z| <1
and thus z; € Hy. So, by (9.6), for the term with § = 0 we have
D leiNE, (F) = Eo(F)@(2)]
j=1
< Caproy(F) ps" Miajh(p2(|2 = | + |z — ;)
< Caproy(F) py" My hon (2|2 — )

(9.5)
< Cupr oy (F) pl* My hn(11]2 — ).

To estimate the terms with 5 # 0, let y € OA be such that |y — z| = da(z). Then
D>t @5’6)(2) = 0 implies

ST (@) (By, (F) = Eo(F) ™ (2) = 30 (2) (Ba, (F) — B, (F) @~ (2).
j>1 j>1
We have |y — z| = da(z) < |z—z| < b7° and thus y € Hy. Moreover, if z € Q}, then
|2 — x| + [z = y| < £da(z) +da(z) < £da(z) < ffo— 2 < 1.
Thus, by (9.4) and (9.6),
ST 1 (2)(Ea,y (F) — By (F) =P (2)]
j>1
hm(pQ(‘Z B xj| + |Z - yl))
hon (11 a(2))

< 122" C1Cl picoy (F) PP Mg ™7 Mgy

05 B (P da(2))
< 127 03 (F) 1 Mo =228
< C1Cypr.os(F) p la hin(T1da(2))

9.3
g) 122" C1Cy it oy (F) p1® My b (T1d 4 (2)).
Then the claim follows easily.
We are ready to complete the proof of the proposition. That E(F) is a C'*°-
function on R"™ with j$ E(F') = F follows in analogy to the proof of Theorem 8.4.
It remains to show that E(F) € £M)(R") and that the linear map E :
EMI(A) — EM)(R™) is continuous. Let H C R™ be a compact convex set and
p > 0. Let Hy, /7 be the closed %"—neighborhood of H. By the claim, there exist
C,0,7 > 0 and a compact set K C A such that for all x € AN Hy, /7, z € Hy, 7\ A
with |z — 2] < %0, F e EM(A) and o € N™ we have (9.2), in particular,

(E(F) = Eo(F))\®(2)] < Cpio(F) p*I Mjay. (9.7)
If z € H\ A satisfies dg(z) < b70, then there is * € AN Hy, 7 with da(z) = |z — z|.
For such z and o € N”,
|B(F) @ (2)] < [Eo(F)(2)] + [E(F)®) (2) = Eo(F)*(2)]
< Cpro(F)pl* My,

by (9.7) and by the assumption on local equicontinuity of E, (increasing K, C,
and o if necessary). Together with (8.1) this shows the assertion. The proof is
complete. [

(



42 ARMIN RAINER

9.2. Extension operators always exist in the Beurling case.

Theorem 9.3. Let M be a strongly regular weight sequence. Let A C R™ be a non-
empty closed set. There exists an extension operator E : EM)(A) — EM)(RM).

Proof. This follows from Theorem 4.4 and Proposition 9.2. (I

9.3. A different approach based on a splitting theorem for Fréchet spaces.
Let M = (My) be a strongly regular sequence. Let K and L be a non-empty
compact subsets of R™ such that K C int L. By Theorem 8.6, the sequence

0 — = DOD ([, K) > DM(L) 5, c0n) () ¢ (9.8)
is an exact sequence of Fréchet spaces, where we endow
DOO(L, K) = {f € EM(R") : supp f C L, 52 f =0}

and DM) (L) with the subspace topology of £M)(R™). By the splitting theorem
of Vogt and Wagner [91] (see also [64, 30.1]), the sequence splits if £ (K) has
property (DN) and D) (L, K) has property ().

A Fréchet space E with fundamental system of seminorms &7 = (p,),en has
property (DN) if

Im e NVEe NI e N3C >0:p; < Cpmpe-

Then p,, is a norm and every norm with this property is called a dominating norm.
It has property () if

YmeNILe NV e N3IC>030c(0,1):p; <Cpi) ;)

where p}(y) := sup{|y(z)| : pr(z) < 1} is the dual norm of p;. The properties
(DN) and (Q2) are linear topological invariants. The property (DN) is inherited
by all closed subspaces.!! A nuclear Fréchet space E has property (DN) if and
only if F is isomorphic to a closed subspace of s (the space of rapidly decreasing
sequences). The property () is inherited by all quotient spaces. A nuclear Fréchet
space E has property (Q) if and only if E is isomorphic to a quotient space of s.
Cft. [64, 29].

That £M)(K) has property (DN) is a triviality. The fundamental system of
seminorms

P(F) = |FI K 1jm + 1FIK 1y ™ € N3,
cf. (8.3) and (8.4), satisfies p7 < pip2 for all k > 1, since

Llel 2 p2lal qlaf
(Mm\) Moy Moy’

That D) (L, K) has property (Q) follows from a result by Franken [37] (building
on work of Meise and Taylor [63]). Both papers are situated in the setting of
Braun—Meise—Taylor classes of which the Denjoy—Carleman classes form a subclass
if M = (My,) is a strongly regular weight sequence; see Example 12.3(2).

HHence, the splitting of (9.8) implies that £(M)(K) has the property (DN).
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9.4. Continuous linear extension operators in the Roumieu case. As al-
ready pointed out in Remark 4.5 in the case of the singleton, extension operators
rarely exist in the Roumieu case. For instance, the condition (4.5) due to [68] shows
that j5, : EMI(R?) — 1M} ({0}) = A} has no continuous linear right-inverse
if M is any Gevrey sequence My = G5 = k!®, s > 1.

Actually, jg, EMY([=1,1]") — AIM} is not split surjective for any strongly
regular weight sequence M as seen by the following topological argument (cf. [51,
p.23]): EMI([~1,1]") is isomorphic to the dual of a power series space of finite
type (cf. [52]), which cannot have A1} as a complemented subspace, since A1}
is isomorphic to the dual of a power series space of infinite type (cf. [90, p.269]).

For the Whitney problem, Langenbruch [51] proved that for compact convex
subsets K, L of R™ with ) # int KX C K C int L there is no extension operator
E: EWMNK) — ML) if M is a weight sequence satisfying

Ja > 0Vb € N>, : A(D) := limsup Hok < aliminf Hok ., a A(b), (9.9)

k—oo Mk k—oo  p

A(b
lim Q = 00. (9.10)
b—oo b

A weight sequence with these properties is strongly regular (cf. [51, pp.355-356]
and [52, Lemma 1.1]). It is easy to check that the Gevrey sequences G*, s > 1,
have the properties (9.9) and (9.10) (indeed, in that case A(b) = A(b) = b°).

9.5. A different approach based on polynomial approximation. Denote by
P4 the space of all polynomials on R™ of degree at most d, and let &_; := {0}.
For compact K C R™ and continuous f : K — R we set

distg (f, Za) := nf{[|f = pllx : p € Pa}.
Let M = (M) be a weight sequence. Let A{M}(K) be the set of all f € CO(K)
such that there exists p > 0 such that
(d+ 2)k distx (f, Pq)

pk My,

and AM)(K) the set of all f € C°(K) such that (9.11) holds for all p > 0. The

spaces AMI(K) are endowed with their natural locally convex topologies.
The following theorem is an ultradifferentiable version of Jackson’s theorem.

M
||f||f},p ‘= sup sup < 00 (9.11)
keNd>—1

Theorem 9.4 ([71, Theorem 2.7]). Let M be a derivation-closed weight sequence
with m,lc/k — 00. For any compact K C R™ we have j%EMI(R") C AMI(K), where
3% (f) = flx. The inclusion is continuous.

Let 7 > 1. A compact set K C R" is said to have the Markov property (P,) if
there exist C1,Cy > 0 such that for every polynomial p'?

Co
p(z)| < Cillp for z € C™ with dist(z, K) < .
If K C R™ satisfies (P,), then necessarily r > 2, by [5], and K is C°°-determining,
see [70, Remark 3.5], that means j% f = 0 implies j2 f = 0 for any C*°-function f.

(9.12)

121t is not hard to see that (P,) holds if and only if there is C' > 0 such that ||p(®| g <
C deg(p)"1®l||p|| k for all |a| > 1 and all polynomials p; cf. [70, Theorem 3.3]. Any compact subset
of R™ that is uniformly polynomially cuspidal has the Markov property, in particular, any fat
subanalytic compact subset of R™.
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The following extension theorem involves an unavoidable loss of regularity: for
instance [39] shows that ][ E : EE)(R) = AE)([—1,1]) is not surjective. On the
other hand the weight sequence is not required to be strongly non-quasianalytic.

Theorem 9.5 ([71]). Let M be a non-quasianalytic weight sequence of moderate
growth. Let K C R™ be a compact set satisfying (P,) with some r > 2. Then

there exists a continuous linear operator L : AMI(K) — E[MTH](R”) such that
3% o L =id. Here M7+ := (M]*") is the (r + 1)-st component-wise power of M.

Proof. By Proposition 3.11, there is a sequence (¢ )x>1 of functions ¢, € C*(R"™)
such that 0 < ¢ < 1, suppr C Uy := {z € R" : dg(x) < Cok™"} (where Cy is
the constant from (9.12)), ¢ = 1 in a neighborhood of K, and

|<p§;1)| < C(n)la\kr\MMla" a e N”.

For f € AIMI(K) let Lyf be the Lagrange interpolation polynomial of f with nodes
in Fekete-Leja extremal points of K of order d; cf. [70, Section 2]. Then

|f — Lafllx <2(d+1)"distx (f, Za).

Set

Lf(z):=pi(z +Z@d )(La+1f(x) = Laf(x))

and let us check that L is well-defined and has the desired properties. By (9.12),
10%(¢a(@)(Lat1f(x) — Laf(x)))]
<3 (§) e @l Ean = Lap)e @)

BLa
<Gy, <5>||90 loall(Laz1f — Laf) |k
BLa
<CCy Z ( > |ﬁ\d ‘mM\ﬁl (d+2)n+r\a BldlStK(f P,

B<a
< Dol®l(d + 2)" 11 M, dist i (f, Pa),

for suitable constants D,o > 0. Thus, by (9.11) and moderate growth of M,

_AM pn+2+r|a‘Mn+2+r|a\
(d+ 2)n+2+r|a\

10%(pa(Las1 f — Laf))llzn < Dol®l(d +2) 71l - | 114

- o1
< Dyoy |M|(:"_1Hf||-;é,p RCESIER

It follows that Lf is a well-defined C'*°-function satisfying

a r41 M
LA DR o, < DallflI

which implies the assertion; notice for the Beurling case that 0y =+ 0asp — 0. O
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10. EXTENSION WITH CONTROLLED LOSS OF REGULARITY

If the weight sequence M = (M) is not strongly non-quasianalytic, and thus
extension preserving the class is not possible, it is natural to ask if the loss of
regularity occurring in the extension can at least be controlled. This is indeed
the case. It requires a new extension technique which is inspired by Dyn’kin’s
theory of almost analytic functions; cf. [33, 34] and also [40]. For the singleton see
Theorem 6.2.

10.1. The setup: admissible pairs of weight sequences. Let M, N be strongly
log-convex weight sequences, M of moderate growth with m,lﬁ/ k

quasianalytic with M < N, and

oy 1
Sl;p A ZV' < 00, (10.1)
>k 7

— 00, N non-

Ng
Ni—1

Note that (M, M) is an admissible pair if and only if M is strongly regular. Recall
that the conditions (6.1) and (10.1) are equivalent if M has moderate growth; so
our definition is compatible with the case treated in Theorem 6.2.

where u, = % and v, =

. In that case we call (M, N) an admissible pair.

Remark 10.1. Let N be a strongly log-convex non-quasianalytic weight sequence
of moderate growth and let .S be the descendant of N. Then (S, N) is an admissible
pair and, if (M, N) is another admissible pair, then M < S; see Lemma 4.7. Note
that, if M has moderate growth, then M < N if and only if p < v, indeed,

e S MYE S NYF <

10.2. Suitable cutoff functions. Let (M, N) be an admissible pair of weight
sequences. In analogy to the construction of optimal cutoff functions in Section 7.3
we obtain cutoff functions with bounds reflecting the weaker assumption (10.1).

Proposition 10.2 ([27, Proposition 4]). Let (M, N) be an admissible pair of weight
sequences. There is a constant C' > 0 such that for all p,r,e > 0 there exists
p € EWHR) with ||y, =1, suppp C [~(1+ &)r, (1 + €)r], and

1
N - -
||¢||R,p —_ hm(CpTE)

Then it is straightforward to construct a partition of unity subordinate to a given
family of Whitney cubes.

Proposition 10.3 ([27, Proposition 6]). Let (M, N) be an admissible pair of weight
sequences. Let K C R™ be a non-empty compact set and (Q;);>1 a family of
Whitney cubes for K. Then there exists C1 > 1 such that for all € > 0 there is a
family of C°-functions (pj,e)j>1 satisfying

(1) 0< ;<1 forallj>1,
(2) supp gy C Q7 for all j > 1,
(3) Xojo1@se(x) =1 for allz € R* \ K,
(4) forallj>1, 8N andxz € R"\ K,

)< — oD

1€ = hp(Credg ()

— N —
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10.3. Extension of Whitney ultrajets.

Theorem 10.4 ([27]). Let M, N be strongly log-convex weight sequences, M of

moderate growth with m,lﬂ/k — 00, and N non-quasianalytic with M < N. Then
(M, N) is admissible if and only if EMY(A) C jEWNH(R™) for all closed A C R™.

We will sketch the proof of the “only if” part. Assume that (M, N) is admissible.
The new feature is the shape of the extension formula: Let K C R™ be compact
and F = (F%), € EWMH(K) satisfy (8.1) and (8.2). Let (Q;);>1 be a family of
Whitney cubes for K. Let ¢,L > 0 be fixed. There is a family of C°°-functions
(pj.e)j>1 satisfying the conclusion of Proposition 10.3. Let x; be the center of Q;
and let &; € K be such that |z; — &;| = dx(z;). We define

2T (Ldk (5 . n

S TR, iz e R\ K, 10

f( ) T 0 . ( . )
FO(z), if z € K.

(So the local extensions fz, in (8.9) are replaced by the Taylor polynomials
T;Fm(LdK(mJ))F.) The degree p(z) := 2T, (Ldk (z)) of the Taylor approximation
tends to infinity as 2 approaches the set K; the function TI',, was introduce in
Section 7.2.

The proof that (10.2) is indeed the required extension is similar to the proof

of Theorem 8.4. First we need estimates for the partial derivatives of the Taylor
polynomials T} @ p,

Lemma 10.5. There is a constant Ag = Ao(M,N) > 1 such that for all F €
EWMY(K) satisfying (8.1) and (8.2) (with the constants C,p), all L > Agp, x € R,
and o € N”,

(T2 F) ) ()] < C@L)H M), (10.3)
and, if |a| < p(x),
(T2 F) @) (2) — F(2)| < C(2L)1 1 o] m o 41di (2). (10.4)
Proof. For (10.3) we may restrict to the case |a| < p(z). By (8.1),

(PO R @ @) < chwa
a<p
[8I<p(x)
18]! (nd g ()18 le] )
|
= Clat 6;5 T (18] = [apr P ™Al
18|<p(z)
S eyl 2 Crodic@)ma
181<p(z)
= (ndg (z))lel = PaK 'k .

since the number of 8 € N™ with |3| = j is bounded by n’/. By Lemma 7.2,
there exists A < 1 such that 2T, (¢) < T, (At) for all ¢ > 0, (10.6)
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and thus
(@) C|a‘| T (LA K () '
|(T5 z F)(a)(l')‘ < W Z (2712de($))ij
i=lal

Since (LAdg (z))Im; < (LAdk (x))1%Im)y) for |a| < j < Ty (LAdk(2)), by (7.5),

$ s Jal o (LA () 2
j=lal

2

We obtain (10.3) if L is chosen such that 2Zip < 15 then Ag = 4.
For (10.4) it suffices to note that, if |a] < p(z),

— )8«
GAUCIERV DI S )
RG]
lo| <|B]<p(=)
and to follow the same arguments. (]

The core of the proof is the following lemma.

Lemma 10.6. There exist constants A; = A;(M,N), i = 1,...,4, such that the
following holds. If e = A1L and L > Asp, then for all x € R™ \ K with dx(z) < 1
and all o« € N™ we have

|(f = TP F) @) (2)] < O(LA3) N o hn (LA dic (). (10.7)
Here C, p are the constants from (8.1) and (8.2).
Proof. By the Leibniz rule we have
(=12 = 3 (§) Tl @@ F - 1R V),
Bla Jj=1
Let us estimate
(T F - F) 7 (@)
< (12 F — 12 F) D (@) 4 (125 F - 19 F) P (@) = By + Hy
for x € Q} (since supp ¢, C Q). One checks easily (as in the proof of Lemma 8.3)
that, with 2¢ := p(z;),
Hy < C(2n°p)* ™ Bl magun (|85 — x| + |85 — &[)2H1FL,
By Proposition 7.7, there exist universal constants 0 < b < 1 < B such that
bdr(z) < dk(zj) < Bdg(x), forze Q. (10.8)
Moreover, |Z; — x| + |#; — &| S dx(x;). So, using that m has moderate growth,
Hy < C(D1p)*™ 8|t ma (Dy die ()11,

for constants D; > 1 which depend only on M, N, and the dimension n. Since
b (Ld (7)) = mg(Ldg ()7 < myg (Ldk ()P, by (7.6), we get

Dngp
L

2q
H, < cplpzp( ) dic (2)|B]1 g L b (Ld i ().
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Since di (z;) < dr(z) < 1 (by assumption), there is D3 such that for L > Dsp,
Hy < CLVPT M gihy (Ldg ().
Now consider Hy. By (10.6) and (10.8), we have
p(z;) =20y (Ldg () < 20, (Lbdg () < T (LbAd ()

and similarly p(z) < Ty (LbAdi(x)). So the polynomial T;J(Ij)F — Tg(I)F has
degree at most T',, (LbAdk (x)). On the other hand, again by (10.8), the valuation
of the polynomial Tg(wj)F - Tg(x)F is at least 2T, (LBdg(x)) =: 2r. Thus, the
calculation (10.5) gives

c18! T (LbAdx (@) .
Hy < ————— (2n®pdg () m;.
(ndx ()P :Z ’

For such j we have m;(LbAdk(z))! < mo,(LbAdg(x))?", by (7.5), and
hin(LBdg (x)) = m.(LBdk(z))" < mys(LBdk(z))?!, by (7.6). Using moderate
growth of m, we may thus conclude that there is D4 > 1 such that, for L > Dyp,

Hy < CLVPT Mgy (LB (2)).
In summary, for » € Q} and dk(z) < 1,
(120 F — 12 )P ()] < C@2L) P Mg by (LBd (2))
and, consequently, in view of Proposition 10.3,

I(f - T%’@F)@(xn

elel=181 N
<2 G gy ﬁ 12 (Oled‘Kl(zlf)l - CEL)PHE Mg oy (LB (x))
B<a m
I pled+i , hm (LBdk (z))
< (122" et ag—sqp, ARSIV g A St [ VA
Z (laf — 7)! QLY Niai=iMi 4 e die (@)
Now, by (7.9),
hin (LBd (x))
— < LB
Fn(Credic () = " (EBCAR ()
if we choose € := %, where C' is the constant from (7.9). Noting that M < N,
the lemma follows. O

Now we are ready to check that (10.2) is the desired extension of F'. That f
defines a C'*°-function on R" with j# f = F' can be seen as follows. Let us fix a point
a € K and a € N". Since I',,,(t) — oo as t — 0, we have |a| < p(x) = 2T, (Ldk (x))
if z € R™\ K is sufficiently close to a. Thus, as  — a,

|/ (z) = F*(a)]
S| = TEF) O (@) + (T F) (@) = F*(@)] + |[F(#) = F*(a)
= O(hm(LAsdk (2))) + O(dx (z)) + O(|2 — al),

by (8.2), (10.4), and (10.7). Hence f(®)(2) — F(a) as x — a.
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To get an extension in £V} (R™) we first observe that, for z € R" \ K with
di(z) <1, a € N and a suitable constant A = A(n, M, N),

£ @) < |(TX )@ ()] + £ (@) = (T2 F) @ ()] < C(LA) N

by (10.3) and (10.7), because h,, < 1. In view of (8.1), it suffices to multiply f
with a suitable cutoff function of class E{M} with support in {z : dg(z) < 1} in
order to obtain an extension in E{N}H(R™).

Remark 10.7. The proof shows that for each p > 0 there is an extension operator
El],‘/[(K) — Sﬁfp(R”), for a suitable constant A, but the operator depends on p
(through L and €).

There is a corresponding result in the Beurling case.

Theorem 10.8 ([27]). Let M, N be strongly log-convex weight sequences, M of

moderate growth with m,lg/k — 00, and N non-quasianalytic with M < N. Then
(M, N) is admissible if and only if EM)(A) C jREN)(R™) for all closed A C R™.

Let (M, N) be a pair of admissible weight sequences and let L be a non-negative
sequence such that L <<M. Then there exists an admissible pair of weight sequences
(M',N’) such that L < M’ and N’ < N. Indeed, as in the proof of Lemma 8.5
there is a decreasing sequence (e),>1 tending to 0 with Ly < €7 - - - €, My, for all k.

Applying Lemma 3.4 to ay = 0, B = max{eg, #%}, and v, = %, gives a sequence
(0k)k>1 such that 6 oo, k0 N, 0 and Ore, — 0. Applying Lemma 3.4 once

122
more, now to ay = ”ik, B = max{eik_
with ¢, " oo such that

0; 1
—L <8y — forall k > 1
SLcony L makt

k

,;}, and v = uﬁk, yields a sequence (Jx)r>1

Z—:%O, and%\(). Define pj := 4= and v} := @& for k > 1 and pj = v = 1.

Then % oo and l% /" oo and hence M, := poui - - - pj, and Ny, := vy - - - v, are
strongly log-convex weight sequences such that (m})/* — oo and (n})'/* — ooc.

That M’ has moderate growth follows from

Mive _ Mypk 0105000k _ M
MJIMIQ Mij 91"'9j+k - Mij'

Furthermore,

1 9 1 kv ko k
YLy ey Lot b
I S eV MR BE

and hence (M’,N’) is an admissible pair. We have L < M’ and N’ < N, since
(J@—Z)l/k = (1@—2)1/’“(91~-~9k)1/k < (B1€1 -+ - Orer)™* is bounded and (%—Z)l/k =
(191 - 'ﬂk)l/k — OQ.

Then it is easy to conclude EM)(A) C jEN)(R™) for all closed A C R”, by a
reduction argument to the Roumieu case (similar to the proof of Theorem 8.6).
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10.4. Extension operator. Concerning the existence of extension operators in
the mixed setting we have

Theorem 10.9 ([27]). Let M, N be strongly log-convex weight sequences, M of

moderate growth with m,lc/k — 00, and N non-quasianalytic with M << N. Then the

following conditions are equivalent:
(1) limpsoo 5537 5k Ui =0.
(2) AV C jos £V (Rr),
(3) There exists an extension operator ELMY(A) — ENI(R™) for each closed
non-empty subset A C R"™.

We briefly comment on the implication (1) = (3). The idea is to show that (1)
implies the existence of an admissible pair (M’, N’) of weight sequences such that
M <M’ <« N’ <t N. This can be achieved again with the help of Lemma 3.4; for
the details we refer to [27, Proposition 20]. Then the extension operator is given
by the composite

EMN(K) —— &M (K) — &Y' (R") —— M (R")
where the middle arrow is the extension operator from Remark 10.7.

Remark 10.10. All extensions in this section can be chosen to be analytic in the
complement of A in view of Theorem 8.9.

Part 2. More general ultradifferentiable classes
11. FURTHER ULTRADIFFERENTIABLE FUNCTIONS

We introduce weight functions and Braun—Meise—Taylor classes. This quickly
leads to the notion of the associated weight matrix which allows us to build the the-
ory of Braun—Meise-Taylor classes (and of more general ultradifferentiable classes)
to a great extent upon the theory of Denjoy—Carleman classes.

11.1. Weight functions.

Definition 11.1. A weight function is a continuous increasing function w
[0,00) — [0, 00) with w(0) = 0 satisfying the following three properties:

(1) w(2t) = O(w(t)) as t — oo.

(2) log(t) = o(w(t)) as t — oc.

(3) ¢t w(e') is convex on [0,00).

Note that (2) is equivalent to lim; ﬁ = 0 and implies lim; . w(t) = oc.
For each weight function w there is a weight function @ which coincides with w for
all sufficiently large ¢ > 0 and such that @[f,;; = 0. It is hence no loss of generality
to assume that w|jo,;) = 0 which we shall do tacitly if convenient.

Since ¢ is convex, increasing, and ¢(0) = 0, we may consider the Young conjugate
©* 1 [0,00) = [0,00) of ¢, given by

@*(t) = Sgg(st —¢(s)), t=>0.

The function ¢* is convex, increasing, and it satisfies ¢*(0) = 0, ¢** = ¢ (here
(t
t

we use wlj,1] = 0), and lim; oo f(t) = 0. Moreover, the functions ¢ — 21 and

Sp* t . .
t— % are increasing on (0, 00).



ULTRADIFFERENTIABLE EXTENSION THEOREMS: A SURVEY 51

11.2. Braun—Meise—Taylor classes. Let w be a weight function. Let U be an
open subset of R™ and p > 0. For f € C*(U) and compact K C U we consider
the seminorm
1£1I%,, := sup sup | (@) exp(—Lp* (pla)).
rzeK aeN?
(Occasionally, we will also use || f||¢; , for open sets U.) We define the Braun-Meise-
Taylor classes

EWNU) ={feC™®U):VK C, UNp>0:|fl%, < oo},
W U) = {feC®U): VK Co, UTp > 01| fl5, < o0}

The class £@)(U) is said to be of Beurling type and the class E{“}(U) of Roumieu
type. In analogy to Denjoy—Carleman classes we use £“(U) as placeholder for
either £&)(U) or £1“}(U); cf. Convention 2.1.

We endow the vector spaces £ (U) with their natural locally convex topologies:
E@\(U) is supplied with its natural Fréchet space topology and £} (U) with the
projective limit topology over K of the inductive limit topology over p; note that
it suffices to take countable limits. Then £“)(U) is a nuclear Fréchet space and
EW@HU) is nuclear, complete, and reflexive; see [19, Proposition 4.9].

Remark 11.2. The classes £“! originate from work of Beurling [7] (see also Bjorck
[10]). Beurling described his non-quasianalytic classes by decay properties of the
Fourier transform of a compactly supported function:

D) = {f € Culll) : >0 / 7€)1 dt < o0},

n

D) = {feCc(U): ap>o:/

Here, and below, w(§) := w(|£|). Braun, Meise, and Taylor [19] showed that these
classes are non-trivial (for each non-empty open set U C R™) provided that w is a
weight function (not necessarily satisfying 11.1(3))'? such that

/m@dmoo. (11.1)

12
We will give an independent proof of this fact in Theorem 11.17. Furthermore, if
also the condition 11.1(3) is fulfilled, then the classes D] also admit the description

DY) ={feDWU): Vp>0:|fl, < oo},
DN U)={feDU): Ip>0:|flg, <o}

F(€)lem© dt < oo}

n

This was the starting point for the introduction of the local classes £“(U) and the
development of a corresponding theory of ultradistributions in [19].

11.3. Associated weight matrix. We associate with a weight function w a one-
parameter family 20 = {W?},5( of weight sequences W* = (W) defined by

W = exp(+o*(zk)), keN.

The family 20 is called the associated weight matrixz of w. As usual for weight
sequences, we write

WE = 02998 - 9% = klw?.

13Beurling and Bjorck had additionally assumed that w is subadditive.
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Notice that, for any p > 0,

(@) (@)
e = sup e 1l

e = || I (11.2)
aeNnexp(%w*(PWD) a€ENn W\ZI ®

Lemma 11.3. We have:

) ¥F < W if x <y, which entails W* < WY,

For all x > 0 and all j,k € N, W7 , < W2EW2E gnd w®, , < w?®w?®,
Jj+k J k j+k i Yk

4) For all z > 0 and all k € N>o, ¥3, < ﬂiz.
)

Proof. (1) The convexity of ¢* implies that each ¥ is increasing. And (W} YLk A
oo follows from ¢ +— @ oo
(2) Let 0 < < y. Then

k) = alh = 1)Y g (200 = ¢ bk = D)y

— Y
X y k

i:exp(

again by the convexity of ¢*.
(3) The convexity of ¢* and ¢*(0) = 0 implies

O (t) + 9" (s) < @7 (t+5) < 5¢7(2t) + 307(28), t,5>0.
As a consequence
WIWE < Wi, < WEWE, jkeN,

and equivalently

+ k
(4) The inequality 9%, < 9}* is equivalent to

¢"(2kz) — " (2k —D)x) _ " (4kz) — " (4(k — 1)z)
x - 4z ’

which follows from the convexity of ¢* if k > 2.
(5) The statement follows from the following inequality

AL > 1Vt >0 Vs € N: Lo*(t) + sL°t < " (L) + » L,

i=1

if we choose s such that e® > o and set ¢t := pk, H := L® and C' := exp(Hip S LY.
By 11.1(1), there exists L1 > 1 such that w(2t) < Lijw(t) + Ly for all ¢ > 0 and
hence there is L > 1 such that ¢(t +1) < Ly(t) + L for all ¢ > 0. Thus, for ¢t > 0,

(L) + L = sg;g(Lts —(p(s) = L)) > Sl>111)(Lt3 —Lp(s—1)) = Lo*(t) + Lt,

and the desired inequality follows by iteration. [
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11.4. Weight matrix description of Braun—Meise—Taylor classes.

Theorem 11.4 ([74]). Let w be a weight function with associated weight matriz
W ={W?},50. Let U CR™ be open and K C U compact.
(1) For each x > 0 we have the continuous inclusions EW HU) C 1)
and EWN(U) C EWV(U).
(2) As locally convex spaces
g(w) (K) = projx>0 g(WT)(K) = projx>0 pI‘ij>O gZVT (K)v
5{“’}([() = indy0 M (K) = indysoind 0 €)Y (K),
“U) = projgec, v Projyso €W (K) = proj,.o €W (U),
E{W}(U) = Projgc,u ind,~g E{Wm}(K).

Proof. (1) Let > 0 be fixed. If f € EW"HU), then for each compact subset
K C U there exists p > 0 such that ||fHVKVzp < 00. By Lemma 11.3(5) and (11.2),
there exist constants H,C' > 1 such that

x Hax
00 > ClIfIIK, 2 AKXy = IFI% pas

whence f € £H(U).

Assume that f € £&)(U). Let > 0 and p > 0 be fixed. By Lemma 11.3(5),
there exist constants H,C > 1 such that W7 < CpkaH“' for all k. For each
compact subset K C U we have Hf||";<ﬁ < 00, and, thus, using (11.2),

00 > Clfl%. 5 = CIAIEE = 1713,

Since p > 0 was arbitrary, we may conclude that f € EW")(U).
(2) now follows from (1), since we have the continuous inclusions EW(K)
proj,-o EW(K) and ¢} (K) C ind,~o EMWH(K) by definition.

v

Corollary 11.5. Let w be a weight function. Then:
(1) EWNU) is a ring.
(2) IfC*(U) C ELNU) andyp : R™ DV — U is real analytic, then the pullback
P EWNU) — EWN(V) is well-defined.
(3) EWNU) is stable under differentiation.

Proof. (1) and (2) follow from the fact that each W7 is a weight sequence; cf.
Section 2.5. (3) is a consequence of Lemma 11.3(3). O

11.5. Braun—Meise—Taylor vs. Denjoy—Carleman classes. Theorem 11.4
shows that every Braun—Meise-Taylor class can be represented as a union or an
intersection of Denjoy—Carleman classes. The question arises as to when Braun-—
Meise-Taylor and Denjoy—Carleman classes coincide.

Theorem 11.6. Let w be a weight function with associated weight matriz 20 =
{W?*}s0. Let U C R™ be open and non-empty. The following conditions are
equivalent:

(1) 3H > 1Vt > 0: 2w(t) < w(Ht) + H.

(2) The weight sequences W® and WY are equivalent for all x,y > 0.

(3) ElWhw) = M"HU) for all 2 > 0.

(4) E(U) = EWNU) for all x> 0.
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(5) W= has moderate growth for some (equivalently, for all) x > 0.

The equivalence of (1) and (2) can be seen by straightforward computations.
Then (2) < (3) < (4) follow from Theorem 11.4. For the equivalence with (5) see
[74]. Conversely, one may ask when for a given weight sequence M there exists a
weight function w such that EMI(U) = £L1(U).

Theorem 11.7 ([16, Theorem 14]). Let M = (My) be a derivation-closed weight
Jk

sequence with m,lC " — 00. The following conditions are equivalent:
(1) There exists a weight function w such that for all open U C R™ we have
EWNU) = EMITU) as vector spaces and/or as locally convex spaces.
(2) The weight sequence M has moderate growth and satisfies
3Q € Noy : liminf 98 > 1.
- k—oo ik
(3) The weight sequence M has moderate growth, the associated function

wh(t) = supyey log ]f—;k is a weight function, and (1) holds with w = wyy.

Example 11.8. (1) Let s > 1. Then 7,(t) := max{0,¢+ — 1} is a weight function
and we have the identity
g[ws](U) - g[G"](U)7
where G® denotes the Gevrey sequence G, = k!°. See also Example 12.3.
(2) For s > 1, ws(t) := max{0, (logt)*} is a weight function with associated
weight matrix 20° = {W*?},-¢ given by W;'* = exp(C, 2!/~ ks/(s=D) The
classes £ are not Denjoy—Carleman classes.

11.6. Weight matrices and associated ultradifferentiable classes. The
weight matrix description of Braun—Meise—Taylor classes motivates the definition
of ultradifferentiable classes by general weight matrices, providing a general frame-
work for ultradifferentiability.

Definition 11.9. A weight matriz is by definition a family 9% of weight sequences
M € 9 which is totally ordered with respect to the natural order relation on
sequences (i.e., for all M, N € 9 we have M < N or N < M).

Let 991 be a weight matrix. Let U C R™ open and K C U compact. We define
eMN(K) = | M),

Mem

EM(K) = [ eWD(K),
Mem

ey = U eMu= N e,
KCcpU MM KCopU

EM () = m ﬂ EM) (K = ﬂ EMN(K) = m £ (1)
KCopU Mem KCopU Mem

and endow these spaces with their natural locally convex topologies. The class
EM(U) is said to be of Beurling type and the class E{™(U) of Roumieu type.
Again we use £ (U) as placeholder for either €™V (U) or £MH(U).

For each weight matrix 90t there exists a countable weight matrix 9 such that
EPN(U) = EPYI(U) as locally convex spaces; see [40, Lemma 2.5].
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Note that all EPU(U) are rings and if C*(U) € EPY(U) then the class M is
stable by analytic change of coordinates.

11.7. Inclusion relations. The inclusion relations for the classes ™ follow easily
from those for Denjoy—Carleman classes. For weight matrices 9t and 91 we define

M=N & VYNeNIMeM: M <N,

MIN & YMeMINeN: M <N,
MEEIN = IMeMINeN: M <N,
PM{<)N &= VM ecMVYNeMN: MaN.

Moreover, we set
M=IN = MFN[=M.

Lemma 11.10 ([74]). Let M and N be two weight matrices. Let U C R™ be open
and non-empty. Then:

(1) MILIN if and only if N (U) € EPV(U).

(2) M(IN if and only if EPV(U) € V().

(3) M{<)N if and only if E"H(U) € €OV (V).
All inclusions are continuous. For the “if 7 part it suffices to have the inclusions on
UCR.

Corollary 11.11. A class of Roumieu type and a class of Beurling type can never
coincide.

Proof. Observe that M(x}9{ <)M is impossible for any two weight matrices I
and 91 and apply Lemma 11.10. |

In the special case of Braun—Meise—Taylor classes we obtain

Proposition 11.12. Let w and o be weight functions. Let U C R™ be open and
non-empty. Then:

(1) o(t) = O(w(t)) as t — oo if and only if EWI(U) C El°N(U).

(2) o(t) = o(w(t)) as t — oo if and only if E“H(U) C £(U).

(3) a(t) = O(w(t)) as t — oo if and only if €@ (U) C £L°H(U).
All inclusions are continuous. For the “if” part it suffices to have the inclusions on
UCR.

Note that w and o are said to be equivalent if o(t) = O(w(t)) and w(t) = O(c(t))
as t — oo.

Proof. Let 20 = {W?*},50 and & = {S*},~0 be the associated weight matrices of
w and o, respectively. Let us prove (1); (2) and (3) can be shown similarly. In view
of Lemma 11.10 it suffices to prove

o(t) = O(w(t)) as t — oo if and only if W[x]&. (11.3)

Assume that o(t) = O(w(t)) as t — oo. Then there exists H > 1 such that
o(t) < Hw(t) + H for all t > 0. This implies Hy},(t) < ¢%(Ht) + H for the Young
conjugates of t — o(e!) and t — w(e!). In particular, for ¢ = xk we find

Wi = exp(Les (k) < exp(s i (Hak) + 1) = e/75fe.
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That means there is H > 1 such that for all z > 0 we have W% < ¢/2SH% which
implies 20(=x)6 as well as W{}6.

For the converse direction we assume 20{<}&; for the assumption 20(<)& the
arguments are analogous. This means, using Lemma 11.3(5),

Vo >03y>03C>0VkeN: 1ok (zk) < itpi(yk) +C.
By the convexity of ¢, and ¢ we may conclude that
Vo >03y>03D>0Vt>0: 2k (at) < igpt’;(yt)—&—C
(for different y and C'). Then
Loa (t) = sup(ts — L5 (s)) < sup(ts — Ll (ws)) + C = dpu(t) + C.

s>0
that is
so(t) < qw(t) +C
which implies o(t) = O(w(t)) as t — oo. O

Corollary 11.13. Let w be a weight function. Let U C R™ be open and non-empty.
(1) H(C™) C EWN(U) if and only if w(t) = O(t) as t — co.
(2) C¥(U) C EWNU) if and only if w(t) = o(t) as t — oco.
(3) C¥(U) C EHU) if and only if w(t) = O(t) as t — oo.

Proof. This follows from Example 11.8(1) and Proposition 11.12. |

11.8. Intersection and union of all non-quasianalytic Gevrey classes. Let
® = {G®}s>1 be the weight matrix consisting of all non-quasianalytic Gevrey
sequences G = k!°. Tt turns out that £(®) and £1®} are neither Denjoy—Carleman
nor Braun—Meise—Taylor classes.

Theorem 11.14 ([74]). The weight matrizc & = {G®},51 has the following prop-
erties:

(1) We have L < G* < Gt for all 1 < s < t, where L = (Ly,) is the weight
sequence Ly, := k*(log(k + €))?*.
(2) Let U CR"™ be open and K C U compact. As locally convex spaces
£9(K) = proj,., &9 (K) = proj,., £19H(K),
EOHK) = indys1 EICHK) = ind,sq £ (K),
E@NU) = projy.., £197(U) = proj,., E197H(U),
5{6}(U) = prongch indgsq E{Gs}(K) = prOngch indgs1 5(GS)(K).
(3) £©®) and £1®} are non-quasianalytic.

(4) Neither £®) nor £{®} coincides with a Denjoy-Carleman or a Braun—
Meise—Taylor class (as sets).

Proof. (1) If 1 < s < t, then

G\ 1/k st

R = ! << s—t
(Gi) k E 0
wnd Ly \/k k 2 1-s 2
(Gj) = o (log(k + €))? < ek~ (log(k +¢))? = 0.
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(2) This follows from the definition and from the fact that G* < G if s < t.

(3) is a consequence of (1), since the weight sequence L is non-quasianalytic. It
also follows from Theorem 11.16.

(4) Suppose that there is a weight sequence M such that EM)(R) = £(®)(R).
Then Lemma 11.10 implies M (x)8(x)M, ie., M < G® for all s > 1 and there
exists t > 1 such that G < M. Thus M is equivalent to G* and hence

EMN(R) = £I(R) 2 £ R) = £M(R),

a contradiction. Similarly, if £1M}H(R) = £1®}(R) for some weight sequence M,
then we conclude M{<}&{x} M, i.e., M < G* for some s > 1 and G* < M for all
t > 1. So M is equivalent to G® which leads to the contradiction

EMIR) = 19 (R) ¢ £O(R) = £ (R).

Now assume that there exists a weight function w such that £¢)(R) = £(®)(R).
Let 20 = {W*},~0 be the weight matrix associated with w. Then ()6 (x)20,
i.e., for all + > 1 there exists £ > 0 such that W% < G*! and for all y > 0 there
exists s > 1 such that G°* < WY. It follows that

Yy>03ds>1dz>0: W? g G° g WY.

As a consequence EW(R) C €I¢7)(R) C W'I(R). But, by Example 11.8(1), we
have E[¢T(R) = £D:(R), where ~,(t) = t'/*. Consequently,

);
EW(R) c EWI(R) C ECEI(R) = £09)(R)
and thus ~,(t) = O(w(t)

gt}

as t — oo, by Proposition 11.12. On the other hand,

)= €9 R) c e R) C £ (R)

and hence w(t) = O(vys(t)) as t — oo. But this leads to a contradiction:
EEIR) = E0(R) = EW(R) = £@)(R) C EFI(R).

In analogy, one shows that £{“}(R) = £1®H(R) for some weight function w is
impossible.
In view of Corollary 11.11 the proof of (4) is complete. (]

)
(R

Remark 11.15. The classes £[®! enjoy good properties that the single Gevrey
classes do not have, as investigated in [28]. In fact, if M is a strongly log-
convex weight sequence of moderate growth such that the “power” M (@) .= (k!'m$)
is non-quasianalytic for every a > 0 (e.g. strongly regular sequences or My :=
k! exp(Z?zl(logj)‘;) for § € (0,1]), then the class [, BM“} admits versions of

(1) Whitney’s extension theorem,

(2) Lojasiewicz’s theorem on regularly situated compact sets,
(3) Weierstrass’ division and preparation theorems,

(4) Whitney’s spectral theorem.

Let us give a short argument for (1): for any jet F' of class 1,5 BM™Y op a
compact set K one can find a strongly log-convex non-quasianalytic weight sequence
L of moderate growth such that L <t M(® for all a > 0 and F is of class £4}; see
[28, Proposition 5]. Then, if Ly = k! {;, and A} :=

1 1 1 1
N ST -*577
2 5oy /\k;y\j 7

ik
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and hence F' has an extension f in ZS’{L(Q)}(]R”)7 by Theorem 10.4. But

Lf) Uk o BRNVE g N2k Ly \2/k
(a) =Ge) =Cim) =Gam) —0
M, Mg my, M,

for all a > 0 so that f €, BM@}

11.9. Quasianalyticity and non-quasianalyticity. The weight matrix descrip-
tion of Braun—Meise-Taylor classes, i.e. Theorem 11.4, allows us to deduce the
characterization of (non-)quasianalyticity from the Denjoy—Carleman theorem 3.6.
For a different proof relying on Hérmander’s L?-method and a Paley—Wiener the-
orem see [19].

Theorem 11.16. Let O be a weight matriz. Then:
(1) EWY s quasianalytic if and only if all M € M are quasianalytic.
(2) £ s quasianalytic if and only if some M € 9 is quasianalytic.

Proof. (1) If some M € 90 is non-quasianalytic, then there exists a non-trivial
function with compact support of class E{M}| thus of of class E{™}. Conversely,
any & -function with compact support is a EM}-function for some M € 9.

(2) If some M € 9 is quasianalytic, then clearly & (M) is quasianalytic since
EM) C M) Conversely, assume that all M € 9 are non-quasianalytic. We
may assume that the weight matrix 9 is countable ([40, Lemma 2.5)), i.e., 9 =
{M"},.en, where M™ > M"™+! for all n. Set af := (M}*)~'/*. Then, for each n the
sequence " is decreasing and Y, af < oo, by Remark 3.9. Moreover a” < a"*.

We claim that there is a decreasing positive sequence a such that ), aj < oo
and for each n there exists k, such that ay > of for all k£ > k,,. Then we may use
Corollary 3.5 and Remark 3.9 as in the proof of Theorem 3.6 to see that €M) with
My, = a,;k , thus also €™ is non-quasianalytic.

It remains to show the claim; the proof is based on ideas from [82, Proposition
4.7]. We define recursively two increasing sequences of integers (p;) en and (g;) en.
Set pg = qo = 0 and let

e p; be the minimal integer such that p; > ¢;_1 and Ebpj afjl <279,
oL
This makes sense since aj — 0 as k — oo for each n. Moreover it implies ¢; > p;.
Then we define

e ¢; be the minimal integer such that a;{;j >«

ap = a; if qi—1 < k< Djs
o, if p; <k <gj.
By construction « is decreasing. By the minimality of ¢; we have a{,j < O‘iﬂ for
p; < k < g;. Thus

Sa-Y (X o+ ¥ o)=Y ( X a)Ye
k J p;<k<gq; q;<k<pji1 J pi<k<pjt1 J

For fixed n we have a;, > af for all k£ > g,_;. The claim is proved. O

Theorem 11.17. Let w be a weight function with associated weight matrix 2V =

{W?},50. The following conditions are equivalent:

(1) £} is quasianalytic.
(2) £“) is quasianalytic.
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e weight function w is quasianalytic, i.e.,
3) Th jght ti ] ianalytic, ¢
oo
t
/ # dt = 0.
1 t
e weight sequence s quasianalytic for all x > 0.
4) Th igh W= 4 sanalyti l 0
e weight sequence s quasianalytic for some x > 0.
5) Th ight W= 4 sanalyts 0

Proof. Tt suffices to show the equivalence of (3), (4), and (5). The rest follows from
Theorem 11.16. Now W? is quasianalytic if and only if the associated function
ww=(t) = supgen logé,—k’f satisfies [, “’Wtiz(t)dt = oo; cf. [47, Lemma 4.1]. Each
wwe= is equivalent to w; cf. [74, Lemma 5.7]. O

Note that a non-quasianalytic weight function w necessarily satisfies w(t) = o(t)
as t — 00, i.e., C¥(U) C £@)(U). Indeed, since w is increasing,

@:/m@dsg/oow(s)dsﬁ() as t — oo.

t 52 52

11.10. Stability properties. We state without proof a characterization of stabil-
ity under composition for Braun-Meise-Taylor classes; for the general classes &Y
we refer to [74].

Theorem 11.18 ([36], [74]). Let w be a weight function satisfying w(t) = O(t) as
t — 00. The following conditions are equivalent.

(1) 3C >0 3o >0 VA > 1Vt > tg : w(At) < CAw(t).

(2) w is equivalent to a concave weight function.

(3) w is equivalent to a subadditive weight function.

(4) &1} is stable under composition.

(5) £@) is stable under composition.

The condition w(t) = O(t) as t — oo is only used in the directions (4) = (1) and

(5)= (1).

That subadditivity is a sufficient condition for stability under composition is seen
as follows: Let 20 = {W?*},<¢ be the associated weight matrix. We have

1
Wi = exp(2¢" (k) = expsup(klog(t) — 1w (t)) = sup (tFe” =)
t>1 t>1

Thus subadditivity of w implies

sk _1 (t+s)tF _1
Tt (w(t)+w(s))) < ( w(t+s)> —
w; W, = su e x su e x =w .
7k t,szp1 (ﬂk! t,szpl (J+k)! s

Together with Lemma 11.3(3) we see that, for all a; € Ny with a1 +---+a; =k,

2z, 2x

x
. jwalfll..

T T J 2x J. 2
Wi Wy~ We, < WHW W, 1 < wWywy

which implies (W%)° < W2 for all # > 0. From this stability under composition
follows easily (cf. Section 2.5).

Remark 11.19. Let w be a weight function with w(t) = o(t) as t — co. That w
is equivalent to a concave weight function is furthermore equivalent to any of the
following conditions:

e There is a weight matrix & consisting of strongly log-convex weight se-
quences such that £{w} = £{S},
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e There is a weight matrix & consisting of strongly log-convex weight se-
quences such that £« = £(),

o £1@} can be described by almost analytic extensions.

e £@) can be described by almost analytic extensions.
For all this (including the meaning of almost analytic extensions) we refer to [40,
Theorem 4.8] and [79, Theorem 11]. Furthermore, these conditions are equivalent
to the classes £[! to be stable under inverse/implicit functions and solving ODEs
(in the sense described in Section 2.5), respectively; see [75].

12. EXTENSION IN BRAUN-MEISE-TAYLOR CLASSES

12.1. Whitney ultrajets. Let A C R” be a closed non-empty set. Let w be a
weight function. A Whitney jet ' = (F%)aenn € £(A) is called a w-Whitney
ultrajet of Beurling type on A if for all compact subsets K C A and all integers
m > 1 we have

IFJ% 1) = sup sup |72 (@) exp ( — mig*(140)) < o (12.1)

r€K aeNn

and
(p+1—laf)!

|F|% 1/m = sup _sup sup I(RiF)a(y)lmexp(—m‘P*(T)) < o0

z,ye K peN |a|<p
z#Y

(12.2)
We denote by £©)(A) the locally convex space of all w-Whitney ultrajets F of
Beurling type on A equipped with the projective limit topology with respect to the
system of seminorms ||F|% , ,,, + [F|% ;,,,- The space of w-Whitney ultrajets of
Roumieu type on A is
EWHA) == {F € £(A) : VK Cop A 3m € Noy ¢ | F|§  + [Fl < 00}

supplied with its natural locally convex topology. In view of Lemma 11.3(5), we
have

. . 1/m
E@(A) = projyc,, 4 Projuso €M (K),
EWH(A) = projgc_ aindyso VK,
where 90 = {W*},+ is the associated weight matrix of w.

12.2. Strong weight functions. We shall see that £ admits extension theorems

preserving the class if and only if w is a strong weight function.

Definition 12.1. A non-quasianalytic weight function w is called strong if

w(ut)
w2

E|C>0Vt>0:/ du < Cw(t) + C. (12.3)
1

Lemma 12.2 ([61, Propositions 1.3 and 1.7]). Let w : [0,00) — [0,00) be an in-
creasing function with w(0) = 0 and w(t) = 0o ast — oo. The following conditions
are equivalent:**

(1) w satisfies (12.3).

141f o satisfies these equivalent conditions, then w(t) = O(t*) as t — oo for some 0 < a < 1;
see [61, Corollary 1.4]. That means the class contains a Gevrey class (of Roumieu or Beurling
type, respectively).
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(2) There exist constants K > H > 1 such that w(Kt) < Hw(t) for all suffi-
ciently large t.
(3) The increasing concave function

K(t) = /100 “’SQ“) du, t>0, (12.4)

satisfies (12.3) and w < k < Cw + C for some C > 0.
(4) The harmonic extension
w(x) ify =0,
satisfies P,(z) = O(w(z)) as |z| = oo, where w(z) :=w(|z]).

P,(x+1iy) = { (12.5)

Example 12.3. (1) w,(t) = max(0, (logt)®) is a strong weight function for each
s> 1.

(2) Let M = (Mjy) be a strongly regular weight sequence. Then wy, satisfies
(12.3), by [47, Proposition 4.4]. By Lemma 12.2(3), we have wy; < k < Cwpr + C.
Since k is subadditive,

war (2t) < k(2t) < 2k(t) < 2Cwp(t) + 2C,
i.e., wys satisfies 11.1(1) and hence is a weight function (the other conditions are
always fulfilled by wys). Moreover, 2wy (t) < wpr(Dt) + D, as M has moderate
growth, see [47, Proposition 3.6]. Then Theorem 11.6 applied to wy; shows that
EM] = gloml since M, = SUP;>q ﬁ;(ﬂ) = ¥ () = W (cf. [47, Proposition
3.2]). Consequently, the extension results for strong weight functions comprise those
for strongly regular weight sequences.

12.3. The singleton and other sets with nice geometry. It was shown in [61]
that Whitney ultrajets of class £“) admit extension from sets with nice geometry,
including the singleton {0}.

Theorem 12.4 ([61, Theorem 3.10]). Let w be a non-quasianalytic weight function.
The following conditions are equivalent:
(1) w s strong.
(2) oy : EW(R™) — £@)({0}) is surjective.
(3) j52 : EWN(R™) — EW(K) is surjective for all compact conver K C R™ with
non-empty interior.
(4) jg - EW(R™) — EWN(Q) is surjective for all bounded open Q C R"™ with
real analytic boundary.

Let us sketch an argument for the equivalence of (1) and (2). The Fourier—
Laplace transform is a linear topological isomorphism between & (w)(R”);) and the
weighted space of entire functions

A (C) = {f EH(C"): JjEN: seucpn |f(z)|em? (Imzl+w()) < oo}

equipped with its natural inductive limit topology; cf. [19]. The dual £« ({0});
can be identified with (A%)!, where

AW = {(ca) eCV': VYmeN: Z |eqle™ ™ 2i=1 e (5 < oo}.
[e%
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Then the map (Aﬁf));, S (ca) = (2 >, ca(—i2)®) is a linear topological isomor-
phism between (A%”)! and

A (C") = {f e H(C™): Fj e N: sup |f(z)e @) < oo}

zeCn
and we have the commutative diagram
w ( 00 )t,
(AR — @) ({0},
Ao (C™) A (C™)

where the bottom arrow is the inclusion map. So (2) holds if and only if the
inclusion A3(C™) — A;(C™) is an injective topological homomorphism. It is shown
in [61] that the latter holds if and only if P,(z) = O(w(z)) as |z| — oo; the proof
relies on the Phragmén-Lindeldf principle and Hormander’s L?-estimates for the
solution of the d-problem.

Remark 12.5. An analogous result holds in the Roumieu case £}, see [17].
Concerning the existence of extension operators in the above cases we have

Theorem 12.6 ([63]). Let w be a strong weight function. Then

(1) jg - EWI(R™) — £WN(Q) is split surjective for all bounded open Q C R™
with real analytic boundary.

(2) Jgy - EW(R™) — £W)({0}) is split surjective if and only if
VC >136>03tg >0Vt >to:w H(CHw 1 (6t) < (wH(t)2 (12.6)

A weight function w satisfying (12.6) is called a (DN)-weight.
The proof of (1) is based on the splitting theorem of Vogt and Wagner [91] for
the short exact sequence of nuclear Fréchet spaces

0— D) (B\ Q) — =D (B) 2 £)(Q) — >0

where B is a large open ball containing 2. By assumption, K := B\ € is the
closure of a bounded open set with real analytic boundary and, for such K, the
space D) (K) has property (£2), see [63, Corollary 2.9]. On the other hand £“) ()
has property (DN), by [62, Proposition 5.7].

For the singleton, we note that w satisfies (12.6) if and only if £¢)({0}) has
property (DN), by [60, Theorem 2.17 and Proposition 3.1]. Thus, in dimension
n = 1 the splitting theorem can be applied as above. The case n > 1 follows by
a tensor product argument; cf. [63, 3.1]. Since D“)(B) has (DN), by [62, Lemma
1.10(b)], so does £()({0}) if the sequence splits, since (DN) is inherited by closed
subspaces. See also [61, Corollary 3.12].

Example 12.7. (1) If M is a strongly regular weight sequence, then wy is a
(DN)-weight.

(2) The weight functions w,(t) = max{0, (logt)®}, s > 1, are strong, but not
(DN)-weights.
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Remark 12.8. The function w(t) = max{0,logt} is not a weight function, since
condition 11.1(2) is violated. Nevertheless it satisfies (12.3) and violates (12.6).
Then each seminorm || - ||% , vanishes identically. So, formally, one may identify

EWN(U) with C°(U). Indeed, the theory of extension operators in the Braun—
Meise—Taylor setting of Beurling type on the one hand and in the C*° setting on
the other hand have many similarities.

Remark 12.9. As for Denjoy—Carleman classes the Borel map is never onto in the
quasianalytic case: Let w be a quasianalytic weight function such that w(t) = o(t)
as t — oo, i.e., the real analytic class is strictly contained in £&). Then there
exist elements in A that are not contained in the Borel image j{‘)g}é’éa} of any
quasianalytic weight function o. This can be deduced from Theorem 5.4 using the
description of Braun—Meise—Taylor classes given in Theorem 11.4. For details see

7).

12.4. Optimal cutoff functions. As in the Denjoy—Carleman setting, to address
the extension problem for general closed sets one needs cutoff functions with certain
optimal estimates. Such functions are obtained by constructing certain entire func-
tions and applying the Paley—Wiener theorem. This in turn is based on Hérmanders
estimates for the solution of the d-problem and ultimately boils down to finding
subharmonic functions on C with suitable upper and lower bounds.
The optimal bounds are here expressed in terms of the conjugate w*: for a
function w : [0, 00) — [0, 00) with w(t) = o(t) as t — oo one defines
w*(t) :=sup (w(s) — st), t>0. (12.7)
s>0
Then w* is decreasing, continuous, and convex with w*(t) — co as t — 0, see [69,
Remark 1.5]. Since w(t) = o(t) as t — oo, w*(t) is finite for all t. If w is concave
and increasing, then, by [69, Proposition 1.6],

w(t) = 12% (w*(s) +st), t>0. (12.8)

Theorem 12.10 ([15, Proposition 2.2]). Let w be a strong concave weight function.
For each n € N> there exist m € N>q, C > 0 and 0 < 1o < % such that for all
0 < r < rg there exist o € C®(R) with the following properties:

(1) 0< Pnr < 1.

(2> (pnﬂ‘l[fr,r} =1 and Supp @n,r - [—%’I", %T]

(3) We have

w 1
[l m < Cexp (Sw(nr)).

The functions ¢, , are useful for the Roumieu case. The following cutoff func-
tions are needed in the Beurling case.

Theorem 12.11 ([37, Corollary 2.6]). Let w be a strong concave weight function.
There exist functions (o, )r>o in E“(R) such that:

(1) 0< ¢, <1

(2) @rlj=ryr =1 and supp g, C [—%r, %r].

(3) For each m € Nxq there exist C > 0 and n € N>q such that for all r > 0

loellg 2 < Cexp(nw*(r)).
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In combination with Proposition 7.7 we easily obtain corresponding partitions
of unity subordinate to families of Whitney cubes for a given closed set A.

Remark 12.12. The existence of such optimal cutoff functions is equivalent to the
fact that w is a strong weight function and additionally to the exactness of certain
O-complexes, see [53]. Recall that a strong weight function is equivalent to a strong
concave weight function, by Lemma 12.2.

12.5. Extension of Whitney ultrajets.

Theorem 12.13 ([15]). Let w be a non-quasianalytic weight function. Then the
following conditions are equivalent:

(1) w s strong.

(2) j% : EWHR™) — €19 (A) is surjective for every closed subset A C R™.

(3) 5% : EWHR™) — EW(A) is surjective for every closed subset A C R™.

The sufficiency of strongness of w for (2) is proved in analogy to Theorem 8.4:
Without loss of generality one may assume that A is compact. The case of the
singleton yields local extensions f,, x € A, which form a bounded set in B{“’}(R"),
cf. Lemma 8.2. The existence of an optimal partition of unity for a family of
Whitney cubes for A allows to define the required extension by a formula similar
to (8.9).

The Beurling case (3) can be reduced to the Roumieu case (2) by a reduction
lemma (see [15]) which is similar in spirit to Lemma 8.5.

The necessity of (1) for (2) as well as for (3) follows from the special case of the
singleton. But is was shown in [1] that w must be strong, if there is any non-empty
compact set K C R"™ such that 5 : E&HR?) — £WHK) or j32 @ EW(RY) —
EW(K) is surjective.

12.6. Extension operators. We saw in Theorem 12.6 that compact sets with real
analytic boundary admit extension operators in the Beurling case £ for all strong
weight functions w. The singleton {0}, on the other hand, admits an extension
operator if and only if w is a strong (DN)-weight. The existence of optimal cutoff
functions of Beurling type (Theorem 12.11) make it possible to extend this result
to all closed sets.

Theorem 12.14 ([37, Theorem 1]). Let w be a strong weight function. Then the
following conditions are equivalent:

(1) w is a (DN)-weight.

(2) §F : EWI(R™) — EWI(A) is split surjective for every closed subset A C R™.

The proof is analogous to the one of Theorem 9.3. Indeed, the case of the
singleton guarantees that local extension operators E,, = € A, exist and {E, : x €
A} is locally equicontinuous in L(E)(A), £«)(R™)). And as in Proposition 9.2 one
shows that admitting an extension operator is a local property.

If w is strong but not a (DN)-weight, then the existence of an extension operator
depends on the set. In fact, if K C R" is a non-empty compact set and L a compact
neighborhood of K, then

0— D@ (L,K) s DO)(L) LK @) (K) — =0 (12.9)
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is an exact sequence of Fréchet spaces, by Theorem 12.13, where

DY(LK) = {f € E¥)(R") :supp f C L, ji2f = 0}
and D (L) carry the subspace topology of £ (R™). It is shown in [37, Proposition
4.4] that D) (L, K) has the property (Q2); the proof is based on the result of Meise
and Taylor [63, Corollary 2.9] that D) (K) has property (Q) if K has real analytic

boundary and on the existence of optimal cutoff functions (Theorem 12.11). Thus
the splitting theorem of Vogt and Wagner [91] gives

Theorem 12.15 ([37, Theorem 2]). Let w be a strong weight function and let
K C R” be a non-empty compact set. Then the following conditions are equivalent:

(1) EW(K) has property (DN).

(2) 52 : EWI(R™) — EW(K) is split surjective.

Compact sets that do not admit extension operators are the flat cusps
Kp={(a,y) €[0,1%: [y| < |f(@)]},

where f € £@)(R) with J{oyf = 0. If w is not a (DN)-weight, then E@(Ky) does
not have (DN), and 5% : £&)(R") — £@)(K) is not split surjective; see [38].
Remark 12.16. Recall that on compact sets with the Markov property, functions,
that can be approximated by polynomials in an [M]-rapid manner, admit exten-
sions to functions of Denjoy—Carleman type on the ambient space by a continuous
linear map. But this extension involves a loss of regularity; cf. Section 9.5. In

the framework of Braun—Meise-Taylor classes there is a class of weight functions,
namely strong weight functions w such that'®

3L > 1Vt >0:w(t?) < Lw(t) + L, (12.10)

for which the analogous problem allows a solution without loss of regularity (at
least in the Beurling case), see [39]. For instance, the weight functions wy(t) =
max{0, (logt)®}, s > 1, satisfy (12.10).

13. EXTENSIONS NOT PRESERVING THE ULTRADIFFERENTIABLE CLASS

As for Denjoy—Carleman classes it is natural to ask whether the loss of regularity
in the extension, for weight functions that are not strong, can be determined and
controlled.

13.1. The singleton. For the singleton we have
Theorem 13.1 ([18]). Let w be a non-quasianalytic weight function, and o another
weight function. Then the following conditions are equivalent:
(1) 3C >0t >0: [0 gy < Co(t) + C.
(2) E@I({0}) C jig £t (Rm).
(3) £ ({0}) C jg5, € (R).
This result was extended to compact convex sets with non-empty interior, by

Langenbruch [54]. The proofs are based on descriptions of the duals of the spaces
at hand as weighted spaces of entire functions.

15Note that (12.10) implies that w is strong, e.g. by Lemma 12.2.
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13.2. Roumieu extension on arbitrary closed sets. The general case was re-
cently solved in the Roumieu case:

Theorem 13.2 ([78, 79]). Let w be a non-quasianalytic concave weight function
and o a weight function with o(t) = o(t) ast — co. Then the following conditions
are equivalent:

(1) 3C>0vt>0: [ gy < Co(t) + C.

(2) glot(A) C jeEHRM) for each closed subset A C R™.

Let us comment on the proof (of (1) = (2)). For convenience we call a pair
(0,w) of weight functions as in the theorem and satisfying (1) admissible. The two
crucial ingredients are

e cutoff functions with bounds that reflect the condition (1),
e the extension method of Dyn’kin by Taylor approximation to higher and
higher degree as A is approached.

Easy modifications in the proof of Theorem 12.10 yield the desired cutoff functions:

Theorem 13.3 ([78, Proposition 4.1]). Let (o,w) be an admissible pair of weight
functions. For each n € N> there exist m € N>, C >0 and 0 < g < % such that
for all 0 < r < 1y there exist gy, € C°(R) with the following properties:

(1) 0< o, <1.

(2) Onprli—ry =1 and supp p,, C [—%n %r].
(3) We have
1
w < P ) .
[urlm < Coxp (o (nr) (13.1)

Here o* is the conjugate of o defined in (12.7).

Note that x(t) := floo % du, t > 0, is a (possibly quasianalytic) weight function
and (k,w) is an admissible pair. If (o,w) is another admissible pair, then k(t) =
O(o(t)) as t — oo, ie., E1 C £, Moreover, & is concave; cf. Lemma 12.2. It
follows that we may assume without loss of generality that o is concave.

In order to implement Dyn’kin’s extension procedure one uses the description of
Braun—Meise—Taylor spaces of functions and jets by the associated weight matrix,
see Theorem 11.4. In view of Remark 11.19 we may assume that there is a weight
matrix & = {S%},>¢ such that Elol = £18] where each S* is strongly log-convex
and

st
Sup( 2?_]267:) =H <o
gk N85S
which entails
hge (t) < hgoa (Ht)?, ¢t >0, 2> 0. (13.2)

Setting ¢} := ming<;j<x sfxszﬁj we obtain another weight matrix T = {T%},( such

that €] = €151 where each T is strongly log-convex and
2z 2z 2x 2z

T 2x 2x
( ty, ) . (sl s17 83" syt 83t 83 )
T - 2z 2z 2z 2z 2z 2z
th_1/ k>1 sgr sgt o sTh st 85t s

which implies (cf. (7.4))
Now, if F = (F®), is a Whitney ultrajet of class &7} on some compact set
K C R™, then there exists x > 0 such that F' € E{T"}(K). Let (Q;);>1 be a family
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of Whitney cubes for K and (¢,);>1 a corresponding partition of unity based on
the cutoff functions from Theorem 13.3. Let x; be the center of @; and ; € K
with |2; — x| = dix(z;). We define

f) o= [ 2 i )TV F(z)  if z € RM\ K,
FO(2) if 2 € K,

where
p(z) =202 (Ldk(2)) — 1

and L is a positive constant. Then is not difficult to mimic the steps sketched in
Section 10.3 (in particular, choosing € and L suitably) to see that f indeed provides
an extension of class £{«}. The properties (13.2) and (13.3) serve as substitutes of
(7.9) and (7.10). The connection between the bound (13.1) and the functions hse
is established by the observation (see [78, Corollary 3.11])

Vz>030<c<1Vt>0:e ® < .
hsw(Ct)

For a detailed presentation we refer to [79].

Remark 13.4. The proof shows that, if & and 20 are weight matrices with £{6} =
Etod and €W} = £1v} respectively, then for each S € & and a > 0 there exist
W €20, b > 0, and an extension operator £5 (K) — &V (R™).

13.3. Beurling extension on arbitrary closed sets. We intend to reduce the
Beurling to the Roumieu case (in a way similar to Theorem 10.8). So, for an
admissible pair of weight functions (o,w) and for a Whitney ultrajet F of class
£ we would like to find an admissible pair of weight functions (&,&) such that
F is also of Roumieu class €1} and w(t) = o(@(t)) as t — co. Then we could infer
from Theorem 13.2 that F has an extension of class £{%} and hence of class ),
thanks to w(t) = o(@(t)) as t — oo.
Unfortunately, it is not clear how to transfer the condition
 w(tu)
u2

EIC’>OW>O:/ du < Co(t)+C

1
to the pair (¢,@) (in such a way that also all the other requirements are fulfilled).
But a stronger condition can be transferred: let w be a non-quasianalytic concave
weight function and o a weight function with o(t) = o(t) as t — co. We say that
the pair (o,w) is strongly admissible if

w(tu)
u1+r

e}
Ire(0,1)3C >0Vt >0: / du < Co(t) + C. (13.4)
1
It is obvious that a strongly admissible pair is admissible. On the other hand
(Wa—1,wa), Where wqy(t) = t(logt)~® and o > 1, is admissible, but not strongly
admissible; see [73, Example 11].

Lemma 13.5 ([73, Lemma 13]). Let (o,w) be a strongly admissible pair of weight
functions and f : [0,00) — [0,00) any function satisfying o(t) = o(f(t)) ast — oo.
Then there exists a strongly admissible pair of weight functions (&,&0) such that

w(t) = o(&(t)), o(t) = o(a(t)), and 6(t) = o(f(t)) as t — co.
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For the proof of the lemma it is crucial that (13.4) is equivalent to
3C>03K > H >13ty >0Vt >ty Vj € N>y w(Kit) < CHIo(t);  (13.5)

see [73, Proposition 7]. As a consequence (invoking also Lemma 12.2), the pair
(w,w) is strongly admissible if and only if w is strong; see [73, Lemma 8].
Thanks to Lemma 13.5, the reduction scheme alluded to above then gives

Theorem 13.6 ([73, Theorem 2|). Let (o,w) be a strongly admissible pair of weight
functions. Then for every closed A C R™ we have £(7)(A) C j¥ (£« (R™)).

It is an open question if the conclusion holds for admissible pairs (o,w).

13.4. Extension operators. As a by-product we obtain an extension operator on
certain subspaces of £(?)(A) with values in £«)(R").

Theorem 13.7 ([73, Theorem 5]). Let (o,w) be a strongly admissible pair of weight
functions. If T is a weight function with o(t) = o(7(t)) ast — oo, then for each non-
empty closed subset A C R™ there is an extension operator EL7}H(A) — E@)/(R™),

Applying Lemma 13.5 to f = 7, yields a strongly admissible pair (&, @) satis-
fying w(t) = o(®(t)), o(t) = o(d(¢)), and &(t) = o(7(t)) as t — oco. Let K be a
compact subset of R”. Then we have continuous inclusions £{7}(K) «— £)(K)
and E1¥HR™) — £@(R™). Composing these maps with

EO(K) = &F(K) &V (R") - gl@H(R™)

where the middle arrow is the extension operator from Remark 13.4, gives an ex-
tension operator E{7}(K) — £@)(R"). Here S € &, W € 20, and &, 2 are weight
matrices associated with &, @, respectively. If A is a closed subset of R™, then we
may use a suitable partition of unity in order to construct the required extension
operator.

Remark 13.8. All extensions in Sections 12 and 13 can be chosen to be analytic
in the complement of A. This follows from a result of Schmets and Validivia [83]
or by adapting the proof of Langenbruch [56, Theorem 13].
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