ARC-SMOOTH FUNCTIONS ON CLOSED SETS

ARMIN RAINER

ABSTRACT. By an influential theorem of Boman, a function f on an open set U
in R? is smooth (C*) if and only if it is arc-smooth, i.e., foc is smooth for every
smooth curve ¢ : R — U. In this paper we investigate the validity of this result
on closed sets. Our main focus is on sets which are the closure of their interior,
so-called fat sets. We obtain an analogue of Boman’s theorem on fat closed sets
with Holder boundary and on fat closed subanalytic sets with the property that
every boundary point has a basis of neighborhoods each of which intersects
the interior in a connected set. If X C R is any such set and f : X — R is
arc-smooth, then f extends to a smooth function defined on R?. We also get
a version of the Bochnak-Siciak theorem on all closed fat subanalytic and all
closed sets with Holder boundary: if f : X — R is the restriction of a smooth
function on R? which is real analytic along all real analytic curves in X, then
f extends to a holomorphic function on a neighborhood of X in C?. Similar
results hold for non-quasianalytic Denjoy-Carleman classes (of Roumieu type).
We will also discuss sharpness and applications of these results.
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In this paper we study differentiability of functions defined on closed subsets of
R%. One way to endow an arbitrary set X with a smooth structure is by declaring

which curves R — X and which functions X — R should be smooth. Together with

a natural compatibility condition this leads to the notion of a Frélicher space; cf.
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2 A. RAINER

[20] and [32]. Here we study the Frolicher space generated by the inclusion of a
closed set X in R? and some of its relatives. We will not use the terminology of
Frolicher spaces in the paper but the connection is made precise in Remark

1.1. Boman’s theorem and its relatives. Let f : U — R be a function defined
in an open subset U of RY. Then f induces a mapping f. : UR = RR, f.(c) = foc,
whose invariance properties encode the regularity of f:

Result 1.1 (Boman [12]). A function f : U — R is smooth (C*°) if and only if
£.C®(R,U) C C*(R,R).

Similarly, Holder differentiability can be characterized by f,; we denote by C*<,
for k € N, a € (0, 1], the class of k-times continuously differentiable functions whose
partial derivatives of order k satisfy a local a-Holder condition.

Result 1.2 ([20], [19], [32]). A function f : U — R is of class C** if and only if
f:C>®(R,U) C C**(R,R).

Furthermore, there is a ultradifferentiable version of Boman’s theorem. We re-
call that, for a positive sequence M = (My)ken, the Denjoy—Carleman class (of
Roumieu type) CM(U,R™) is the set of all functions f € C*°(U,R™) such that for
all compact K C U,

(1.1) 3C,p>0Vk e NVz € K : || f® ()|, rapm) < CpFk! M.

The sequence M is called non-quasianalytic if CM contains non-trivial functions
with compact support. If M is log-convex, then CM is stable under composition.
We refer to Section for this and more on Denjoy—Carleman classes.

Result 1.3 ([33]). Assume that M = (M},) is non-quasianalytic and log-convex. A
function f: U — R is of class CM if and only if f.CM(R,U) C CM(R,R).

Remark 1.4. Boman actually showed that f is smooth if and only if f.CM (R, U) C
C>°(R,R), for some arbitrary non-quasianalytic log-convex sequence M.

A glance at the proofs confirms that the curves along which the regularity in
question is tested can be taken to have compact support.

A function f : U — R with the property that f o ¢ is real analytic (C*¥) for all
real analytic ¢ : R — U clearly does not need to be real analytic on U C R%, let
alone continuous, see [§]. But there is the following:

Result 1.5 (Bochnak, Siciak [I0], [53], [T1]). A function f: U — R is real analytic
if and only if f.C>*(R,U) C C>*(R,R) and f.C¥(R,U) C C¥(R,R).

Actually, a smooth function f € C°°(U) which is real analytic on affine lines is
real analytic on U.

We remark that, if M = (M}) is quasianalytic such that C* C CM, then a C>-
function f : U — R which satisfies f,.CM(R,U) C CM(R,R) need not be of class
CM; see [26].

1.2. Arc-smooth functions. In this paper we investigate the validity of the above
results on non-open subsets X C R<. For arbitrary subsets X C R we define

A¥(X):={f: X - R: f.C*([R,X) CC*(R,R)},
AM(X)={f: X - R: f.CM(R,X) CCM(R,R)},
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A (X):={f: X - R: f.CY(R,X) CC*(R,R)},
where we set
C*R,X) = {ceC®R,R:¢(R) C X},
CY(R,X):={ceC™R,RY:c(R)C X}.

We call the elements of A>(X) arc-smooth functions and those of AM(X) arc-CM
functions on X. We will also consider

AY(X):={f € A®(X): f.CY(R,X) CC*(R,R)},

where

C“(R,X) == {c€ C*(R,RY) : ¢(R) C X}.
We will not speak of arc-analytic functions, since such are not assumed to be smooth
in the literature.

Evidently, A¥(X) C A®(X) C A%(X) 2 AM(X). (We will see below that there
is no hope for the analogue of Result [I.2] to hold on even very simple non-open sets
like the closed half-space.)

With this notation, Result Result and Result [I.5] amount to

(L2)  A®(X)=C%(X), AM(X)=CM(X), A“(X)=C(X),

if X C R is a non-empty open set and M = (M) is a non-quasianalytic log-convex
sequence.

Remark 1.6. The identities (1.2 imply that, in the definition of A>(X), AM(X),
and A“(X), we could equivalently replace the families of curves ¢ : R — X by
families of plots p : U — X (of the same regularity), where U is any open subset of
R¢ with varying e.
Remark 1.7. Recall that a Frélicher space is a triple (X,Cx, Fx) consisting of a
set X, a subset Cx C XR and a subset Fx C RX such that
(1) f:X — R belongs to Fx if and ounly if foc € C*(R,R) for all ¢ € Cx.
(2) ¢:R — X belongs to Cx if and only if foc e C®(R,R) for all f € Fx.
Any subset F C RX generates a unique Frolicher space (X,Cx, Fx) by setting
Cx = {c:R%X : foceC™(R,R) forallfef},
Fx = {f:X%R:focGCOC’(R,R) for alchCX}.
In this paper we are investigating the Frolicher spaces generated by the inclusion
map tx : X — R? of subsets X of R?, ie., (X,C®(R,X), A®(X)). For suitable

sets X we try to identify the corresponding set of functions Fx = A (X). More
on Frolicher spaces can be found in [20] and [32].

1.3. Admissible sets. Let X C R? be an arbitrary subset. A function f: X — R
is said to be smooth if for each x € X there exist a neighborhood U in R? and a
smooth function F' : U — R such that F|ynx = flunx. If X is open, then this
notion of smoothness coincides with the usual one. We denote by C*°(X) the set
of all smooth functions on X.

Definition 1.8. A subset X C R? is called A>-admissible if A®(X) = C>(X),
i.e., the arc-smooth functions on X are precisely the smooth functions.
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Boman’s theorem states that open subsets X C R? are A*-admissible. We will
look for non-open A>-admissible sets. It follows from a result of Kriegl [31] that
closed convex subsets X C R? with non-empty interior are A>-admissible. It is
natural to consider closed sets with dense interior.

Definition 1.9. A non-empty closed subset X of R? is called fat if X = int(X).

If X C R? is fat, then there are other natural possibilities to define “smooth”
functions on X which we compare in the following lemma.

Lemma 1.10. Let X C R? be a fat closed set. Consider the following conditions:

(1) There exists F € C>(R?) such that F|x = f.

(2) felC>(X).

(3) flint(x) € C>(int(X)) and the Fréchet derivatives (f|in(x))™ of all orders
have continuous extensions ™ : X — L,(R%R).

(4) flint(x) € C(int(X)) and the directional derivatives dy, f|ing(x) for all v €
R? and all n € N have continuous extensions to X.

(5) flint(x) € C(int(X)) and the partial derivatives 0 f|ing(x) for all o € N
have continuous extensions to X.

Then (1) = (2) = (3) & (4) & (5). All five conditions are equivalent if X has the
following regularity property:

(6) For all x € X there exist m € Nsg, C > 0, and a compact neighborhood K
of x in X such that any two points y1,y2 € K can be joined by a rectifiable
path v which lies in int(X) except perhaps for finitely many points and has
length

7)< Clyr — ol

Proof. (1) = (2) = (3) are obvious.

(3) & (4) & (5) This follows from the fact that at points x € int(X) Fréchet,
directional, and partial derivatives can be converted into one another in a linear
way; cf. [32] Lemma 7.13].

(5) = (1) By the regularity property (6), f defines a Whitney jet on X, see [
Proposition 2.16]. So Whitney’s extension theorem implies (1). O

In general the implication (5) = (1) is false, see Example [10.9]
Another natural condition for 4*°-admissibility is the following; see Exam-

ple

Definition 1.11. A closed subset X C R? is called simple if each x € X has a
basis of neighborhoods % such that U Nint(X) is connected for all U € % .

A function f : X — R is said to be real analytic if for each x € X there exist
a neighborhood U of x in C? and a holomorphic function F : U — C such that
Flunx = flunx. We denote by C¥(X) the set of all real analytic functions on X.
If M = (My,) is a positive sequence, we set

CY(X) = {feC>X): holds for all compact K C X }.

Note that we do not require that a function f € CM(X) is locally a restriction of
a CM_function on RZ. We shall discuss in Section when a function in CM(X)
extends to a CM-function on R%.
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Definition 1.12. A subset X C R? is called A% -admissible (resp. AM -admissible)
if A(X) =C¥(X) (resp. AM(X) =CM(X)).

By the Bochnak—Siciak theorem and Result all open subsets X C R? are
A“-admissible and .AM-admissible, for each log-convex non-quasianalytic M.

1.4. Main results. Our results can be arranged in groups with respect to two
criteria: regularity of the functions (smooth, real analytic, ultradifferentiable) and
regularity of the domains (Holder sets, fat subanalytic sets).

By a Hélder set we mean the closure of an open set which has the uniform cusp
property of index a for some 0 < @ < 1. If & = 1 we speak of a Lipschitz set. The
collection of all Holder sets in R? is denoted by #(R?). (We use the term Holder
set instead of domain, since the latter is usually reserved for open sets.) For precise
definitions we refer to Section

The smooth case.
Theorem 1.13. Every X € J7(RY) is A®-admissible. We even have
(1.3) A (X) = A%(X) = C%(X),
for any non-quasianalytic log-convex positive sequence M = (My,).
Theorem [I.13] is proved in Section [
Theorem 1.14. Every simple fat closed subanalytic set X C R% is A -admissible.

This is proved in Section The proof is based on the L-regular decomposi-
tion of subanalytic sets and the fact that fat closed subanalytic sets are uniformly
polynomially cuspidal. It uses the result for Holder sets, i.e., Theorem

Remark 1.15. Holder sets X € J#(R?) and fat closed subanalytic subsets X C R¢

satisfy Lemma [[.10{6) and hence all items (1)-(5) in Lemma are equivalent;
cf. Proposition [3.§ and Theorem [5.6

Notice that the assumption that X is simple is necessary, see Example [10.5]
Holder sets are always simple, see Proposition |3.9

The real analytic case.

Theorem 1.16. Let X C R? be a fat closed subanalytic set. Let f € C*°(X) be real
analytic on real analytic curves in X. Then f extends to a holomorphic function
defined on an open neighborhood of X in C?.

The proof of Theorem (in Section[6)) is based on the uniformization theorem
of subanalytic sets and a result of Eakin and Harris [I8] (proved earlier by Gabrielov
[21]). The following consequence will also be proved in Section [6]

Corollary 1.17. Let X C R? be o closed set such that for all z € 80X there is a
closed fat subanalytic set X, such that z € X, C X. Let f € C>*(X) be real analytic
on real analytic curves in X. Then f extends to a holomorphic function defined on
an open neighborhood of X in C?.

Note that all Holder sets satisfy the assumption in Corollary Interestingly,
for these results we need not assume that X is simple (note that we already suppose
that f € C*(X)). Together with Theorems and we obtain:

Corollary 1.18. Every X € #(R%) and every simple fat closed subanalytic X C
R is A“-admissible. O
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The ultradifferentiable case. Let M = (M},) be a non-quasianalytic log-convex pos-
itive sequence. For positive integers a let M(®) denote the sequence defined by
M(a) = M

p = Mok

Theorem 1.19. Let M = (My) be a non-quasianalytic log-convexr positive se-
quence. Every Lipschitz set X C R satisfies CM(X) C AM(X) C cM? (X).

A similar statement can be expected for Holder sets (with the loss of regularity
also depending on the Holder index). We will not pursue this in this paper. Instead,
combining our results with a result of [15] and [3], we show in Theorem [8.4] that for
fat closed subanalytic sets the loss of regularity can be controlled in a precise way.

In an earlier version of the paper we claimed that every Lipschitz set X C R is
AM _admissible. That is doubtful, but we do not have a counterexample.

1.5. Permanence of admissibility. The main results all concern subsets X C R
with maximal dimension d. The following permanence properties yield further
examples of admissible sets both of maximal dimension and of codimension > 1.

Proposition 1.20. Let X C R? be A>-admissible. If U is an open neighborhood of
X inR% and ¢ : U — R® is a smooth embedding, then p(X) C R® is A>-admissible.

Proof. Let Y := o(X). If f € A®(Y), then g := fop € A®(X). Since M := ¢(U)
is an embedded submanifold of R€, it suffices to show that for each y € Y there is a
neighborhood V in M and a smooth function F' : V' — R such that F|yny = flvay-

Since X is A>-admissible, for each z € X there is a neighborhood W in R?¢
and a smooth function G : W — R such that Glwnx = glwnx. Taking UNnW
instead of W we may assume that W C U. Then F := G o <p_1\<p(w) is smooth on
V := p(W) and satisfies F|yny = flvay- ]

The same proof yields the following.

Proposition 1.21. Let X C R? be A“-admissible. If U is an open neighborhood
of X in R and ¢ : U — R® is a real analytic embedding, then o(X) C R® is
A“ -admissible. O

In the ultradifferentiable case we have the following. Note that, if M = (M)
is log-convex, then CM is stable under composition and the C™ inverse function
theorem holds. If N C R¢ is an embedded submanifold of class CM (i.e., the chart
change maps are of class C™), then we define CM(N) to be the set of f € C>®(N)
which are of class CM in every local coordinate chart. If Y C N, then let CM(Y) be
the set of C*°-functions on Y such that the defining estimates hold for all compact
subsets in Y in all local coordinate charts. The proof of Proposition [1.20] implies
the following.

Proposition 1.22. Let M = (My) be non-quasianalytic and log-convez, and let
N = (Ny,) be a sequence with M < N. Assume that X C R? satisfies CM(X) C
AM(X) C CN(X). If U is an open neighborhood of X in R? and ¢ : U — R® is a
CM _embedding, then Y := p(X) C R® satisfies CM(Y) C AM(Y) C CN(Y). O

1.6. Sharpness of the results. We shall discuss in Section [I0.2] counterexamples
which show that none of the conditions in the main results can in general be omitted
without suitable replacement.
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In particular, Example [10.4] which is based on a division theorem of [29], shows
that the oo-flat cusp

X :={(z,y) ER*:2>0,0<y <exp(—1/z)}

is not A*-admissible: in this case A (X) is strictly larger than C*°(X). Note,
however, that for Y := R? \ int(X) we have f € A®(Y) if and only if f satisfies
Lemma [L.103), but A>(Y) # C>®(Y); see Example [10.9]

Interestingly, the analogue for finite differentiability (i.e., Result fails even
on convex fat closed sets such as the half-space; see Example which is a con-
sequence of Glaeser’s inequality.

1.7. Applications. As a corollary of the real analytic result (i.e., Theorem
we obtain that smooth solutions of real analytic equations on Holder sets or closed
fat subanalytic sets must be real analytic; see Theorem[0.1] Furthermore, we obtain
sufficient conditions for the existence of real analytic solutions g of the equation
f=gop € C’M), where ¢ : M — R? is a real analytic map defined on a real
analytic manifold M; see Corollary

The usefulness of the smooth result is illustrated by some consequences for the

division of smooth functions, see Theorem [9.5] and for pseudo-immersions, see
Theorem [0.6]

1.8. Structure of the paper. We recall facts on weight sequences and Denjoy—
Carleman classes in Section [2] and we revisit and adapt the CM curve lemma which
is an essential tool for proving some results of the paper. In Section [3| we introduce
Hélder sets and collect some of their properties. The proofs of Theorems 114
and are given in the Sections [6] and [7] respectively. In Section
we discuss the ultradifferentiable case on subanalytic sets. The applications are
given in Section [0} The final Section contains complements, examples, and
counterexamples.
Some of the results of this paper were announced in [49)].

Acknowledgements. I am grateful to Vincent Grandjean, Andreas Kriegl, and
Adam Parusiriski for helpful discussions. A. Kriegl contributed Lemma [6.1] and
Example and A. Parusinski suggested to use the results on Holder sets to
attack subanalytic sets. In addition, I would like to thank the anonymous referees
for their valuable comments.

2. A CM_CURVE LEMMA

This section is only of relevance for the ultradifferentiable results in the paper.

2.1. Weight sequences and Denjoy—Carleman classes. Let M = (My)ren
be a positive sequence of reals. Let U C R? be open and let CM (U,R™) be the
corresponding Denjoy—Carleman class (of Roumieu type) as defined in Section

If N = (N},) is another positive sequence such that (M /Ny )'/* is bounded, then
CM(U) C CN(U). The converse holds if k!Mj, is logarithmically convex (log-convex
for short). It follows that the class CM (U) is preserved by replacing M = (M),
by (C*¥My)y, for some positive constant C.

We shall assume that the sequence M is log-convex (which entails log-convexity of
k!My). We may assume that My = 1 and that M is increasing. Indeed, the sequence
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Ny, := C* M, /M, for some constant C' > Mq/Mj, is log-convex, increasing, satisfies
Ng =1, and CM(U) = CN(U). This motivates the following definition.

Definition 2.1. An increasing log-convex sequence M = (Mj) with My = 1 is
called a weight sequence.

The regularity properties of a weight sequence M = (M}) entail stability prop-
erties of the class CM; cf. [51]. Of particular interest in this paper is the fact that,
for a weight sequence M, the composite of C™ mappings is C*. By the celebrated
Denjoy—Carleman theorem, the condition

M,

holds if and only if CM is non-quasianalytic, i.e., the Borel mapping which sends
germs at some point a of smooth functions to their infinite Taylor expansion at
a is not injective on CM-germs. Then there exist non-trivial CM-functions with
compact support. Note that is equivalent to

(2.2) > (kM) TV < 0.
k

Definition 2.2. Let M = (M}) be a weight sequence. We say that M is non-
quasianalytic if it satisfies (2.1)); otherwise it is said to be quasianalytic. A weight
sequence M is called strongly non-quasianalytic if

M;_y M1
2. 3 N : I < .
(2.3) C>0Vke ZjM__ch
e
It is said to be of moderate growth if
(2.4) 3C > 0Vj,k € N: My < CTTFM; M.

A weight sequence is called strongly regular if it is strongly non-quasianalytic and
of moderate growth.

Example 2.3. The Gevrey sequences G3, = k!°, s > 0, which give rise to the
Gevrey classes C¢ are strongly regular weight sequences. They appear naturally
in the theory of (partial) differential equations. For s = 0 we recover the real
analytic functions C¢" = C* which obviously form a quasianalytic class.

Note that C*(U) C CM(U) C C*(U) for every weight sequence M. In fact, the
Denjoy—Carleman classes form an a scale of spaces intermediate between the real
analytic and the smooth functions.

2.2. The CM curve lemma revisited. We generalize the CM curve lemma, see
[33, Section 3.6] and [34] Section 2.5], which was inspired by [12, Lemma 2].

Lemma 2.4. There are sequences ty — too and sp > 0 in R with the following
property. For any non-quasianalytic weight sequence M = (My) and each a € N>
there is a real positive sequence A\, — O satisfying

Mg \ avr
(2.5) /\k(—) -0 ask—o0
M,
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such that the following holds. Let E be a Banach space. Let ¢, € C*(R, E) be a
sequence such that
(2.6) D@ s tel, £,k eN}

is bounded in E, for every bounded interval I C R. Then there exists a CM -curve
¢: R — E with compact support and c(ty +t) = ci(t) for [t| < sp.

Proof. There exists a non-quasianalytic weight sequence L = (L) such that
(My,/Li)** — oo (this follows e.g. from [30, Lemma 6]). Choose a C*-function
¢:R—10,1] whichis 0 on {¢t: [t| > 1/2} and 1 on {¢: |t| < 1/3}.

Let T € (0,1] and R > 0. Assume that v € C*(R, E) is such that

7O <R forall |t <1/2, ¢ €N.
Then, there exist C, p > 1 such that for the curve c(t) := ¢(t/T)v(t) we have

@1 1e0w)=| f () (e

Ri:<€>T ICpjiL; < CR(1+ 2 )evL <CR( )€'LZ.

J=

IN

Choose a sequence
(2.8) T; € (0,1] with » " Tj < oo and let tj :=2> " Tj + Tj.
J i<k

Now choose A; such that the following conditions are fulfilled:

Aj My
2.9 0< =L <—= forall j,k,
(2.9) TF S T j
A
(2.10) T—i —0 asj— oo for all k.

It suffices to take \; < infy 7’](“+1Mk/Lk. Clearly, we may in addition require that
A; tends to zero fast enough so that (2.5)) holds.
By (2.6)), there is R > 0 such that

1) < R\, for all [t < 1/2, £,k € N.

clt) = Zw(t;f”’)cju ).

The summands have disjoint supports (the support of the jth summand is contained
n [t; —T;/2,t; + T;/2]). Thus cis C* on R\ {ts}. By [2.7),

Define

T
[ ()H<CR/\( )eng for |t = t;] < 5
J

Consequently, by (2.9),
1O ()| < CR(2p)° M, for t # too

It follows that ¢ : R — E has compact support and is CM (cf. [32] Lemma 2.9] and
[33, Lemma 3.7]). O
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Remark 2.5. A similar statement holds for convenient vector spaces E. The proof
can be easily adapted to this case; cf. [33] or [34].

The next lemma is a variant of [32] Lemma 2.8]. Recall that, given some sequence
Lk — 00, a sequence xy, in E is called p-convergent to x if py(x, — ) is bounded.

Lemma 2.6. For any non-quasianalytic weight sequence M = (My) there is a
positive sequence A\, — 0 such that the following holds. Let E be a Banach space.
Let x,, — x be 1/A\g-convergent in E. Then the infinite polygon through the x,
and x can be parameterized as a CM -curve ¢ : R — E such that ¢(1/n) = z,, and
c(0) = z.

Proof. Let L = (L) be a non-quasianalytic weight sequence with (Mj,/Ly)"/* —
oo. Set T :=1/(j(j + 1)) and choose A; such that the conditions and
are satisfied. Let ¢ : R — [0,1] be a CE-function which vanishes on (—oo, 0] and is
1 on [1,00). Let t, := 1/n and define

x ift <0,
e(t) == 4 Tnps + ga(ti—:f;:l)(xn —Tpi1) i tesy <t <ty
T if t > 1.

Clearly, ¢ is C* on R\ {0}. For t,,11 <t <, we have

t—1
c(k)(t) = o) (ﬁ) (n(n+1)*(x, — zpy1)

o (Lt Y A Tn = Tn
7<p Tk .

tn — tny1 An
Condition ([2.10) guarantees that ¢(¥)(t) — 0 as t — 0 for all k, and hence ¢ is C*
on R. That c is of class CM follows from (2.9). g

3. HOLDER SETS

3.1. Uniform cusp property and Holder sets. We denote by B(z,¢€) := {y €
RY: |z — y| < €} the open ball with center x and radius € in R%.

Definition 3.1 (Truncated open cusp). Let us consider R? = R¥~! x R with the
Euclidean coordinates ¢ = (x1,...,24) = (¢/,24). For 0 < @ < 1 and r,h > 0,
consider the truncated open cusp

T5(r h) = {(z',2zq) € R x R: |2/| <7, h(|2'|/r)* < 24 < h}.
For a = 1 this is a truncated open cone.

Definition 3.2 (Uniform cusp property). Let U C R% be an open set and let
a € (0,1]. We say that U has the uniform cusp property of index « if for every
x € OU there exists € > 0, a truncated open cusp I' = I'§(r, k), and an orthogonal
linear map A € O(d) such that for all y € U N B(x, €) we have y + AT C U.

Definition 3.3 (Holder set). By an a-set we mean a closed fat set X C R? such
that int(X) has the uniform cusp property of index a. We say that X C R? is a
Hélder set if it is an a-set for some a € (0, 1].
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We denote by #(R?) the collection of all a-sets in R? and by
HRY) = ] #*RY

0<a<l
the collection of all Holder sets in R%. Note that J#%(R%) C 2#°(R?) if a > .

Remark 3.4. A bounded open subset U C R? has the uniform cusp property of
index « if and only if U has Holder boundary of index o with uniformly bounded
Hélder constant; see [16, Theorem 6.9, p.116] and [23, Theorem 1.2.2.2]. That
means the following. At each boundary point p there is an orthogonal system of
coordinates (2/, z4) and an a-Holder function a = a(z’) such that in a neighborhood
of p the boundary of U is given by {z4 = a(z')} and the set U is of the form
{zq > a(z’)}. There is a uniform bound for the Holder constant of a which is
independent of the boundary point p.

The boundary of an a-set with a < 1 can be quite irregular. It may have
Hausdorff dimension strictly larger than d — 1 and hence its Hausdorff measure
H4! may be locally infinite. See [16, Theorem 6.10, p. 116].

Example 3.5. (1) The set X = {(z,y) € R? : 2 >0, |y| < 2'/*} is an a-set.

(2) The set X = {(x,y) € R? : 2 > 0, 2% < y < 22%} is not a Holder set,
but X is the image of the Hélder set {(x,y) € R? : 2 > 0, |y| < 22/2} under the
diffeomorphism (z,y) — (z,y + 32%/2) of R2.

(3) The set X = {(z,y) € R? : 2 >0, 23/2 < y < 22%/2} is not a Holder set and
there is no smooth diffeomorphism of R? which maps X to a Holder set.

(4) Let C C [0,1] be the Cantor set and let f : [0,1] — R be defined by f(z) :=
dist(z,C)*. Then the set X = {(z,y) € R?: -1 <2 <2 f(z) <y <2ifx €
0,1, 0 <y <2ifx &][0,1]} is an a-set.

3.2. ¢*-topology on Holder sets. The ¢ -topology on a locally convex space E
is the final topology with respect to all smooth curves ¢ : R — E. The ¢*°-topology
on R? coincides with the usual topology; cf. [32, Theorem 4.11]. The ¢>-topology
on a subset X C F is the final topology with respect to all smooth curvesc: R — F
satisfying ¢(R) C X.

Proposition 3.6. Let X € s#(R%). Then the c>-topology of X coincides with the
trace topology from RY.

Proof. Let A C X be ¢®-closed in X. Let A be the closure of A in R?. We have to
show that AN X = A C A. The converse implication is obvious.

Let x € A. Then there is a sequence x,, € A which tends to x. It suffices to find
a smooth curve ¢ € C*°(R, X) passing through a subsequence of x,, and through «.
Since A is ¢®°-closed in X, this shows z € A.

Since X is an a-set, for some 0 < o < 1, we may assume that there is a
neighborhood U of  in X and a cusp I' = I'§ (r, h) such that for all y € U we have
y+ I Cint(X). By rescaling, we may assume that r = h = 1.

Consider C(y,r) := y +T§(r,r®) for 0 < r < 1. It is easy to see that there
is a universal constant ¢ > 0 such that C(y;,m1) N C(y2,72) # O provided that
ly1 — ya| < emin{ry,ra2}.

Choose a decreasing sequence p,, which tends to 0 faster than any polynomial.
By passing to a subsequence of z, (again denoted by x,), we may assume that
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|x — xn| < cpiny1/2 for all n. Then, for all n,
|Tn — Tnt1| < |2 — 2| + 2 — Tpia] < cpna

Setting C,, := C(xy, 1) this guarantees the existence of a sequence u,, such that
Upt1 € Cp N Cpryq for all n. By construction, z,, and u,, tend to x faster than any
polynomial.

For u € C,, define 7, (u) := x,, + ugeq (where {e;} is the standard basis in R?).
Consider the polygon P, through the points w,, mn(tn), Tn, Tn(tnt1), Unt1. It
is contained in C,. The infinite polygon consisting of the concatenation of all P,
satisfies the assumptions of [32] Lemma 2.8] and can hence by parameterized by a
smooth curve ¢ which is contained in X and satisfies ¢(0) = z. g

Remark 3.7. It is not difficult to modify the proof in order to obtain the following:
Let X € #(RY) and let M = (My) be a non-quasianalytic weight sequence. Then
the final topology on X with respect to all CM-curves ¢ : R — R® with ¢(R) C X
coincides with the trace topology from RZ. Tt suffices to take u, := )\:/a for the
sequence A, provided by Lemma [2.6

3.3. Further properties of Holder sets. The following proposition is well-
known. We include a proof for the convenience of the reader.

Proposition 3.8. Let X € s#“(R%). Then for each x € X there is a compact
neighborhood K of x in X and a constant D > 0 such that any two points y1,ys € K
can be joined by a polygon v contained in K with 0X N~ C {y1,y2} of length

£(v) < Dlyr — y2*.

Proof. Clearly each x € int(X) has this property. Let z € 9X. We may assume
that in a compact neighborhood K of x the set X is the epigraph {4 > f(2/)} of a
a-Holder function f with respect to an orthogonal system of coordinates (2, z4) =
(1,...,24). For two points y1,ys € K consider the segments S := [y, y2] and
S" = [yi,vh]. I (y1,92) € K Nint(X) there is nothing to prove. Otherwise
let 2/ € S’ be such that f(z') = max,es f(y') and let z = (2, zq) with z4 :=
f(Z") + €|ly1 — ya| for some small € > 0 such that z € K Nint(X). It is possible to
choose € such that it only depends on K, not on yi,y2. We have (y;)q < f(2’) and
thus |(yi)a — f(Z)| < |f(y}) — f(2')] for at least one ¢ € {1,2}, say for ¢ = 1. If
(y2)a < f(2'), then the polygon with vertices y1, (vi,2d), (Y5, 24), Y2 is contained
in K, meets 0X at most at one of the points y;, and has length

[(y1)a — zal + [(y2)a — zal + |y1 — yo]
< |fh) = FED+ 1 (ws) — FED]+ 2elyr — ya| + [y) — vl
< Clyy = 2'|* + Clyy — 2'|* + (1 + 2€)[y1 — w2
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< Dly1 — 2|9,

for constants only depending on K. If (y3)q > f(2’), then the segment joining z
and yo is contained in K Nint(X), and thus the polygon with vertices yi, (y1, z4),
z, Y2 is contained in K, meets 0X at most at one of the points y;, and has length

[(y1)a — zal + ly2 — 2| + |yh — 2|
< [fy) = FED+ A+ elyn — 2l + |1 — 5|
< Dly1 — yo|™.
This finishes the proof. O
Proposition 3.9. Every X € 7 (RY) is simple in the sense of Definition m

Proof. The proof of Proposition [3.8 implies that there is a basis of neighborhoods
% of each z € X such that int(X) N U is path-connected for each U € . O

4. ARC-SMOOTH FUNCTIONS ON HOLDER SETS

The aim of this section is to prove Theorem All X € s (RY) are A>-
admissible. We even have
(4.1) A (X) = AZ(X) = C>(X),
for any non-quasianalytic weight sequence M = (M,,).
Remark 4.1. For fat closed convex sets X C R?, A*-admissibility follows from
a result of Kriegl [31]. The statement in [31] is more general: Let X be a convex
subset of a convenient vector space E with non-empty interior. Then f € A®(X)
if and only if f is smooth on int(X) and all Fréchet derivatives (f|int(X))(") extend

continuously to f™ : X — L,(E,R) with respect to the ¢>-topology of X. In
general the ¢*°-topology is finer than the given locally convex topology.

4.1. Proof of Theorem [I.13l It is evident that
C(X) C A®(X) C A7 (X).

The second inclusion is by definition, the first inclusion is a simple consequence of
the chain rule. Let us prove the other inclusions.

Lemma 4.2. Let 1 < p < q be integers. For x € R? and v = (v',vq) € R? let
c(t) = x 4+ (W, tPvg), for t in a neighborhood of 0 € R. Let f be of class C? in a
neighborhood of the image of c. Then:
1 () 0.v,)7 if = ip <
(fOC)(k)(O) Jl,f (xE(( avd) ) Zf Ip<q,
Ve -3 Fa.0) FE=qgpN.
F1@)((,0)) + 7 fD (@) (0,va)))  ifk=jp=q.
For all other k < q we have (f o ¢)*®)(0) = 0.

Proof. This follows easily from an inspection of the Faa di Bruno formula

foc (k) (¢ f(j) c(t)) 7clen) (¢ clai) (¢
( k?!():z > (())( (t) ())

- b
J! aq! a;!

7>1 a; >0
ar+-taj=k

and the special form of c. [
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Proposition 4.3. Let X € J#(R?) and f € A°(X). Then flint(x) is smooth and
its derivative (flingx))" extends uniquely to a mapping f' : X — L(R,R) which
belongs to A (X, L(R%,R)), i.e.,

(4.2) (f).C®(R,X) C C*(R, L(R%,R)).

Proof. That f|iny(x) is smooth follows from Boman’s theorem

There is 0 < a < 1 such that X € #*(R%). Let 2 € 9X. We may assume
that there is a truncated open cusp I' = I'§(r, h) and an open neighborhood Y of
x in X such that for all y € Y we have y +T' C int(X). It suffices to show that
(flyrint(x))" extends uniquely to a mapping ' : Y — L(R%,R) which belongs to
A>(Y, L(R%,R)).

Let p < ¢ be positive integers such that p/¢ < « and ¢/p € N. Let € Y and
v = (v',vg) € . Then the curve

Coo(t) 1= @ + (290, 1%Pvy)

lies in int(X) for 0 < |t| < 1 and ¢;,(0) = . Since f € A®(X), focy,y is C.
Let v € I' be fixed. We define
focaa (2p) (0 focan (29) (0
f’(x)(v)::( )' 0  ( )' O}
(2p)! (29)!
This definition turns into a correct statement if 2 € int(X), by Lemma
We claim that

(4.3) F'()(v) : Y = R maps C>®-curves to C>-curves.

forz €Y.

Let R > s+ x(s) be a C*-curve in Y. Then (s,t) — cy(s),»(t) is a smooth mapping
near (0,0) with values in X. Thus (s,t) = f(cy(s),(t)) is smooth, by Boman’s
theorem So, in particular, s — OF|—o(f o Ca(s),w(t)) is smooth for all k. It
follows that s — f’(x(s))(v) is smooth, which implies the claim.

Let s +— x(s) be any C*-curve in Y such that x(s) € int(X) for 0 < |s| <1 and
x(0) = xg. Then

(fo Caco,v)@p)(o) (fo cwo,v)(zq) (0)
(2p)! (29)!

((f © Cz(s),v)(2p) (0) (fo Cz(s),v>(2q) (0)>
(2p)! (29)!
Consequently, the given definition of f’(z¢)(v) is the only possible extension of

1'(-)(v) to zp which is continuous on C*°-curves.
Now let v € R? be arbitrary. Since I is open, there exist € > 0 and w € I" such
that ev +w € T. For all x € Y Nint(X), we have
f(@)(ev +w) — f(x)(w
o) < L@t W) = Fa)w)

€

and the right-hand side uniquely extends to points g € Y N9X and satisfies ,
by the arguments above.

Thus, we define f/(z¢)(v) := lims_o f'(z(s))(v) for some C*®-curve s — x(s) in
Y with 2(0) = zp and x(s) € int(X) for 0 < |s| < 1. Then f'(xo) is linear as the
pointwise limit of f/(z(s)) € L(R% R). The definition does not depend on the curve
x, since it is the unique extension for v € I'.

f'(o)(v) =

= lim f(x(s))(v).

s—0

= lim
s—0
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Let us finally show that f' : ¥ — L(R%R) belongs to A>(Y, L(R,R)). Let
r:R =Y be a C®-curve and let v € R Tt suffices to show that s — f'(z(s))(v)
is smooth. For v € I this follows from (4.3)). For general v, f’(z(s))(v) is a linear
combination of f'(z(s))(v1) and f'(z(s))(ve) for v; € T" which locally is independent
of s. The proof is complete. O

Corollary 4.4. Let M = (My) be a non-quasianalytic weight sequence. Let
X € #RY) and f € AZ(X). Then flint(x) is smooth and its derivative
(flins(x)) extends uniquely to a mapping f' : X — L(R%,R) which belongs to
A (X, L(R™,R)), i.e.,

(4.4) (/).CM(R, X) € C*(R, L(R,R)).

Proof. The proof is the same with the only difference that we use C-curves (thanks
to Remark ; note that the curves ¢, , are polynomial and thus of class CM. [

Proof of Theorem[I.13 Let f € A®(X) (resp. f € A33(X)). Proposition [4.3] and
Corollary imply by induction that the Fréchet derivatives (f |im(X))(" of all
orders have unique extensions f(™ : X — L,, (R, R) which satisfy

(f™).C®(R,X) C C®(R, L,(R%,R))

(resp. (f™).CM(R,X) C C®(R,L,(R%R))). So f satisfies Lemma ), since
the c>-topology of X (resp. the final topology on X with respect to all CM-curves
in X) coincides with the trace topology from R?, by Proposition (resp. Re-

mark [3.7). Thus f € C*°(X), by Lemma and Proposition O

5. ARC-SMOOTH FUNCTIONS ON SUBANALYTIC SETS

The goal of this section is to prove Theorem

5.1. Subanalytic sets. Let M be a real analytic manifold. A subset X of M is
called subanalytic if for each x € M there is an open neighborhood U of x in M such
that X NU is the projection of a relatively compact semianalytic subset of M x N,
where N is a real analytic manifold. Recall that a subset X of a real analytic
manifold M is semianalytic if for each x € M there exist an open neighborhood U
of x in M and finitely many real analytic functions f;;, g;; on U such that

XﬂU:UH{fijZO,gij>0}.
(]

If dim M < 2, then the family of subanalytic sets in M coincides with the family of
semianalytic sets. In higher dimensions the family of subanalytic sets is essentially
larger.

Henceforth we restrict to the case M = RY.

Theorem 5.1 (Rectilinearization of subanalytic sets [25], [6], [42]). Let X C R? be
closed subanalytic. There exists a locally finite collection of real analytic mappings
Vo : Uy — R such that each @, is the composite of a finite sequence of local
blow-ups with smooth centers and

(1) each U, is diffeomorphic to R? and there are compact subsets K, C U,
such that |J,, va(Ka) is a neighborhood of X in R?,
(2) for each a, @5 (X) is a union of quadrants in RY.
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A quadrant in R? is a set
QUo, I, I )={zxeRtz;=0if [y, 2, <0if [, z; > 0if I, },
where Iy, I_, I, is any partition of {1,2,...,d}.

5.2. Bounded fat subanalytic sets are uniformly polynomially cuspidal.
This is due to Pawtucki and Plesniak [45]. We recall some steps of the proof which
will be needed later.

Definition 5.2. A subset X C R?is called uniformly polynomially cuspidal if there
exist positive constants M, m > 0 and a positive integer n such that for all z € X
there is a polynomial curve h, : R — R? of degree at most n with the following
properties:

(1) hz((0,1]) € X and h,(0) =z,

(2) dist(h,(t),R\ X) > Mt™ for all z € X and all t € (0, 1].
Remark 5.3. Every compact set X € . (R%) is uniformly polynomially cuspidal;
this is clear by Definition [5.2] The converse is not true: for instance, the sets in
Example 2) and (3) are uniformly polynomially cuspidal but not in 7 (R?%). The

set X in Example is uniformly polynomially cuspidal but neither subanalytic
nor in 7 (RY); cf. [46, p. 284].

Theorem 5.4 ([45, Proposition 6.3]). Let X be a bounded open subanalytic subset
of R, Then there is a map h : X xR — R such that h(x,t) is a polynomial in t with
degree n independent of x € X with h(x,0) = x for all v € X, h(X x (0,1]) C X,
and there exist positive constants M, m such that

dist(h(z,t),RY\ X) > Mt™,  forallz € X, t €[0,1].

We give a sketch of the proof in order to explicate the uniformity of h, which
will be of importance later.
The following is a corollary of the rectilinearization theorem.

Proposition 5.5 ([45, Proposition 6.3]). Let X be a relatively compact subanalytic
subset of RY of pure dimension d. Then there is a finite number of real analytic
maps p; : R? x R — R such that, for I¢:=[-1,1]¢,

p;(I"x (0,1]) C X for all j,
Uit < {oh) = X.

Let X be a bounded open subanalytic subset of R?. Let ¢ be the maps provided
by Proposition [5.5] Then, for each j, the function

I % [0,1] 3 (y,t) = dist(p;(y, t),R*\ X)

is subanalytic (cf. [6l Remark 3.11]). By the Lojasiewicz inequality (cf. [6l Theorem
6.4]), there exist positive constants L, m such that

dist(;(y,t), R4\ X) > Lt™, (y,t) € I x [0,1].

The constants L, m may be assumed independent of j, by taking the minimum and
maximum, respectively. Choose an integer n > m and write

ei(y,t) = Ti(y,t) + "' Q;(y, 1), (y,t) €R* xR,
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where Tj(y, -) is the Taylor polynomial at 0 of degree n of ;(y,-) and @; : RTxR —
R? is real analytic. If we choose § € (0, 1] such that [tQ;(y, t)| < L/2 forall j, y € I,
and ¢ € [0, 6], then

L L
dist(T;(y, t),R*\ X) > Lt™ — 5:&" > §tm, (y,t) € I x [0, 4].
Replacing t by §t, we obtain
dist(75(y, 6t),R*\ X) = Mt™,  (y,t) € I* x [0,1],

where M := L™ /2. Clearly, |J; T; (I x {0}) = U; #; (I1x{0}) = X. Theorem
follows.

5.3. Fat closed subanalytic sets are m-regular. Another property of fat closed
subanalytic sets we need is the fact that they are m-regular in the following sense.

Theorem 5.6 ([4, Theorem 6.17], [24], [6, Theorem 6.10]). Let X C R? be a fat
closed subanalytic set. For each a € X there exist a compact neighborhood K in
X, a constant C > 0, and a positive integer m such that any two points x,y € K
can be joined by a semianalytic path v in X which intersects X in at most finitely
many points and satisfies

Uy) < Clz—ylMm.

5.4. L-regular decomposition. Let us recall the L-regular decomposition of sub-
analytic sets.

First we introduce sets which are L-regular with respect to a given system of
coordinates. Let X C R? be a subanalytic set of dimension d. If d = 1, then
X is called L-regular, if X is a non-empty compact interval. If d > 1, then X is
L-regular, if it is of the form

(5.1) X ={(2',2q) €eR*: f(a') <24 < g(a'), x € X'},

where X’ C R%~1! is L-regular and f, ¢ are continuous subanalytic functions on X’,
analytic and satisfying f < g on int(X’) with bounded partial derivatives of first
order. If dim X = k < d, then X is L-regular, if

(5.2) X ={(y,z2) ER"xR¥" :2=h(y), ye X'},

where X’ C RF is L-regular, dim X’ = k, and h is continuous subanalytic on X’
analytic on int(X’) with bounded partial derivatives of first order.

In general a subanalytic set X in R? is said to be L-regular, if it is L-regular
with respect to some linear (or equivalently orthogonal) system of coordinates. It
is called an L-regular cell, if it is the relative interior of an L-regular set, i.e., it
is int(X) in case and the graph of h restricted to int(X’) in case (5.2). By
definition, every point is a zero-dimensional L-regular cell.

It is well-known that L-regular sets and L-regular cells are quasiconvez (cf. [35],
[41l Lemma 2.2], or [36]): there is a constant C' > 0 such that any two points z,y
in the set can be joined in the set by a subanalytic path of length < C'|z — y|.

Theorem 5.7 ([35], [36], [44]). Let X C R? be a bounded subanalytic set. Then X
s a finite disjoint union of L-regular cells.

For the proof of Theorem [1.14] we need the following preparatory results.
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Lemma 5.8. Let [a,b] € R be a non-trivial interval such that [a,b] = Ule E; for
closed sets F;. If a < sup Fy < b then there exists j # i such that sup F; € F; and
sup F; < sup Fj}.

Proof. Fix i and suppose that t := sup F; < b. There is a sequence (¢,b) > t,, — t.
After passing to a subsequence we may assume that t, € F; for some fixed j # 1.
Since F} is closed, t € Fj}. O

Lemma 5.9. Let X C R? be a fat closed subanalytic set. Let x € 0X and suppose
there is a basis of neighborhoods % of x such that U Nint(X) is connected for all
Ue€X. Then there is Uy € % and a positive constant C' such that the following
holds. For allU € % = {U € % : U C Uy} and for any two points y,z €
UNint(X), there exists a rectifiable path v in int(X) which connects y and z and
satisfies

L() < Cdiam(U).

Proof. We may assume that X is bounded, by intersecting with a ball centered at
x. Let Uy be any member of % which is contained in this ball. By Theorem
int(X) is a finite disjoint union of L-regular cells {41, ..., Ax}.

Fix U € % and let y,z € U Nint(X). Since U N int(X) is connected, there is
a path o : [0,1] — U Nint(X) with ¢(0) = y and o(1) = z. Then we have a finite
disjoint union [0, 1] = Ule E;, where E; := o~ 1(4;).

Let E! be the set of limit points of E;. Then [0, 1] = Uile E;. Leti; € {1,...,k}
be such that to := 0 € E; . Ift; < 1, then there exists io € {1,...,k}\{i1} such that
t1 € Ej, and ty := sup Ej, > t1, by Lemma Moreover, [t1,b] = U,;, EjN[t1Nb].
If t < b we may apply Lemma again and find i3 € {1,...,k} \ {41,42} such
that ¢t € E{S and t3 := sup EZ’»3 > to. This procedure ends after finitely many
steps and gives a finite partition 0 = tgp < {1 < -+- < tp—1 < tp, = 1 of [0,1]. The
points y = zg, 21,...,2n = %, where z; = o(t;), all lie in U Nint(X). Let € > 0 be
sufficiently small such that the balls B, := B(zj, €) are all contained in U Nint(X).
For all j = 1,2,...,h — 1, there exist z; € B; N 4;; and z;' € BinA by
construction. Additionally, there exist zg' € ByNnA; and z, € ByNA4;,.

Since the cells are quasiconvex, for all j = 1,2,..., h, there exist rectifiable paths
7vj € Ai; joining z}"_l and z; such that

1419

Uv) < Cjlef_y = 27,

where the constant C; depends only on A;,. Joining the paths v; with the line

segments [20, 2 |, [2;, 2], for j = 1,...,h—1, and [z, 23], we obtain a rectifiable

R
path 7 in int(X) which connects y and z and has length

£() < Cdiam(U),

for a constant C' which depends only on the C; and the number of cells &, since all
points z;, z;, z;r lie in U. ([l
5.5. Proof of Theorem The inclusion C*(X) C A (X) is clear.

Let f € A*(X). Then f is smooth in int(X), by Result We must show that
f € C(X). This is a local problem, so we may assume without loss of generality
that X is compact (by intersecting with a suitable ball). By Lemma and
Theorem it suffices to show that f satisfies Lemma [1.10](3).
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Fix 2 € 0X. By Theorem there is a polynomial curve h, : R — R? of degree

at most n with the following properties:

(1) hz((0,1])) Cint(X) and h,(0) = x,

(2) dist(h,(t),R4\ X) > Mt™ for all t € (0,1],
where n, M, m are independent of z and ¢. Then there is a positive integer k =
k(z) such that h,(t) — z = t*h,(t), where h,(0) # 0. Set vy := h,(0)/|h.(0)] €
S4=1. Choose d — 1 directions vy, . ..,vq € St such that vy, vs,. .., vy are linearly
independent and define

Vo n(tr,ta, ..o ta) = he(ty) +tave + - + tqvg
for t = (t1,...,tq) in the set
Y= {(t1,...,ta) €R 1 t; €(0,0), |t;| < Oty for 2 < j < d}.

If C:=M/(2(d—1)) and 6 > 0 is chosen small enough, then ¥, , is a diffeomor-
phism of Y onto the open subset Hy, = ¥, ,(Y) of int(X) and it extends to a
homeomorphism between Y U {0} and H, , U {z}; indeed, by (2),

dist(W,0(t), RT\ X) > dist(he(t1), R\ X) — |to] — -+ — [t4]
M
> M7 — (d —1)Ct1* = ?t’f‘ > 0,
for t € Y. Since f is smooth in int(X), we have
(5.3) 07 0p (foWay)(t) =dp? - -dyd f(Wen(t)), forallteY,a; >0.

The left-hand side of extends continuously to ¢t = 0, since f o ¥, , € A®(Y)
and A*(Y) = C*°(Y), by Theorem as Y is a Holder set. Since ¥, , is a
homeomorphism Y U {0} — H,, U {z}, we may conclude that the directional
derivatives dg? - - dy? f, a; > 0, extend continuously from H, , to z.

If we perturb the directions vs,...,vq a little such that vy, vs,...,v4 remain
linearly independent and take the intersection H, of the corresponding sets H ,,,
then H, still is an open subset of int(X) with h,(t) € H, for small ¢ > 0 and
x € H,. Then dg?---dgdf, aj > 0, extend continuously from H, to z for all
Wa, ..., Wq Near va,...,vy. By Lemma we infer that the Fréchet derivatives
f®) of all orders of f extend continuously from H, to z.

Thus for all x € 0X and p € N, we have a candidate for the Fréchet derivative
f®(z) of f at x and an open set H, C int(X) on which f®)(y) tends to this
candidate as y — x. It remains to prove that the thus defined extension of f® to
X is continuous on X. First we show that it is bounded.

Claim 1. For allp € N, f®) is bounded on X.

Let p € N be fixed. It suffices to show that f() is bounded on int(X) (since
X is fat). For contradiction suppose that there is a sequence (z;) in int(X) such
that || f)(z¢)||r, — oo. Since X is compact, we may assume that z, — z. Then
x € 90X, since we already know that f is smooth on int(X).

By Proposition there is a finite number of real analytic maps ¢, : R{xR — R¢
such that

@; (I x (0,1]) C int(X) for all j,
U x o} = x,

J
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where I? := [~1,1]¢. After passing to a subsequence we may assume that x, €
©jo (I x {0}) for all £ and some jo. Choose y, € I% such that ¢, (y,,0) = x. Since
I is compact, after passing to a subsequence we may assume that y, — y and
in turn that this convergence is faster than any polynomial. The infinite polygon
through the points vy, and y can be parameterized by a smooth curve ¢ : R — I¢
such that ¢(1/¢) = y, and ¢(0) = y (cf. [32, Lemma 2.8]). Then s — ¢;,(c(s),0) is
a smooth curve in X through the points x, and .

Since ¢j, is real analytic, for small t; we have ¢;,(y,t1) = = + t§ 3, (y,t1) for
some positive integer k and a real analytic map ¢;, with ¢;,(y,0) # 0. Then
@jo (2,t1) # 0 for (2,%1) in a neighborhood of (y,0). Thus,

11940 (25t1) k@jo (zt1)+t185 (2,t1)

£ o= 100050 DT T Thi, (2, 00)+1 85, (2,80)] =0
vi(z,t1) = Bjo (2,0) ifty =0
TG T

is continuous in (z,t;), where t; > 0, near (y,0). It follows that we can find an
open set of directions v € S9~1 such that v;(c(s),0) and v are linearly independent
for s near 0. For such v,

(s,t1,t2) = f(@jo(c(s),t1) + tav)

is smooth for small s € R, t; > 0, and [t2| < Ct7*, by the arguments in Section
and the considerations in the first part of the proof. But this implies that d? f(x,
is bounded for all such v, and hence £ (z;) is bounded, a contradiction. Claim
is proved.

Claim 2. The Fréchet derivatives ), p € N, are continuous on X.

Let x € 0X and suppose that (z,) and (y,) are two sequences in int(X) both
converging to . By Lemma for each € > 0 there exists ng € N such that for
all n > ng the points z, and gy, can be joined by a rectifiable path ~, in int(X)
with length ¢(v,,) < e. Since f is smooth in int(X), we may apply the fundamental
theorem of calculus and Claim [I] to conclude

179 (a) = FP W, < (sp 1D @, ) €0) >0 a5 = .
Z&EYn

If we assume that the sequence (z,) lies in H,, we obtain that ) (y) — f®) ()

for all int(X) > y — z. Finally, suppose that X > z, — x. Choose y, €
H,, K N B(xy,1/n). Then

1FP (@) = fP @n) iz, < 17D (@) = FP(ya)llz, + 1P (@n) = FP (ga)llz, =0

as n — 0o0. This proves Claim [2] and hence the theorem. ([l

6. THE BOCHNAK—SICIAK THEOREM ON TAME CLOSED SETS

In this section we prove Theorem The strategy for the proof is the following.
Since f € C*°(X), we can associate with every x € X the formal Taylor series F
of f at x. Using a result of Eakin and Harris [I8] and Gabrielov [21] we show that
each F, is convergent and coincides with f on their common domain. To prove
that all F, glue together to give a global holomorphic extension we will use the
following lemma.
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Lemma 6.1. Let X C R? be closed and let U C R? be open with UNX # 0. Then
there is an open subset Uy of U with UyN X = U N X and such that for all x € Uy
and alla € Ay :={a € X : |a — x| = dist(x, X)} we have [z,a] C Up.

Proof. Set Uy := {3: €U :[x,al CU forall a € Aw}. Then, for all z € Uy and all
a € A, we have [x,a] C Uy. For, let y € [z,a]. If y = = there is nothing to prove.
Otherwise A, = {a} and [y, a] C [z,a] C U (as in the figure).

|
Clearly, UyN X = U N X. It remains to show that Uy is open. To this end we
first observe that, if ,, — = and A,, > a, — a, then a € A,. This follows from
letting n — oo in |z, — a,| = dist(x,, X), since X is closed.
If Uy is not open, then there exists a sequence x, — x, where x,, € Uy and
x € Uy. So, for all n, there is a,, € A, and y,, € [zn,a,] \ U. After passing to a

subsequence, we may assume that a,, — a € A,, by the observation above, and in
turn that y, — y € [z,a]. Since 2 € Uy we have y € U, a contradiction. O

Proof of Theorem [I.16, Suppose that X C R?is a fat closed subanalytic set. There
exists an analytic manifold M and a proper analytic map ¢ : M — R? such that
X = p(M), by the uniformization theorem, see e.g. [6]. Then f o ¢ is C* and real
analytic on real analytic curves in M. By the Bochnak—Siciak theorem (Result ,
f o is analytic on M. For each z € X there is y € p~1(x) such that ¢ has generic
rank d at y. By a result of Eakin and Harris [I8] (proved earlier by Gabrielov [21]),
the homomorphism ¢* of formal power series rings given by formal composition
with ¢ at y is strongly injective, that is, the formal Taylor series F, of f at x
converges. It represents a holomorphic function F, in a neighborhood U, of z in
C? which coincides with the real analytic function f lint(x) on int(X) NU,.

It remains to show that the F, piece together to give a global holomorphic
extension of f to a neighborhood of X in C?. We may assume that

(6.1) U, = Ug'? X i(—rI,rg;)d,

where UR C R?. We use Lemmato replace each UR by the connected component
of (UR)y which contains x (and leave the part of U, in iR? unchanged). Thus we
may assume that the cover {UR} of X has the property that for each z € UR all
segments [2,a], a € A, belong to UR. By , each U, has the property that for
z+iw € Uy also z +itw € Uy, for all t € [0, 1].

Let V be a connected component of U, N U,. It follows that, if z +iw € V,
then z € VR := V NRY, and VR is a connected component of UR N U;. Moreover,
[z,a) C VR for all @ € A, C X. Since X = int(X), the intersection VR N int(X)
is non-empty and on this set the holomorphic extensions F, and F), coincide with
f. By the identity theorem, F, and F), coincide on V. Since the component V' of
U, NUy was arbitrary, F,; and F, coincide on U, NU,. [l

N“
<<II

Proof of Corollary[1.17 The assumption for X clearly implies that X = int(X).
For each boundary point z € 90X there is a holomorphic function F, defined in a
neighborhood U, of z in C? which coincides with f on U, N int(X); this follows
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from Theorem applied to the subanalytic set X,. Using Lemma[6.1] as in the
proof of Theorem [1.16] one easily concludes the assertion. ([

7. ARCc-CM FUNCTIONS ON LIPSCHITZ SETS
In this section we prove Theorem All X € 21 (RY) satisfy
CM(X) C AM(X) C M (X),
for any non-quasianalytic weight sequence M = (My,).
It can be expected that a similar statement holds for X € /#%(R?), where o < 1,
with a larger weight sequence N = N(a, M) instead of M(®). We do not pursue

this question any further for a-sets, but results of this type for subanalytic sets are
presented in Section

7.1. Reduction to an open set of directions. Let f: R? — R be smooth. The
mixed partial derivatives of order k of f at any point x € R? can be computed from
directional derivatives of order k of f at x by means of the identity

k
A
a0 ass@ =3 () ). v=(m) e R
: J
7=0
The next lemma guarantees that the constants which appear in the process of

solving these linear equations grow at most exponentially in k& and hence the class
CM is preserved; a similar lemma was proved in [40].

Lemma 7.1. Let -1 < tg < t1 < -+ < tx < 1 be equidistant points such that

ty —to=a. If xg,x1,...,2E 18 a solution of the linear system of equations
LN
(7.2) Z(,)tng_yi, i=0,1,...,k,
i=o ™

then we have

16e2\*
(7.3) m]ax|xj| < (Te) mn%x|ym\.

Proof. Let P(t) = ap+ait+- - -+axt® be the polynomial with coefficients a; = (’;) xj.
Then the system reads
P(t)=vyi, i=0,1,... k.
By Lagrange’s interpolation formula (e.g. [48], (1.2.5)]),
Pl =3 0 [ A
- i=0 ' ti—t;’

s
i

and therefore

k k
_ ; 1
am = (=" viokw [] 7=
i=0 j=0 " J

J#i
where 02- is the jth elementary symmetric polynomial in (¢7)¢;. We have
ali - j| J| okt
=t = =l = [0 +af| <27,
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and hence, using e FkF < k! < kF,

I
j=0 |t1 —tj| B O,kZ'(k —Z)' - a ’

J#i

ol = (5)(3) ol < (5) () ke < ()

It follows that

and

166k & 1662k
ol < (=2) Yl < (=) max |y,

a
i=0
that is (7.3). O

Proposition 7.2. Let f : R* — R be smooth. Let K C R% be compact and let
M = (My) be a positive sequence. The following assertions are equivalent:

(1) 3C,p>0Vk e NVo € K Vv € S 11 |dE f(z)| < CpFk! M.
(2) There exist vg € S4~1 and r > 0 such that
3C,p>0Vk € NVz € K Yo € B(vg,r) NS4 1 ¢ |dE f(z)| < Cpkk! M.
(3) 3C,p>0Vz € K Vo € N : [0°f ()| < Cplol|a|! M,y
The constants C, p may differ from item to item, but they change in a uniform way
which depends only on r.

Proof. Let us first consider the case d = 2. In this case B := B(vg,r) N S?! is an
open arc I C S1; let £(I) denote the length of I.

(1) = (2) is trivial and (3) = (1) follows easily from (7.1J).

(2) = (3) By a linear change of coordinates, we may assume that the arc I
is symmetric about the y-axis and by shrinking I, we may also assume that its
projection to the y-axis is contained in {(0,y) : 1/2 < y < 1} and that the estimates
in (2) hold also at the endpoints of I. Let (—a/2,a/2) be the projection of I to the
z-axis and let —a/2 =ty < t; < --- <t = a/2 be an equidistant partition. Apply
Lemma, to the system with the k + 1 directions v; = (¢;,s;), 1 =0,...,k,
in I; then 1/2 < s; < 1. The statement about the uniform change of the constants
follows from .

Now we consider the general case.

(1) < (2) The statement follows by applying the 2-dimensional analogue to every
affine 2-plane 7 containing the affine line x + Rvg. The change of the constants C,
p depends only on the length of the arcs defined by the intersection = N B which is
independent of 7.

(1) & (3) By the polarization formula [32, Lemma 7.13(1)], we have

sup |dy f(2)| < [|d* ()], < (2€)* sup |df f(z)]

lv[<1 lv[<1
which entails the assertion. O
7.2. Proof of Theorem Let M = (M) be a non-quasianalytic weight se-

quence. Let X € #1(R?%). The inclusion CM(X) C AM(X) is an easy consequence
of Faa di Bruno’s formula and log-convexity of M (cf. [50, Proposition 3.1]).
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Let us prove AM(X) C cM® (X). A function f € AM(X) belongs to C*°(X), by
Theorem Suppose for contradiction that f ¢ CM @ (X). Then there is a € X
such that for all §,C, p > 0 there exist z € X N B(a,d), v € S, and k € N with

2
(7.4) |d¥ f ()] > CpP R M.

We may assume that @ € 0X (if a € int(X) then the arguments in the proof of [33]
Theorem 3.9] lead to a contradiction). Since X € #1(R?), we may suppose that
there exist € > 0 and a truncated open cone I' = I’(li(r, h) such that

(7.5) for all y € X N B(a,¢) we have y +T' C int(X).

By rescaling, we may assume that r = h = 1. Set C(y,r) := y + Ii(r,r) for
0 < r < 1. There is a universal constant ¢ > 0 such that C(y1,71) N C(y2,72) # 0
if |[y1 — yo| < emin{ry,r2}.

Let A\ \( 0 be the sequence associated with the sequence My, by Lemma
By Proposition [7.2) and (using § 1= cAn11/3, C:= A1, p:= )\ 3), there exist
sequences z, € X N B(a,c\n11/3), v, € S NR.LT, k, € N such that
(7.6) |d5n f(2)] > AT, L M) for all n.

Let us set C, := C(2pn, An). Since |z, — Tpi1] < cAny1, there is a sequence u,, such
that u,1 € Cp N Cpryy for all n. Evidently, x,, and u, are both 1/\,-converging
to a. We may assume that for all n > ng we have C,, C int(X), by (7.5).

Without loss of generality assume that a = 0. Let ¢, (t) = z, + t*A\,v,,. Let
T, and t, be chosen as in , and let ¢ be the function used in the proof of
Lemma 2.4l Define

oft) = o (5 Jentt = tn) + (1= 0 (F)) (Lo (0 + i1 L, 1 (0)

for t € [ty — Th,tn + Ty] (here 14 denotes the characteristic function of the set A);
note that ¢, + T, = tn41 — Thnt1-

n

Extend ¢ by ¢ = 0 on [teo,00). Then ¢ is C* on [tp, — Thy, +00) \ {tec} and
c(tn — Tn) = u, and c(t, + T)) = upt1. By construction, c(t) € Cyp, if t € [t, —
Ty, tn +Ty] and thus c lies in X. Since the curves ¢, as well as u,, satisfy 7 the
proof of Lemma implies that ¢ is a CM-curve.

Then, since f € A>®(X), for all k,

(2k)!

(f o) (t,) = T)‘ﬁdﬁnf(xn)'
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Using ([7.6)), we may conclude

(2kn) - | gk L
(U0 et _ el eyt 1
(2kn)! M2kn ky,! M2Ic" An
as n — oo, contradicting the assumption f € AM(X). O

8. ARC-CM FUNCTIONS ON SUBANALYTIC SETS

Let M = (Mj) be a non-quasianalytic weight sequence. Let X be a simple fat
closed subanalytic set. We will see in this section that AM (X) C C¥(X) for some
other non-quasianalytic weight sequence N which depends only on M and X (in
an explicit way).

8.1. Rectilinearization. We start with some simple observations. For arbitrary
sets Y C R, X C R? we denote by C>®(Y, X) the class of mappings ¢ : ¥ — X
such that ¢; € C>(Y) for all components ¢; = pr; op. Similarly, for CM (Y, X) and
ce(Y, X).
Lemma 8.1. Let X CR? and Y C Re. We have:

(1) If o e C®(Y, X) and A>®(Y) =C>(Y), then ¢* A>®(X) C C=(Y).

(2) If o eC¥(Y, X) and A“(Y) =C¥(Y), then p* A“(X) CC¥(Y).

(3) If p € CM(Y, X) and AM(Y) CCN(Y), then p* AM(X) C CN(Y).

Proof. We prove (1); (2) and (3) work similarly. Let f € A*(X). Assume that
fow & C®(Y). Since C*(Y) = A>®(Y), there exists ¢ € C>®(R,Y) such that
fopocgC®(R,R). But pocisaC>®-curve in X, contradicting f € A*(X). O

Combining this lemma with the rectilinearization of subanalytic sets (see Theo-
rem [5.1)) we conclude the following.

Theorem 8.2. Let M = (M) be a non-quasianalytic weight sequence. Let X C R?
be a fat closed subanalytic set. There is a locally finite collection of real analytic
mappings pq : Uy — R, where the U, are open sets in RY, such that, for all «,

(8.1) PrA®(X) C C® (o7 (X)),
(8.2) PrA“(X) C C2 (021 (X)),
(8.3) Pr AM(X) € CMP (o7 1(X)).

Proof. We use Theorem Since X = int(X), we may assume that, for the
quadrants Q(Io, I, 1) whose union is ¢, (X), we have Iy = (). We claim that
a union Y of quadrants Q(0,7_, 1) is A>®°- and A“-admissible. Furthermore, we
claim that Y satisfies AM(Y') C cM® (Y). Then Lemma implies the result.
A>® -admissibility. By Theorem each Q@ = Q(0,1_,1,) is A>®-admissible.
Any two different quadrants @1, Q2 have non-empty intersection 7 which consists of
a coordinate sector of dimension k € {0,...,d — 1} (for k = 0, 7 = {0}). Suppose
that 7 is a coordinate sector of dimension k. Let v € Q1 U Q2 be any vector
perpendicular to m. Then o, := m 4+ Rv is a k 4+ 1 dimensional closed convex set
contained in @1 U Q2. We may conclude that f|,, € C*(o,). Thus the directional
derivatives dy;, f of f of all orders n at points in m with direction w € U,c0, g, v
exist and are unique. These suffice to compute the partial derivatives of f of all
orders at points in 7. This proves that Q1 UQ> is A*°-admissible. The general case
follows by induction. This also proves that we even have A3 (Y) = C>(Y).
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A“-admissibility. This follows from Theorem [I.16] and the fact that ¥ is A>-
admissible.

Finally we show AM(Y) C cM® (Y). Since we already have A3 (Y) = C>=(Y),
it suffices to check that the estimates (for M@ instead of M) hold for all
f € AM(Y) and for each compact K C Y. This is clear, since f|g € AM(Q) C
cM® (Q), by Theorem for each of the finitely many quadrants Q which make
up Y. ([

8.2. Controlled loss of regularity. Let M = (Mj) be a weight sequence. Recall

that, for positive integers a, M(® denotes the weight sequence defined by M ,ga) =

M.

Proposition 8.3. Let M = (My,) be a non-quasianalytic weight sequence. Let X C
R? be a fat compact subanalytic set. Then there is a positive integer a, independent
of M, such that

(8.4) C=(X) N AM(X) c M (X).

Proof. Let ¢, be the finitely many mappings provided by Theorem We may
assume that the Jacobian determinant of each ¢, is a monomial times a nowhere
vanishing factor. Let f € C=°(X) N .AM(X). By Theorem fops € cM® (Ya)
where Y,, is a union of quadrants in R?. By [3, Theorem 1.4], for each « there
is a positive integer a, such that f is of class cM“ o va(Yy). Tt follows that
fecM® (X), where a = maxy aq- O

For a € Rs¢ we may define the weight sequence M® by M = (My)*. If
M = (M}) has moderate growth (see (2.4)) and a is an integer, then there exists
C = C(a) such that

M < My, < CEME for all k,
i.e., M@ and M*® define the same Denjoy—Carleman class. Note also that M® has
moderate growth whenever M has.

Assume that for each a > 0, the weight sequence M® is non-quasianalytic and
define

AM(X) = [V AM(X) and  CM(X):= ()M (X).

a>0 a>0

Theorem 8.4. Let M = (My,) be a weight sequence of moderate growth such that
M? is non-quasianalytic for all a > 0. Let X C R? be a fat closed subanalytic set.
Then

(8.5) C®(X)NAM(X) = CM(X).
If X is simple, then
(8.6) AM(X) = CM(X).

Proof. The inclusion CM (X) CC>(X) nAM (X) is obvious. The converse inclusion
follows from Proposition |8.3 O

Remark 8.5. Instead of [3, Theorem 1.4] one can also use the results of [15].
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9. APPLICATIONS
9.1. Solutions of real analytic equations.

Theorem 9.1. Let U C R4 be open and let H : U — R be a real analytic function
(not identically zero). Let X C R? be a closed set such that for all z € 0X there
is a closed fat subanalytic set X, such that z € X, C X; e.g. X itself is fat and
subanalytic or a Hélder set. If f € C*°(X) satisfies H(x, f(x)) =0 for all x € X,
then f extends to a holomorphic function on a neighborhood of X in C%.

Proof. Suppose first that X C R? is fat closed subanalytic. As in the proof of
Theorem there is a proper real analytic map ¢ : M — R? with X = p(M).
Then (z,y) — H(p(2),y) is not identically zero. By the classical version of this
theorem, cf. [10], [53], and [38], we may conclude that z — (fop)(z) is real analytic
on M. The proof of Theorem (in Section @ then yields the assertion.

In the general case, fix z € 0X and a closed fat subanalytic set X, with z € X, C
X. Then f|x, € C™(X,) satisfies H(z, f(z)) =0 for all x € X,. Thus, by the first
part of the proof, f|x. extends to a holomorphic function on a neighborhood of X,
in C%. That these local extensions glue to the desired global extension follows from
Lemma [6.1] as in the proof of Theorem [1.16 (]

We obtain the following corollary for Nash functions, i.e., real analytic functions
f: U — R defined in an open semialgebraic set U C R? which satisfy a non-trivial
polynomial equation P(x, f(z)) =0 for all z € U.

Corollary 9.2. Let X C R? be a fat closed semialgebraic set and let f : int(X) —
R be a Nash function whose partial derivatives of all orders extend continuously
to the boundary of X. Then f is the restriction of a Nash function on an open
neighborhood of X.

Proof. The extension of f clearly also satisfies the defining polynomial equation. [J

9.2. Composite real analytic functions. Suppose that ¢ : M — R? is a real
analytic map, where M is a real analytic manifold. Assume that g € C°>*(R?) and
f=gopelCM). Let X := o(M). Our results yield a sufficient condition for
g|x to admit a real analytic extension to some open neighborhood of X.

Corollary 9.3. Let ¢ : M — R be real analytic and such that:

(1) X := (M) is a fat closed subanalytic subset of R.

(2) Each c € C*(R,X) admits a lifting ¢ € C*(R, M), i.e., c=poé.
Then, for each g € C>®(R%) with gop € C*(M), there exists a holomorphic function
G defined in an open neighborhood of X in C? such that g|x = G|x.

Proof. Follows from Theorem [1.16 (]

Conditions for the existence of a smooth solution g of the equation f = go ¢
have been intensively studied; see [5], [9], [7].

Remark 9.4. For instance, the conditions of the corollary are satisfied in the
following situation. Let p : G — O(V') be a coregular finite dimensional orthogonal
representation of a compact Lie group. Let o = (01,...,04) be a minimal system of
generators of the algebra R[V|¢ of G-invariant polynomials. Schwarz’ theorem [52]
(see also [39]) holds that for each G-invariant f € C*°(V) there exists g € C*°(RY)
such that f = goo. The set X = o(V) is closed semialgebraic and fat, by the
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assumption that p is coregular, cf. [47]. Real analytic curves in X admit real
analytic liftings to V, by [I] and [43, Theorem 4]. The corollary implies that every
G-invariant real analytic function f on V is of the form f = g o o, where g is a
holomorphic function defined in an open neighborhood of X in C?. A more general
result (with a different proof) is due to Luna [37].

9.3. Division of smooth functions and pseudo-immersions. Statements
about smooth functions on open sets can sometimes be reduced to correspond-
ing statements for functions of one real variable, thanks to Boman’s theorem [1.4]
This principle extends to A*°-admissible sets. We illustrate this using two selected
examples. The first concerns division of smooth functions:

Theorem 9.5. Suppose that X is a Holder set or a simple fat closed subanalytic
subset of R%. If f,g : X — C satisfy

(1) g, fg, f™ € C*(X,C), and
(2) |f(z)] < Clg(z)|* forallx € X,

for some m € N>1 and C,a > 0, then f € C*(X,C).

Proof. This follows from [29, Theorem 1] which is precisely the case X = R, Theo-
rem and Theorem O

In [29] this theorem (for X = R) was used to prove that certain maps are pseudo-
immersions. A C®°-map p: N — M between C*°-manifolds is a pseudo-immersion
if for each continuous map f : P — N, where P is a C*°-manifold, po f € C*
implies f € C™; see also [28]. Pseudo-immersivity of a smooth map is a local
property. So it is enough to consider germs of smooth maps p : (R™,0) — (R™,0).
By Boman’s theorem the defining universal property must be checked only for
smooth curves: p is a pseudo-immersion if and only if for each (continuous) curve
c¢: R — R™ we have the implication poc € C*® =— c € C*™.

The results of Theorem and Theorem [1.14] entail the following.

Theorem 9.6. Let p : R™ — R™ be a pseudo-immersion. Then the universal
property of p extends to maps f : X — R™, where X C R% is A>®-admissible, in
particular, for X a Holder set or a simple fat closed subanalytic subset of RY.

For instance, if f : X — C is continuous and f2, f3 € C*(X,C), then f €
C*>*(X,C). In addition, by Theorem if at least one of f2 or f3 is real analytic,
then also f is real analytic.

10. COMPLEMENTS AND EXAMPLES

10.1. CM-extensions. Let X C R? be a Holder set or a fat closed subanalytic set.
By Lemma [I.10] Pro position and Theorem [5.6] any function f: X — R which
satisfies Lemma @ 3) extends to a C*°-function on R?. Let us investigate this
in the ultradifferentiable case. For strongly regular weight sequences M there is a
CM version of Whitney’s extension theorem [13].

Lemma 10.1. Let X C R? be a fat compact set either in S (RY) or subanalytic.
Suppose there is a positive integer m and a constant D > 0, such that any two
points x,y € X can be joined by a rectifiable path v in X and

(10.1) £(y)™ < D]z —yl.
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Let M be a weight sequence. Then each f € CM(X) defines a Whitney jet on X of
class CN where Ny, := My, i.e., there exist constants C,p > 0 such that

10.2 f(o‘)x SC’plo“a!NQ, aeN zeX,
||
(10.3) [(RES)*()] < Co™ M al! Npgale —yP 71l peN, Ja| <p, z,y € X,

where

N N f(a+/3
(REF)* () = F ) — > — )’
|BI<p—|al
Proof. Let f € CM(X). Now ([10.2)) is clearly satisfied since we even have
(10.4) £ (z)] < Cp‘o‘||a|!M‘a|, aeNY zeX.

Since f has a smooth extension to R?, f defines a Whitney jet of class C* on X.
We claim that

o))ptHi=lel
(10.5) (o) < QAT )

(p+1-la)!  ¢eo
Ivl=p+1

for any rectifiable path o which joins  and y. Then, by (10.1) and - there
are constants Cy, p; > 0 such that

(a+8)
(RP W) < IBZEDA )+ Y fﬁ—!”@ 2y

p—|a|<|B|<m(p+1)—|c|
< gD =lelgpme+l) o1 Mm(pﬂ)g(a)?n(pﬂ)—la\
m 1 _
+ Oyt )|04|!Mm(p+1)|$ —y|pleltt

1 _
< C’2P;n(pJr )|04|! Mooty lz — yI? ol +1,

([)

that is (10.3)). To see (|10.5) notice that, with TP f(y) := Z\B|<p 7 )(y — )8,
(RE)*(y) = fy) = T2 f O y) = Ty~ f D (y) = 1271 ) ().

By choosing a suitable parameterization, we may assume that o : [0,1] — R? is an
absolutely continuous curve from z to y such that |0/(t)| = ¢(o) for a.e. t. Then

(RPf)~ / O( Tf(t)la‘f(a)(y)) dt

/0 2 g'Zﬂ“*M ()~ o(t) ol dt

|8|=p—]al
By the Cauchy—Schwarz inequality,
d

|3 FeH D o 0)y — o 0) ol(1)] < [V (o (0)o' O]y — o ()] .

Moreover, |y — o(t)| = |o(1) — o(t)| < £(o)(1 —t). Thus

L1 = $yp—lel
(R W) < Vi s @) oy e [ 5 U

— |a)! 1’
e o (p—lal) \ﬁlzpfla\ﬂ

that is (10.5]). O
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Corollary 10.2. Let M = (My) be a strongly reqular weight sequence. For all
X € AN (RY) the functions in CM(X) are precisely the functions which admit a
CM _extension to RY.

Proof. This follows from Lemma and the CM-version of Whitney’s extension
theorem [13], since a bounded Lipschitz set is quasiconvex, i.e., (10.1]) holds with
m = 1; cf. Proposition [3.8 (]

Corollary 10.3. Let M = (My) be a non-quasianalytic weight sequence of mod-
erate growth such that M® is non-quasianalytic for each a > 0. Let X C R be a
closed fat subanalytic subset. Then the functions in CM(X) are precisely the func-

tions which admit a CM -extension to R If X is simple, they are precisely the
functions in AM(X).

Proof. This follows from Theorem [8.4 Theorem and Lemma Indeed,
Lemma implies that each f € CM(X) defines a Whitney jet of class CM on X
(the integer m of Lemma is local but it is absorbed by cM ). The extension
theorem [I4, Theorem 8] yields the required extension to RY. O

10.2. Examples and counterexamples. The following examples complement
the results and indicate their sharpness.

Example 10.4 (Infinitely flat fat cusps are not .4*°-admissible). Let p : [0,00) —
[0,00) be a strictly increasing C*>°-function which is infinitely flat at 0. Consider
the set X = {(z,y) € R? : 2 > 0,0 < y < p(z)} and the function f : X — R
defined by f(z,y) = /22 +y. Clearly, f is C* in the interior of X but 9, f does
not extend continuously to the origin.

On the other hand, f € A*(X). Let 2,y : R = R be C*°-functions such that
(x(t),y(t)) € X for all t € R. To see that f € A*°(X) it suffices to prove that there
is a C°°-function z : R — R such that y = 2%2.

We use the following result due to [29, Theorem 7]: Let ¢, % : R — R be such that
P €C®, pp € C®, and || < ||* for some positive constant . Then ¢ € CL2*.

We apply this result for ¢ = 2 and

_ Jy@®)/x@)*  ifx(t) #0,
7 o if 2(t) = 0.

The assumption 0 < y < p(x) implies that for each n € N there is an interval [0, €,,)
such that for all z € [0, ¢,) one has y < 2?"*2. We may conclude that ¢ is C*" on
the set x71([0,¢€,)). Clearly, ¢ is C* on the set {t € R: x(t) # 0}. Thus ¢ is C*®
everywhere.

Example 10.5 (Necessity of simpleness). Let X; = {(z,y) €R?>:2>0,0<y <
z} and Xo = {(z,y) € R? : 0 < 2 < y/2} and set X = X; U X,. The function f
on X defined by f(z,y) = « if (z,y) € X7 and f(z,y) = y if (z,y) € X2 belongs
to A*(X) but clearly not to C>°(X). This follows from the fact that a C*°-curve
¢(t) in X must vanish of infinite order at each to with c(tp) € X1 N Xz = {0}.
Indeed, suppose that c(t) = tP¢é(t) with (a,bd) := é(0) # 0 and ¢(t) € X5 if t < 0 and
c(t) € Xy if t > 0. If p is even, it follows that b < a < b/2 which entails a = b = 0,
a contradiction. If p is odd, we conclude that 0 < a < 0, b < 0, a < b/2 hence
a =0b=0 again.
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A modification of this example shows that the assumption that X is simple
cannot be replaced by the weaker assumption that each x € X has a neighborhood
U such that U Nint(X) is connected: Let 0 < r < R, consider X := X; U X5 U X3,
where X3 = {(z,y) € R? : 2 > 0,y > 0,22 + y*> > R?}, and multiply f with a
smooth bump function which is 1 on B(0,r) and has support in B(0, R).

Nevertheless we have the following.

Example 10.6. Let X; = {(z,0) € R? : 2 > 0} and X2 = {(0,y) € R? : y > 0}
and set X = X;UX5. Then X is A*-admissible. Indeed, let f € A°°(X). We may
assume without loss of generality that f(0,0) = 1 (by multiplying with or adding
a constant). Now f|x, has a C*°-extension F; to R for i = 1,2, by Theorem [1.13]
and F(z,y) := Fi(x)Fz(y) is a C*™-extension of f.

Example 10.7 (There is no analogue for finite differentiability). This is an inter-
esting consequence of Glaeser’s inequality [22]: for f: R — [0, 00),

F0? <2 =w®), tER.
Indeed, consider the closed half-space X = {z € R? : x4 > 0} and the function
f:X — Rgiven by f(x) = x§+1/2. Then all partial derivatives of f up to order
k extend continuously by 0 to 90X, and the partial derivatives of order k are 1/2-
Holder continuous, but not better, near points of 9X. On the other hand, for each
Ckl-curve ¢ in X with compact support, the composite (f oc)(t) = cq(t) /2 is C*
with
(f o) (t) = Cr(cy(t)*V/ealt) + Di(e(t)),

where t — Dy(c(t)) is Lipschitz. Since \/cq is Lipschitz, by Glaeser’s inequality, we
conclude that f o c is of class C*1.

We want to add that the images of pseudo-immersions (which are not immer-
sions) yield examples of sets X C R which are not .4°°-admissible.

Example 10.8. If gcd(p, ¢) = 1 then the map ¢ : R 3 ¢ + (P, t7) € R? is a pseudo-
immersion, by [27], see also [28], [29], [17], and [2]. Now the function f(z,y) = y*/¢
belongs to A>(p(R)) but has no smooth extension to R2.

The following example shows that there are closed fat sets X C R? which satisfy
(10.6) AX(X) ={f: X = R: [ satisfies [1.10[3) } # C>(X).

Example 10.9. Let X be the complement in R? of the set {(z,y) € R? : z >
0, ly| < e~ ¥/*}. Tt is well-known (cf. [4, Example 2.18]) that there exist functions
f+ X — R which satisfy Lemma [L.10[3), but f & C*°(X).

Let us show that for this X the identity in holds. To thisendlet h: R — R
be defined by h(z) = 0 if < 0 and h(z) = e~/ if 2 > 0. Consider

Xy ={(z,y) eR*: 1y > h(2)} U {(z,y) ER*: 2 < 0}.

Then X4 are 1-sets and hence are A*-admissible, by Theorem [1.13

Suppose f € A®(X). Then f is smooth on int(X). The restrictions f|x,
belong to A (X ), respectively. So all their derivatives extend to the boundary
arcs {(z,y) € R? : @ > 0, +y = h(z)}, respectively. It remains to check that the
extensions of the derivatives of f|x, coincide at the origin. But this is clear, since
they are uniquely determined by the restriction of f to X, N X_.



32 A. RAINER

For the converse suppose that f : X — R satisfies [1.10[3). We have to show that
f ocis smooth for all smooth curves ¢ : R — X. Since X4 are A°°-admissible, this
is clear on the complement of ¢~1(0) in R. Assume that ¢(0) = 0. We claim that
f o c is differentiable at 0 and the chain rule (f o ¢)’'(0) = f/(0)(¢/(0)) holds. The
set X is star-shaped with respect to each point in (—oo, 0].

For each v € X, the curve v(t) := tv lies in X for 0 < ¢t < 1. Moreover,
vs(t) == () + s2(=1 — y(t)) lies in X for 0 < ¢ < 1 and |s| < 1. If s # 0, then
vs(t) € int(X) and hence

TR ZTOCD [ pony @ du= -3 [ e du

t
Letting s — 0 and using 3), we get

FOLZIOO) [yt du

t

This tends to f/(v(0))(v) as ¢t — 0.
Now for 0 < s < 1 and t € R we have s-¢(t) € X. We may apply the last
paragraph for v = ¢(t)/t and obtain

Selt) 10 / ) (22)

which tends to f/(0)(c (O)) since f(uc(t)) — f'(0 ) uniformly on the bounded set
{c(t)/t : t near 0}. This proves the claim.

By iteration we may conclude that f o c is smooth; cf. the proof of [32] Theorem
24.5].
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