SOBOLEV LIFTING OVER INVARIANTS
ADAM PARUSINSKI AND ARMIN RAINER

ABSTRACT. We prove lifting theorems for complex representations V of finite groups G.
Let 0 = (01,...,0,) be a minimal system of homogeneous basic invariants and let d be
their maximal degree. We prove that any continuous map f : R™ — V such that f = oo f
is of class C?~ 11 is locally of Sobolev class W for all 1 < p < d/(d—1). In the case m = 1
there always exists a continuous choice f for given f : R — (V) C C". We give uniform
bounds for the WP-norm of f in terms of the C? %-norm of f. The result is optimal:
in general a lifting f cannot have a higher Sobolev regularity and it even might not have
bounded variation if f is in a larger Holder class.

CONTENTS
(Il.__Introductionl 1
[2. Function spaces| 9
[3.  Finite rotation groups in C| 11
4.  Reduction to slice representations| 12
5. Estimates for a curve in o(V)| 14
6. 'The estimates after reduction to a slice representation| 16
[7. A special cover by intervals| 20
[8._Proof of Theorem 1.1 21
(9. Proof of Theorem [1.4! 27
[10.  @)-valued functions| 28
References 32

1. INTRODUCTION

1.1. Motivation and introduction to the problem. This paper arose from our wish to
understand and extend the principles behind our proof of the optimal Sobolev regularity
of roots of smooth families of polynomials [13, [15, [16, [I7]. Here we look at this problem
from a representation theoretic view point. In fact, choosing the roots of a family of monic
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polynomials
Puo)(Z2) = 2"+ _aj(x)2"7
j=1
means solving the system of equations

wl@) =Y M)
a2($) = Z >‘j1 (w))‘jz ($)

1<j1<j2<n

j=1
for functions \;, j = 1,...,n. In other words, it means lifting the map a = (a4, ..., a,) over
the map o = (01, ...,0,) the components of which are the elementary symmetric functions
in n variables,

Ui(Xla--->Xn) = Z leXj2"'in‘

1<j1 < <ji<n
The map o can be identified with the orbit projection of the tautological representation of
the symmetric group S, on C” (it acts by permuting the coordinates).

In this paper we shall solve the generalized problem for complex finite dimensional repre-
sentations of finite groups. Let G be a finite group. Let p : G — GL(V') be a representation
of G on a finite dimensional complex vector space V. By Hilbert’s finiteness theorem the
algebra of invariant polynomials C[V]% is finitely generated. Let o1,...,0, be a system of
generators, we call them basic invariants, and let o = (o0y,...,0,) be the resulting map
o :V — C". The map o separates G-orbits and hence induces a homeomorphism between
the orbit space V/G and the image o(V'). (Notice that since G is finite and thus all G-orbits
are closed, there is a bijection between the orbits and the points in the affine variety V /G
with coordinate ring C[V]%; in other words the categorical quotient V /G is a geometric quo-
tient.) As a consequence we may identify V/G with o(V') and the canonical orbit projection
V = V/G with o : V — a(V). We will also write G O V for the representation p.

The basic invariants can be chosen to be homogeneous polynomials. A system of homo-
geneous basic invariants is minimal if none among them is superfluous. In that case their
number and their degrees are uniquely determined (cf. [5, p.95]).

Assume that a map f: Q — (V) defined on some open subset 2 C R™ is given. We will
assume that f possess some degree of differentiability as a map into C". The question we
will address in this paper is the following:

How differentiable can lifts of f over o be? By a lift of f over o we mean a
map f: € — V such that f =00 f.

Simple examples show that, in general, a big loss of regularity occurs from f to lifts of f. We
will determine the optimal regularity of lifts among the Sobolev spaces W' under minimal
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differentiability requirements on f. In particular, the optimal p > 1 will be determined as
an explicit function of the maximal homogeneity degree of the basic invariants.

Note that the results do not depend on the choice of the basic invariants since any two
choices differ by a polynomial diffeomorphism.

Our results could be useful in connection with the orbit space reduction of equivariant
dynamical system for lifting the solutions from orbit space (even though it is not clear when
a lifted solution solves the original differential equation). Another application to multi-valued
Sobolev functions is discussed at the end of the paper.

1.2. The main results. The first result concerns the lifting of curves. We recall that, since
G is finite, each continuous a : I +— o(V'), where I C R is an interval, has a continuous lift
a:1—V, by [9, Theorem 5.1].

Theorem 1.1. Let G be a finite group and let G O V' be a representation of G on a finite
dimensional complez vector space V.. Let o = (01, ...,0,) be a (minimal) system of homoge-
neous basic invariants of degrees dy, ..., d, and set d = max; d;. Let a € C¥ 1 ([a, B8], 0(V))
be a curve defined on an open bounded interval («, ) with values in o(V'). Then each con-
tinuous lift @ : (a, B) — V of a over o is absolutely continuous and belongs to WP ((«a, B),V)
with

_ 1/d;
(1) 1@ || Lr((a,3) < C(G OV, (B = ),p) nax 1251l a1t ()
for all1 < p < d/(d—1), where C is a constant which depends only on the representation
G OV, the length of the interval (o, B), and p.

The conclusion of the theorem is in general optimal among Sobolev spaces, the differ-
entiability assumption on a is best possible; see Remark [3.2l Here and below we use the
notation

C M ([a, B, 0 (V) == C Y ([ar, B],CY) Mo (V)P
the Holder class C9 11 is defined in Section [2|

Remark 1.2. (a) In general the constant in (1)) is of the form
C(G O V,p) max{1, (8 — a)'/?, (3 — a)~1F/PrY.

(b) If the curve a starts, ends, or passes through 0 (that is the most singular point in
o(V)), then the constant in (/1) is of the form

(2) C(G O V,p) max{1, (8 — oz)l/p}.

(c) If the representation is coregular, then for all a satisfying the assumptions of Theo-
rem |1.1] the constant is of the form (2)). A representation G OV is called coregular if C[V]¢
is isomorphic to a polynomial algebra, i.e., there is a system of basic invariants without poly-
nomial relations among them. By the Shephard-Todd—Chevalley theorem ([20], [2], [19]),
this is the case if and only if G is generated by pseudoreflections.

(d) The constant is also of the form (2)) if the curve a satisfies a'¥) (a) = a)(B) = 0 for all
j=1,...,d—1.
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Question 1.3. The constant in tends to infinity as p — d/(d — 1) =: d’. Our proof
yields that it blows up like a power of (d’ —p) /P, since we have to iterate the inequality
several times when we pass from L%-(quasi)norm to LP-norm. This is necessary, since the
former is not o-additive. We expect that the asymptotic behavior of the constant as p — d’
is actually better: Is the constant actually O((d' — p)~"/?) as p — d'? Can one replace the
LP-norm of @ by the L% -(quasi)norm in (1)) ?

The lifting of mappings defined in open domains of dimension m > 1 essentially admits
the same regularity as for curves, provided that continuous lifting is possible. However, there
are well-known topological obstructions for continuous lifting in general. We will prove the
following

Theorem 1.4. In the setting of Thwrem let f e C’d_l’l(ﬁ_, a(V)), where Q@ CR™ is an
open bounded box 2 = Iy X - - - x I,,,. Then each continuous lift f : U — V of f over o defined
on an open subset U C Q belongs to WIP(U, V') for all1 < p < d/(d— 1) and satisfies

r l/dj
®) IV o) < C(G OV, m,) a1
for all1 < p < d/(d—1), where C is a constant which depends only on the representation
GOV, onf, m, and p.

The case U = 1 is not excluded! It is clear that Theorem implies a version of the
statement, where (2 C R™ is any bounded open set, U & (0 is relatively compact open in €2,
and the constant also depends on U (or more precisely on a cover of U by boxes contained
in ). Concerning a global result we have the following

Remark 1.5. If G O V is coregular, then Theorem holds as stated for any bounded
Lipschitz domain (2.

When continuous lifting is impossible, we expect that a general BV -lifting result is true
analogous to the existence of BV-roots for smooth polynomials proved in [I7]. We shall not
pursue that question in this paper.

1.3. Linearly reductive groups. An algebraic group G is called linearly reductive if for
each rational representation V' and each subrepresentation W C V' there is a subrepresenta-
tion W' C V such that V =W & W',

For rational representations of linearly reductive groups G Hilbert’s finiteness theorem
is true, that is the algebra of G-invariant polynomials C[V]% is finitely generated. Let
o = (01,...,0,) be a system of generators. Then the map ¢ : V. — (V) C C" can
be identified with the morphism V — V /G induced by the inclusion C[V]¢ — C[V]; the
categorical quotient V J/G is the affine variety with coordinate ring C[V]¢. In general V /G
is not a geometric quotient, that is the G-orbits in V' are not in a one-to-one correspondence
with the points in V /G. In fact, for every point z € V /G there is a unique closed orbit in
the fiber 07!(z) which lies in the closure of every other orbit in this fiber.

In this setting it is not clear if a continuous curve in o(V) admits a continuous lift to
V. The notion of stability in geometric invariant theory provides remedy. A point v € V is
called stable if the orbit Gv is closed and the isotropy group G, = {g € G : gv = v} is finite.
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The set V* of stable points in V' is G-invariant and open in V', and its image o(V®) is open
in V)G = o(V) (cf. [11, Proposition 5.15]). The restriction o : V* — o(V?®) of the map o
provides a one-to-one correspondence between points in o(V*) =2 V*/G and G-orbits in V*,
that is V*/G is a geometric quotient.

Lemma 1.6. Let a : [ — o(V?), where I C R is an open interval, be continuous. Then a
has a continuous lifta: I — V?.

Proof. For every v € o (a(I)) there is a local continuous lift @, of a defined on some
open subinterval I, of I with @,(t,) = v for some point ¢, € [,. This follows from the
lifting theorem [9, Theorem 5.1], since locally at any v the problem can be reduced to the
slice representation of the isotropy group G, which is finite (cf. Theorem . Now each
continuous lift @ of a defined on a proper subinterval J of I has an extension to a larger
interval J* C I. Thus there is a continuous lift on /. Indeed, say the right endpoint ¢; of J
lies in I. There is continuous lift @, : I, — V* for v € o7 (a(t;)). Choose t; € J N I, and
g € G such that a(tg) = ga,(to). Then ga, extends the continuous lift @ beyond t. O

As a corollary of Theorem [I.1] we obtain

Theorem 1.7. Let G be a linearly reductive group and let G OV be a rational representation
of G on a finite dimensional complex vector space V. Let o0 = (o1,...,0y,) be a (minimal)
system of homogeneous basic invariants of degrees dy,...,d, and set d = max;d;. Let a €
C = ([a, 8], 0(V?#)) be a curve defined on a compact interval with a([a, B]) € o(V*). Then
there exists an absolutely continuous lift @ : [a, 5] — V* of a over o which belongs to

WP ([, B], V*) with

—= 1/d;
(4) 1@ || ooy < C(G OV, [a, 8], p) max [|a;|| 2, ,

1<j<n ([e,8])
foralll <p<d/(d—1).

Proof. Since the lifting problem can be reduced to the slice representations (cf. Theorem
and Lemma , and for all v € V* the isotropy group G, is finite, Theorem implies
that for all v € o7 (a([a, B]) there exists a local absolutely continuous lift @, of a defined on
a subinterval I, of [«, 8] which is open in the relative topology on [«, /5] such that

d
1<p<——

_ 1/d;
@1 < CG O VL), p) mase oyl -

1,)’
and there is a point ¢, € I, with @,(t,) = v. By compactness, there is a finite collection
of local lifts which cover [a, 8]. It is then easy to glue these pieces (after applying fixed
transformations from G) to an absolutely continuous lift @ defined on [a, §] and satisfying

(4))- O

For a mapping f defined on a compact subset K of R™ with f(K) C o(V*®) the situation
is more complicated. We can apply Theorem to the slice representations at any point
v € V5. But it is not clear if these local (and partial) lifts can be glued together in a
continuous fashion.
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1.4. Polar representations. More can be said for polar representations (which include
e.g. the adjoint actions). The following results can be found in [3]. Let G be a linearly
reductive group and let G O V be a representation of G' on a finite dimensional complex
vector space V. Let v € V be such that Gv is closed and consider the linear subspace
Y, = {x € V : gz C gv}, where g denotes the Lie algebra of G. All orbits that intersect
¥, are closed, whence dim >, < dim V' J/G. The representation G O V is said to be polar if
there exists v € V with closed orbit Gv and dim ¥, = dim V' /G. Then ¥, is called a Cartan
subspace of V. Any two Cartan subspaces are G-conjugate. Let us fix one Cartan space 3.
All closed orbits in V intersect .

The Weyl group W is defined by W = Ng(X)/Zg(2), where Ng(X) = {g € G : g2 = X}
is the normalizer and Zg(X) = {g € G : gx = z for all € X} is the centralizer of ¥ in G.
The Weyl group is finite and the intersection of any closed G-orbit in V' with the Cartan
subspace is precisely one W-orbit. The ring C[V]¢ is isomorphic via restriction to the ring
C[X]W. If G is connected, then W is a pseudoreflection group and hence C[V]¢ = C[Z]V is
a polynomial ring, by the Shephard—Todd—Chevalley theorem (([20], [2], [19]).

Theorem 1.8. Let G OV be a polar representation of a linearly reductive group G. Let
o= (01,...,0,) be a (minimal) system of homogeneous basic invariants of degrees dy, ..., d,
and set d = max; d;.
(1) Let a € C¥H([a, B],0(V)) be a curve defined on an open bounded interval (., 3)
with values in o(V'). Then there exists an absolutely continuous lift a : (o, ) — V of
a over o which belongs to W'P((a, 8), V) for all1 < p < d/(d— 1) and satisfies (1))
(2) Let f € C4LY(Q,0(V)), where Q € R™ is an open bounded box Q = I} X -+ X I,.
Each continuous lift f defined in an open subset U C Q with values in a Cartan
subspace ¥ is of class WP on U for all 1 < p < d/(d — 1) and satisfies (3)).
(3) In the case that G is connected the constant in is of the form (2) and 2 can be

any bounded Lipschitz domain.

Proof. Apply Theorem and Theorem to the Weyl group W acting on a Cartan
subspace X. If G is connected, then W O ¥ is coregular, so (3) follows from Remark [1.2]and
Remark [L.Al O

1.5. A related problem. In an analogous way one may consider the case that V is a real
finite dimensional vector space and p : G — O(V) is an orthogonal representation of a
finite group. Again the algebra of G-invariant polynomials R[V]% is finitely generated, and
a system of basic invariants o allows us to identify (V') with the orbit space V/G. In this
case o(V') is a semialgebraic subset of R”. In that setting the problem was solved in [14]:

Theorem 1.9. Let G be a finite group and let G OV be an orthogonal representation of G
on a finite dimensional real vector space V.. Let o = (o4,...,0,) be a (minimal) system of
homogeneous basic invariants of degrees dy,...,d, and set d = max; d;.

(1) Let a € CY([a, B],0(V)). Then each continuous lift @ : (o, 3) — V of a over o
belongs to Wh((«a, B), V) with

B 1/d;
|@ |z, < C(G OV, (B~ a)) max ||aj||0/‘i‘]1’1([“ﬁ”'
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Every continuous curve in (V') has a continuous lift.

(2) Let f € C4=11(Q,0(V)), where @ C R™ is open and bounded. Then each continuous
lLft f:U — V of f over o defined on an open subset U C 2 belongs to WL (U, V)
with

_ 1/d,
HVfHL"O(U) <C(GoV,Q,Um) fgjaél HajHCdjl,l(ﬁ)'

In the special case of the tautological representation of S,, on R™ this corresponds to the
problem of choosing the roots of hyperbolic polynomials, i.e., monic polynomials all roots of
which are real; see [13].

The main difference between the complex and the real problem is that in the latter case
the map v — (v,v) = ||v]|? is an invariant polynomial which may be taken without loss of
generality as a basic invariant and thus as a component of the map o. The key is that this
basic invariant dominates all the others, by homogeneity,

d.
75(0)] < ma o ()] o]
Even though we can always choose an invariant Hermitian inner product in the complex case
(by averaging over () and hence assume that the representation is unitary, the invariant form
v+ |[v]|? is not a member of C[V]“. The fact that there is no invariant that dominates all
others makes the complex case much more difficult.

1.6. Elements of the proof. We briefly describe the strategy of the proof of Theorem [I.1]

The basic building block of the proof is that the result holds for finite rotation groups Cjy
in C, where C[C] is generated by z — 2¢ and a lift of a map f is a solution of the equation
z4 = f. This follows from [6]. Among all representations of finite groups G of order |G| it
is the one with the worst loss of regularity, since in general d < |G|, by Noether’s degree
bound, and equality can only happen for cyclic groups. See Section [3]

In the general case we first observe that evidently one may reduce to the case that the linear
subspace V¢ of invariant vectors is trivial. Then Luna’s slice theorem (see Theorem [4.2))
allows us to reduce the problem locally to the slice representation G, O N, of the isotropy
group G, = {g € G : gv = v} on N,, where T,V = T, (Gv)® N, is a G,-splitting. Since in our
case G is finite, we have N, = V. The assumption V¢ = {0} entails that for all v € V' \ {0}
the isotropy group G, is a proper subgroup of G which suggests to use induction.

For this induction scheme to work we need that the slice reduction is uniform in the sense
that it does not depend on the parameter ¢ of the curve a in o(V) C C". We achieve this
by considering the curve

a= (a,;dl/d’“al, . ,a,;d”/d’“an), when ay # 0,
and the compactness of the set of all @ € o(V) such that |a;] <1 for all j =1,...,n and
a, = 1. Let us emphasize that hereby we use a fixed continuous selection a; of the multi-

valued function a,lg/ % which is absolutely continuous by the result for the rotation group

Cy, O C.
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If a € CY([a,B],0(V)) and ty € (o, B) is such that a(ty) # 0, then we choose k €
{1,...,n} dominant in the sense that
1/d 1/d,
a3/ (to)| = max |a"™ (to)| # 0.
It is easy to extend the lifts to the points, where a vanishes, so we will not discuss them here.
We work on a small interval I containing ¢y such that forall j =1,...,nands=1,...,d—1,

HCL;S) HLoo(]) < C(d)|[|—5|ak(t0)|dj/dk7
Lipj(agd*1)> < C(d)’[‘*d’ak(t(])’dj/dk'
This can be achieved by choosing the interval I in such a way that to € I C (o, ) and

MU+ 3" ey Y oy < Blaw(to)[V%,
j=1

where B is a suitable constant which depends only on the representation and the constant M
depends on the representation and the curve a. Notice here we use again absolute continuity
of radicals (i.e. the result for complex rotation groups). Uniform slice reduction allows us to
switch to a reduced curve b : I — 7(W) of class C4~ 11 where H O W is a slice representation
of G OV and the map 7 = (7,...,7,) consists of a system of homogeneous generators for
C[W1H. For convenience we will refer to the tuple (a,I,ty, k;b) as reduced admissible data
for GOV.

The core of the proof (see Proposition is to show that, if (a, I, %o, k;b) is reduced
admissible data for G 9 V, then every continuous lift b : I — W of b is absolutely continuous
and satisfies

181120y < C(dsp) (I an (o) llzoiay + D10V o)
i=1
for all 1 < p < d/(d — 1), where e¢; = deg7;. This is done by induction on the group order
and involves showing that the set of points ¢ in I where b(t) # 0 can be covered by a special
countable collection of intervals on which b defines reduced admissible data for H © W. The
difficult part is to assure that each point is covered by at most two intervals in the collection
(see Proposition which is needed for gluing the local LP-estimates to a global estimate on
I. Tt would suffice that each point lies in no more than a uniform finite number of intervals,
but the crucial thing is that the intervals must not be shrunk (see Remark [7.2)).

1.7. An application: ()-valued functions. In Section [10| we explore an interesting con-
nection between invariant theory and the theory of ()-valued functions. These are functions
with values in the metric space of unordered @-tuples of points in R™ (or C™). There is a nat-
ural one-to-one correspondence between unordered @Q-tuples of points in K" (where K stands
for R or C) and the n-fold direct sum of the tautological representation of the symmetric
group Sg on K®. Using the theory of Q-valued Sobolev functions rooted in variational cal-
culus, cf. [1] and [4], we will show that our main results entail optimal multi-valued Sobolev
lifting theorems. Thanks to the multi-valuedness there are no topological obstructions for
continuity.
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2. FUNCTION SPACES

In this section we fix notation for function spaces and recall well-known facts.

2.1. Holder spaces. Let Q C R™ be open and bounded. We denote by C°(Q) the space of
continuous complex valued functions on Q. For k € NU {co} (and multi-indices ) we set

CHQ) ={feC?:9f e C°(Q),0 < |y| <k},
C*(Q) = {f € C*(Q) : " f has a continuous extension to Q,0 < |y| < k}.

For o € (0,1] a function f : Q — C belongs to C%*(Q) if it is a-Hélder continuous in €, i.e.,

Hold,o(f) :== sup /@) = J)l < 00

ryeQaty [T —Y|*
If f is Lipschitz, i.e., f € C%Y(Q), we write Lipg(f) := Hold; o(f). We define
Cho@) = {f € CH@Q) : 7 f € CO(@), hy| < kY,
which is a Banach space when provided with the norm

£ llon.a @y = maxsup [07 f(x)] + max Holda,o (0" f)-
<k e 7=k

2.2. Lebesgue spaces and weak Lebesgue spaces. Let 2 C R" be open and 1 < p < oo.
Then LP(Q2) is the Lebesgue space with respect to the n-dimensional Lebesgue measure L.
For Lebesgue measurable sets £ C R™ we denote by

|E| = L™(E)

the n-dimensional Lebesgue measure of E. Let p’ := p/(p—1) denote the conjugate exponent
of p with the convention 1’ := co and oo’ := 1.

Let 1 < p < oo and let us assume that €2 is bounded. The weak LP-space LP () is the
space of all measurable functions f : {2 — C such that

1l = sup (v [{z € Q1 |f(2)] > }7) < oo,

It will be convenient to normalize:

11z = 191721 f oy
11w = 12721 f .
Note that [[1[|7,q) = [[1[]},4,e = 1. For 1 < ¢ <p < oo we have (cf. [7, Ex. 1.1.11])

[z < N l2e )
(5) 11w < [ lae < (p—_ q) 1F 1w

and hence LP(2) C LP (Q) C L9(Q2) C L4 (Q) with strict inclusions.
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We remark that || - ||,w,0 is only a quasinorm: the triangle inequality fails, but for f; €

LP () we still have
156 2w il
j=1 =1

There exists a norm equivalent to || - ||, ., which makes L (€2) into a Banach space if p > 1.
The LP -quasinorm is o-subadditive: if Q = J£2; is a countable open cover, then

AN e < D NIy, for every f € LA(9).
J

pb,w,

But it is not o-additive.

2.3. Sobolev spaces. For k € N and 1 < p < oo we consider the Sobolev space
WEP(Q) = {f € LP(Q) : 9°f € LP(2),0 < |a| < &},

where 0 f denote distributional derivatives, with the norm

Hf”kaP(Q) = Z ||3af||Lp(Q)-

lal<k

On bounded intervals I C R the Sobolev space W!(I) coincides with the space AC([)
of absolutely continuous functions on I if we identify each Wl!-function with its unique
continuous representative. Recall that a function f : 2 — C on an open subset 2 C R is
absolutely continuous (AC) if for every € > 0 there exists § > 0 such that for every finite
collection of non-overlapping intervals (a;, b;), i = 1,...,n, with [a;, b;] C Q we have

lai—bil<d = > |fla)— fbi)| <e
=1 i=1

Notice that W1>°(Q) =2 C%}(Q) on Lipschitz domains (or more generally quasiconvex do-
mains) €.
We shall also use VVlk’p AC)., etc. with the obvious meaning.

oc?

2.4. Vector valued functions. For our problem we need to consider mappings of Sobolev
regularity with values in a finite dimensional complex vector space V. Let us fix a basis
vy,...,v, of V and hence a linear isomorphism ¢ : V' — C". We say that a mapping
f:Q — Vis of Sobolev class W*? if po f is of class W*P. The space W*P(Q, V) of all such
mappings does not depend on the choice of the basis of V.

For f=(f1,...,fa) : Q@ — C" we set

(6) 1 llwsrcny =Y 1 fillwene):
j=1

If feWrkP(Q V), f#0, and p,9 : V — C" are two different basis isomorphisms, then

o fHkaP(Q,(C")

S <cC
|40 f||Wk«p(Q,<Cn)




SOBOLEV LIFTING OVER INVARIANTS 11

for positive constants ¢, C' > 0 which depend only on the linear isomorphism o1 ~t. We will
denote by || f|lwrr,vy or simply || f|[wrr) any of the equivalent norms | o fllwercny-
Now suppose that we have a representation p : G — GL(V) of a finite group G on V. By
fixing a Hermitian inner product on V' and averaging it over G we obtain a Hermitian inner
product with respect to which the action of G is unitary. We could equivalently define

1/p
1 llweri@) = Ifllwesiary == D ( / |0 f117dz)

| <k

where || - || is the norm associated with the G-invariant Hermitian inner product. In that
case || f|lwrr(q,v) is G-invariant.

2.5. Extension lemma. The following extension lemma simply follows from the C-valued
version proved in [16]. Similar versions can be found in [I5, Lemma 2.1] and [6, Lemma 3.2].

Lemma 2.1. Let V' be a finite dimensional vector space. Let 2 C R be open and bounded,
let f:Q — V be continuous, p > 1, and set Qy := {t € Q : f(t) # 0}. Assume that
flag € AC1c(0, V) and flo, € LP(0, V). Then the distributional derivative of f in Q is a
measurable function f" € LP(Q, V) and

(7) 1/ e vy = 1 f Lo lze(o.v)s
where the LP-norms are computed with respect to a fixed basis isomorphism.

3. FINITE ROTATION GROUPS IN C

Let Cy = Z/dZ denote the cyclic group of order d and consider its standard action on C
by rotation. Then C[C]% is generated by o(z) = z%. A lift over ¢ of a function f: Q — C
is a solution of the equation z¢ = f.

The solution of the lifting problem in this simple example is completely understood. We
shall see that the general solution is based on this prototypical case. Interestingly, it is also
the case with the worst loss of regularity.

The following theorem is a consequence of a result of Ghisi and Gobbino [6].

Theorem 3.1. Let d be a positive integer and let I C R be an open bounded interval.
Assume that f : I — C is a continuous function such that f@ = g € CT5(I). Then we
have f' € L (1) and

. _ d ’
(5) 1t < Clymass { (Lip (g2) 117 [/ 1/2) )
In other words any continuous lift f over o(z) = 2% of a curve in C4V(I,0(C)) =

C4=11(T) is absolutely continuous and f’ € L% (I) with the uniform bound (§).

Remark 3.2. This result is optimal: in general, f’ is not in L even if g is real analytic
(consider g(t) = t). On the other hand, if g is only of class C4~1#(T) for every 8 < 1, then
f does in general not need to have bounded variation in I (see [0, Example 4.4]).

Remark 3.3. If we consider the real representation of Cy; on R? by rotation, basic invariants
are given by

ov(z,y) = 2%, oa(n,y) = Re(2), oy(z,y) = Im(=%), where ==z +iy,
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with the relation 0¢ = 02 + 03. Let f be a map that takes values in o(R?), where o =

(01,02,03), and which is smooth as a map into R3. Then the constraints f has to fulfill , in
contrast to the complex case where there are no constrains, give reasons for the more regular
lifting in the real case (cf. Theorem |1.9)).

For instance, suppose that f is a smooth complex valued function. By Theorem and
the previous paragraph, the equation z¢ = f has a solution of class W provided that
| f]?/? is of class C?~11. Observe that for d = 2 and f > 0 this condition is automatically
fulfilled; it corresponds to the hyperbolic case.

4. REDUCTION TO SLICE REPRESENTATIONS

Let G O V be a complex finite dimensional representation of a finite group GG. Suppose that
o = (01,...,0,) is a system of homogeneous basic invariants. Let V¢ = {v € V : Gv = v}
be the linear subspace of invariant vectors. It is the subspace of all vectors v for which the
isotropy subgroup G, = {g € G : gv = v} is equal to G.

4.1. Removing invariant vectors. Since finite groups are linearly reductive, there exists
a unique subrepresentation V/ C V such that V = V¢ @ V' (cf. [5, Theorem 2.2.5]). Then
ClV]¢ = C[VE] @ C[V']¢ and V/G = VY x V'/G. A system of basic invariants of C[V]%
is given by a system linear coordinates on V¢ together with a system of basic invariants of
C[V’]%. Hence the following lemma is immediate.

Lemma 4.1. Any lift f of a mapping f = (fo, f1) in VE x V'/G has the form f = (fo, f1),
where f is a lift of fi.

Consequently, we may assume without loss of generality that V¢ = {0}.

4.2. Luna’s slice theorem. Let us recall Luna’s slice theorem. Here we just assume that
V' is a rational representation of a linearly reductive group G. The categorical quotient 7 :
V — V /|G is the affine variety with the coordinate ring C[V] together with the projection
7 induced by the inclusion C[V]¢ — C[V]. In this setting 7 does not separate orbits, but
for each element z € V /G there is a unique closed orbit in the fiber 771(2). If Gv is a

closed orbit, then G, is again linearly reductive. We say that U C V is G-saturated if
7 (#x(U))=U.

Theorem 4.2 ([10], [I8, Theorem 5.3]). Let Guv be a closed orbit. Choose a G,-splitting
T,(Gv) ® N, of V=T,V and let ¢ denote the mapping
G xg, Ny =V, lg,n] — glv+n).

There is an affine open G-saturated subset U of V' and an affine open G,-saturated neigh-
borhood B, of 0 in N, such that

v:GXxg, B, = U
and the induced mapping
¢: (G xg, B, G —UJG
are étale. Moreover, ¢ and the natural mapping G X, B, — B, /|G, induce a G-isomorphism
OfG X G Bv with U Xvuya (Bv//GU>



SOBOLEV LIFTING OVER INVARIANTS 13

Corollary 4.3 ([10], [18, Corollary 5.4]). In the setting of Theorem Gy 1is conjugate
to a subgroup of G, for all y € U. Choose a G-saturated neighborhood B, of 0 in B,
(classical topology) such that the canonical mapping B, )G, — U//G is a complex analytic
isomorphism, where U = 7= Y(p((G x @, By)//G)). Then U is a G-saturated neighborhood of
vand p: G Xg, B, — U is biholomorphic.

4.3. Uniform slice reduction. Let {7;}I", be a system of generators of C[N,]* and let
T=(T1,.-.,Tm) : Ny = C™ be the associated mapping. Consider the slice

9) S, == v+ By,

where B, is the neighborhood from Corollary .

Lemma 4.4. Let a = (ay,...,a,) be a curve in o(V) with a; # 0 and such that the curve
a = (ak’dl/d’“al, . ,ak’dn/d’“an)

lies in o(U,), where U, is a neighborhood of v in S,. Composition of the curve a — o(v) with
the analytic isomorphism of Corollary[4.d gives a curve b= (b, ...,b,,) in 7(U, —v) and

b= (b, by) = (a5 ™y, .. a o/ %b,), e = degm,
is a curve in 7(N,). If b is a lift of b over T then
(10) a,i/d"v +b
1s a lift of a over o.
Proof. The curve a,zl/ %} is a lift of b over 7, indeed by homogeneity,
Ti(a,zl/d’“l_)) = a,:ei/d’“n(l_)) = a,;e"’/d’“bi =b;.

Thus az~"/%b+wv is a lift of a over 0. By homogeneity, we find o;(b+a"/%v) = a;%/%a, = a;
as required. [l

The following lemma shows that the maximal degree of the basic invariants does not
increase by passing to a slice representation. It can be shown in analogy to [8, Lemma 2.4]
or [I4].

Lemma 4.5. Assume that the systems of basic invariants {o;}j_, and {7;}{~, are minimal
and set e := max; e; = max; deg 7;. Then e < d.

In order to make the slice reduction uniform, we consider the set
(11) K= (U {(ay, .. a,) €C" iy =1, |a;| <1 for j # k}) No(V)
k=1

which is compact, since (V') is closed. For each point p € K choose v € 0~ '(p). Then the
collection {o(U,)} for all such v is a cover of K by sets o(U,) that are open in the trace
topology on (V') and on which the conclusion of Lemma holds. Choose a finite subcover

(12) B := {Bs}tsea = {0(Us;) }sea-
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Then there exists p > 0 such that for every p € K there is a § € A such that
(13) By(p)no(V) C B;,
where B,(p) is the open ball with radius p centered at p.

Definition 4.6. We refer to this data as the uniform slice reduction of the representation
G OV, in particular, we call p > 0 from the uniform reduction radius.

5. ESTIMATES FOR A CURVE IN o(V)

In the next three sections we discuss preparatory lemmas for the proof of Theorem
which is then given in Section

5.1. An interpolation inequality. For an interval I C R and a function f : I — C we set

Vi(f) = sup [f(t) = f(5)| = diam f(7).
,8€
Lemma 5.1 ([16, Lemma4]). Let I C R be a bounded open interval, m € Ny, and a € (0, 1].
If f € C™(I), then for allt € I and s =1,...,m,

LSOO < CHI> (Vi) + Vi) e (Hald, r (f0)) /1),
for a universal constant C' depending only on m and .

5.2. The local setup. Let G © V be a complex finite dimensional representation of a
finite group G. Assume V¢ = {0}. Let o = (01,...,0,) be a system of homogeneous basic
invariants of degrees dy, ..., d, and let d := max; d;. Let a € C* 1 (1,0(V)), where I C R

is a bounded open interval.
It will be crucial to consider the radicals ajl/ 4

by the following remark.

of the components a; of a which is justified

Remark 5.2. Every continuous selection f of the multi-valued function a;/ % s absolutely

continuous on I, by Theorem [B.1] (Clearly, continuous selections exist in this case.) More-
over, || f'||iry is independent of the choice of the selection. Indeed, if g is a different contin-
uous selection then on each connected component J of I\ {¢ : a;(t) = 0} the functions f and
g just differ by multiplication with a fixed d;-th root of unity. Thus || f'||z1) = 9|22
The C-valued version of Lemma implies that || f'||o1y = 19| 2 (1)

d;

Henceforth we fix one continuous selection of a; and denote it by

deI—>C

/% We will also consider the absolutely continuous curve

as well as, abusing notation, by a;
a=(ay,...,a,): 1 —C"
Suppose that to € [ and k € {1,...,n} are such that
(14) a(to)| = ua a(t0)| # 0.
Assume further that, for some constant B < 1/3,
(15) 8"l () < Bla(to)]
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In accordance with (6), [|a'|| 1y = Y27 @511y

Deﬁnit_ion 5.3. By admissible data for G & V me mean a tuple (a, I, ty, k), where a €
C¥H(I,0(V)) is a curve in o(V) for a representation G O V with VG {0} defined on an
open bounded interval I such that to € I and k € {1,...,n} satisfy (14) and (L5).

5.3. The reduced curve a. Let (a, I, ty, k) be admissible data for G O V. We shall see in
the next lemma that a; does not vanish on the interval I and so the curve

(16)  a:I—{(ay,...,a,) €C":qy =1}
— d/d —dn/dg _ 1 \di —1, \dn
ta(t) = (a, "% a1, ..., q an) (t) = ((ag "a1)™, ..., (a5 a,) ™) (t)
is well-defined. The homogeneity of the basic invariants implies that a(I) C o(V).
Lemma 5.4. Let (a,I,to, k) be admissible data for G O V. Then for allt € I and j =

1,...,n,
(17) |a;(t) — a;j(to)| < Blax(to)l,
2 (1) 4
18 Z<1-B< ‘<1 B<-:,
(18) 3 Slai)l = TP 3
. 4. . .
(19) |a;(t)] < g!ak(to)! < 2|ag(t)].

The length of the curve a is bounded by 3d*2¢B.
Proof. First is a consequence of ,

t
a,(6) — a;(to)| = | / i ds| < 111 < Blan(to).
to

Setting j = k in easily implies (18). Together with (14), the inequalities and

give . In order to estimate the length of a observe that
Q;‘ = at«ak ay) ) = d;(a, a])d 1(“121%‘ dlfdjd;e)'
Since |a, 'a,| < 2, by , and thanks to ([18) we obtain
laj] < 3d 2% a(to)| ™ (|a;] + |ak])-
Consequently, using ,

/|g’\ ds < 3d*2'B,
I

as required. O
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6. THE ESTIMATES AFTER REDUCTION TO A SLICE REPRESENTATION
6.1. The reduced local setup. Let (a, I, g, k) be admissible data for G © V such that for
allj=1,...,nand s=1,...,d — 1,
a7l 2=y < C@|lan(to)|
)

(20) )
Lip; (a{™) < C(d)|T]7%)an(to) |

Additionally, we suppose that the curve a (defined in (16])) lies entirely in one of the balls
B,(p) from (13). By Lemma , we obtain a curve b € C V(T 7(W)), where H O W with
H =G, and W = N, is a slice representation of G O V and

(21) by = aS " (ay ™ ay, . a ™ ™ay), i=1,...,m,

where e; = degt; and the v; are analytic functions which are bounded on their domain
together with all their partial derivatives (this may be achieved by slightly shrinking the
domain).

In accordance with Remark [5.2| we denote by

a fixed continuous selection of b; /% Sometimes it will also be convenient to use just the
symbol b)/“ for b;. We set

b= (b, b) T =T
Hence can also be written as

~€e;

—d ~—d ~es
by = api(a, ™ ay, ..., a4, "a,) = a5 - ;o a.

Thanks to Lemma [4.1| we may assume that W = {0}.

Definition 6.1. By reduced admissible data for G O V me mean a tuple (a, I, g, k; b), where
(a,I,to, k) is admissible data for G O V satisfying such that a lies entirely in one of the
balls B,(p ) from and b € C¥H1(I,7(W)) is a curve resulting from Lemma [4.4 and thus

satisfies
The goal of this section is to show that the bounds are inherited by the curve b on
suitable subintervals. This requires some preparation.

6.2. Pointwise estimates for the derivatives of b on I.

Lemma 6.2. Let (a,l,ty,k;b) be reduced admissible data for G O V. Then for all i =
l,....mands=1,...,d—1,

15| oo (1) < CI| %[ (to)],
Lip, (b)) < C|117%ax(to)[*,

(22)

where C' is a constant depending only on d and on the functions ;.
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Proof. Let us prove the first estimate in . Let F be any Cfunction defined on an open
set U C C" that contains a(I) and assume || F|| car) < 0o. We claim that, fors = 1,...,d—1,

(23) 107 (F o a)|lpe~y < CII|7%,

where C' is a constant depending only on d and [|F'[|cag. For any real exponent r, Faa di
Bruno’s formula implies

(24) o2 (a;) _ Z Z Cortr a;—éa§71) .. .agfnf)
0>1 el (,5)

where I'((,s) = {y € N, : |y| = s} and
s!
Cytr = i r(r—1)---(r—£0+1).

By and n this implies for j =k

|WSak|uwf<:§j S e lap eemllay e - lal” L=
£>1 ’yEF (¢,s)
Zj}jwwmmoTW|mmm
£>1 ~eT(¢,s)
(25) < C(d)|1|*|ax(to)]"-

Together with the Leibniz formula,

83( —d; /dka]) _ Z (3> agq)affq (a/];dj/dk)7

q=0 q
and lead to
(26) 105 (™™ a3) | ey < CLA) |
Again by the Leibniz formula,

n

O(F oa) =Y ((9;F) 0 a) dy(a, " "a;),

j—l

0;(Foa)= ZE)S 1( ((0;F) 0 a) 8 (a d/d’“a])>

n s—1

—ZZ< ) ((9;F) 0. a) 37 (a, """ ay).

j=1 p=0

For s = 1 we immediately get (23 . For 1 < s <d—1, we may argue by induction on s. By
induction hypothesis,

107 ((0;F) 0 a)||lL=(ry < C(d,
forp=1,...,s— 1. Together with (26) this entails .

os@) ™",
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Now the first part of is a consequence of (21)), (for r = e;/d}), and (applied
For the second part of observe that for functions fi,..., f,, on I we have

Lipy(ffa++ fn) € SO Lipg (sl - | Fliminy - [ =y

Applying it to (24)) and using
Lip;(a]~") < [r — €lllaj™ iz )| ey
we find, as in the derivation of ([25)),
Lip; (9" (a})) < C(d, )|~ ax(to)["
As above this leads to
Lip; (0" (% a;)) < C(@)|1| ™

and
Lip; (/7 (F 0 a)) < C(d. || Fllca)) ™,
and finally to the second part of . OJ

6.3. Integral bounds for V. Recall that e = max; e; = max; degr; and ¢/ =¢e/(e — 1).

Corollary 6.3. Let (a,I,to, k;b) be reduced admissible data for G O V. Then, for all
1<p<eandali=1,...,m,

(27) 160 2ory < CHI e (to)],
for a constant C which depends only on d, p, and the constant in .
Proof. Notice that, by Lemma , we have e < d. By and ,
1 €5 . eifl 1/ 7 e’ 1 €;
oot = N Nl < O e mac { (Limy (o) )2 )
< CHTH (b)),

21
16

or equivalently,
16012 . < CHI™an(to)]-

e} w,I
This entails in view of . O

6.4. Special subintervals of I and estimates on them. Let (a,I,ty, k;b) be reduced
admissible data for G O V.
Suppose that t; € [ and ¢ € {1,...,m} are such that

(28) ba(t)] = masx [bi(t2)| 0.

By and ,foralltelandizl,...,m,
(29) 0:(8)] < Chlan(to),
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where the constant C; depends only on the functions ;. Thanks to (29) we can choose a
constant D < 1/3 and an open interval J with ¢; € J C I such that

(30) I aw (o)l + 181210y = Dlbe(t)],

where HB’HU ) = Do . ”b/HLl . Tt suffices to take D < C; ' where () is the constant in

(29). Here we use that b; is absolutely continuous, by Theorem .
We will now see that on the interval J the estimates of Section [5| I hold for b; instead of a;.

Lemma 6.4. Let (a,I,to, k;b) be reduced admissible data for G O V. Assume that t; € I
and ¢ € {1,...,m} are such that holds and let D and J be as in . Then, for all
teJandi=1,...,m,

(31) |bi(t) — bi(t1)] < Dlb(t1)],
2 be(t) 4
32 z 1—D<‘A—‘<1 D<=z
(32) 3 < <z <1+D< 3
. 4 . .
(33) [bi(0)] < S lbe(t2)] < 2[be(t)].

The length of the curve
(34) T3t b(t) = (b, br, . b by ) (8) = (07 00), . (b ) em) (1)
in (W) is bounded by 3¢22°D. For alli=1,...,m and s=1,...,d—1,

150 2y < CLI et
Lip, (5"™) < CLI|™be(t2)]
for a universal constant C dependmg only on d and ;.

Proof. The proof of 1 is analogous to the proof of Lemma ; use and
instead of ( and The bound for the length of the curve J > t +— b(t) (which is

well- deﬁned by 1 follows from ({30} ; see the proof of Lemma [5.4]
Let us prove (35} Byforz—l mands—l ,d—1

||bi8)||L°°(1) < c|f|-8|ak<to>|ez
Lip; (b\'™V) < €1~ a(to)|*,

where C' = C(d, ¢;). Recall that e < d.
For s > e; (including the case s = d), we have (|J]|I|7')* < (JJ||I|7")% and thus

17 (to) < [J17* (111 an(to) ) < 117 [be(ty)]"

where the second inequality follows from (30f). Hence implies .
For t € J and s < ¢,

()] < CLI17* (Vi (bi) + V(b))% (Lip, (0 ))*“[J]*) by Lemma [5.1]
< 01|J|—S(|be<t1>|6i + |be<t1>|@i-S|J|S|f|-S|ak<to>|S) by (83) and
< Co| |72 |be(t1)]° by (30),

(35)

Y

(36)

)
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for constants C' = C(e;) and Cy, = Ci,(d, ¢y). O

7. A SPECIAL COVER BY INTERVALS

In the proof of Theorem we shall have to glue local integral bounds on small intervals
which result from the splitting process to global bounds. In this section we present a technical
result which will allow us to do so.

Let us suppose that H O W is a complex finite dimensional representation of a finite
group H, 7 = (11, ...,7,) is a system of homogeneous basic invariants of degree e; = deg 7;,
and e := max; e;.

7.1. Covers by prepared collections of intervals. Let I C R be a bounded open interval
and let b € C*~YY(I,7(W)). For each point ¢; in

I''=I\{tel:b(t)=0}

there exists £ € {1,...,m} such that (28). Assume that there are positive constants D < 1/3
and L such that for all ¢; € I’ there is an open interval J = J(¢1) with t; € J C I such that

(37) LI 4 18]l 11¢) = Dlbe(tr)].

Note that and imply (cf. the proof of Lemma ; in particular, we have
JCTI.

This defines a collection Z := {J (1) }+,err of open (in the relative topology) intervals which
cover I'. We will prepare this collection in the following way. Let us consider the functions

0 (s) = L(s —t) + 1Vl s>t
Ot~ (8) = L(t; — s) + ||[;,||L1((s,t1])7 s < ty.

Then ¢y, + > 0 are monotonic continuous functions defined for small £(s — ¢;) > 0 and

satisfying ¢y, 1+ (t1) = 0.
Fix t; € I'. Thanks to there exist s_, s; € R such that

Sﬁtl,—(s—) + 90t1,+(3+) = D‘i)é(tl)’

and J(t1) = (s_,s;). But there may also be a choice s’ ,s", € R such that this occurs
symmetrically, that is

(38) o (1) = a1 (51) = lbe(tr)].

If such a choice s”_, s/, € R exists, we replace J(t;) in the collection Z by the interval (s’, s’ ).
(In [16] we said that these are intervals of first kind.) If such a choice does not exist, then
we leave J(t1) in Z unchanged; this happens when we reach the boundary of the interval I
before either ¢y, _ or ¢y, 4 has grown to the value (D/2)|b(t1)]. (These intervals were said
to be of second kind in [16].)

If a collection Z satisfies this property, we say that it is prepared.
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7.2. A special subcollection of intervals.

Proposition 7.1. Let I C R be a bounded open interval. Let b € C*~VY(I,7(W)). For each
point ty in I’ fir £ € {1,...,m} such that holds. Let T = {J(t1)},er be a collection of
open intervals J = J(t1) with t; € J C I' such that:

(1) There are positive constants D < 1/3 and L such that for all t; € I' we have (37)

for J = J(t1).

(2) The collection T is prepared as explained in Section .
Then the collection T has a countable subcollection J that still covers I' and such that every
point in I’ belongs to at most two intervals in J. In particular,

>l <21

JeJg
Proof. Tt follows from the proof of [16, Proposition 2]. O

Remark 7.2. It is essential for us that J is a subcollection and not a refinement; by
shrinking the intervals we would lose equality in . We will need this proposition for
gluing local LP-estimates to global ones.

8. PROOF OF THEOREM [I.1]

The proof is based on uniform slice reduction and induction on the order of G. We will
apply the following convention:

We will no longer explicitly state all the dependencies of the constants. Hence-
forth, their dependence on the data of the uniform slice reductions will be sub-
sumed by simply indicating that they depend on the representation G O V.
This includes the choice of o: different choices of the basic invariants yield
different constants. The constants which are uniform in this sense will be
denoted by C = C(G O'V) and may vary from line to line.

Outline of the proof. The proof of Theorem is divided into three steps.

Step 1: We check that for any a € C?11([a, 8], 0(V)) and all points ¢y € («, 3), where
a(ty) # 0, we can find k and a suitable interval I such that (al|r, I, to, k; ), where b is
obtained by Lemma is reduced admissible data for G O V.

Step 2: The reduced admissible data (a|;, I, o, k;b) represents the hypothesis of the
inductive argument which is the heart of the proof. It will show that every continuous
lift of b is absolutely continuous on I and it will give an LP-bound for the first
derivative of the lift on I.

Step 3: We assemble the proof of Theorem The local bounds will be glued to
global bounds for lifts of the original curve a.

Step 1: The assumptions of Theorem [1.1] imply the local setup of the induction.
Assume that V¢ = {0}. Let a € C¥ 5 ([a, 8],0(V)). Let p be the uniform reduction radius
from ([13)). We fix a universal positive constant B satisfying

(1 p
(39) B<m1n{§,3d22d}.
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Fix tg € (o, B) and k € {1,...,n} such that
(40 o)) = uas [a(10)] #0

This is possible unless @ = 0 in which case nothing is to prove. Choose a maximal open
interval I C (o, 5) containing ¢y such that

(41) MUI|+ (1@ [y < Blax(to)],
where
(42) M = filjaéL(LipI(agd—l)))l/d|&k(to)|(d—dj)/d_

Consider the point p = a(to), where a is the curve defined in (16). By (40)), p is an element
of the set K defined in . By the properties of the uniform slice reduction specified in
Secti, the ball B,(p) is contained in some ball of the finite cover B of K. By Lemma
and (39)), the length of the curve a|; is bounded by p. Thus

(43) b e C VI, 7(W)) is obtained by Lemma |4.4 and satisfies (21]).

Lemma 8.1. Assume that V¢ = {0}. Let (o, 8) € R be a bounded open interval and let
a € C (o, Bl,0(V)). Let B be a positive constant satisfying (39). Let ty € (o, 3) and
k € {1,...,n} be such that holds. Let I be an open interval with ty € I C («a,f)
satisfying and b the reduced curve from ([A3)). Then (a|;,I,to, k;b) is reduced admissible
data for G OV.

Proof. Tt remains to prove , ie forallj=1,...,nands=1,...,d—1,
a5 2= < C U1 lan(to)|*,

Lip(aj’ ") < O™ Jan(to)|*,

for C' = C(G O V). The second bound is immediate from (41)). Let ¢ € /. By Lemma [5.1]
S —s —S . d— s s
a5 ()] < CITI7* (Vilay) + Vila) " Lip; (af' ") | 1]%).
By (it is clear that (alr, I, %o, k) is admissible data for G O V),
Vi(az) < 2lajll =) < 2(4/3)%ar(to)|*,

and, by ,

max (Lipy (') i (to) |41 = lan(to)| *M|T* < 1.

Thus
0l (8)] < CIT|™*|ax(t)| (C1 + Ca Lipy (af*™)/ay (to) |~/ 1)
< Cy|1|™*|a(to)|,

for constants C; that depend only on d. So (20)) is proved. O
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Step 2: The inductive argument. The heart of the proof of Theorem [I.1]is the following

Proposition 8.2. Let (a,1,to, k;b) be reduced admissible data for G O V. Then every
continuous lift b € C°(I, W) of b is absolutely continuous and satisfies

. o .
(44) Bllzvay < € (1117 e(to) oy + 181 zvcry ).
for all 1 < p < d and a constant C' depending only on G OV and p.

Remark 8.3. Notice that we bound the LP-norm of the derivative of a general lift b by the
LP-norm of the derivatives of the lifts b; for the standard action of rotation in C.

Proof of Proposition[8.9. We proceed by induction on the group order.
Induction basis. Proposition trivially holds, if the slice representation H © W is trivial.

In that case C[W]# = C[W] and any system 7 = (7,...,7,) of linear coordinates is a
minimal system of generators. Hence 7 : W — C™ is a linear isomorphism. Moreover,
€1 =€y =+ =¢e, =ec=1whence b; = b; for all i. Any lift of b € C¥11(I 7(W)) is of the

form b = 7! o b and thus is trivially satisfied.

Inductive step. Let us set

I''=T\{tel:bt)=0}.
For each t; € I’ choose £ € {1,...,m} such that holds. By Section , there is an open
interval J = J(t1), t; € J C I’, such that (30), i.e.,

I an(to)] + 116 ll1s) = Dlbe(t1)].

The constant D can be chosen sufficiently small such that the length of the curve b|; is
bounded by the uniform reduction radius o of the representation H O W. It suffices to take

. (1 o 1
(45) D<m1n{§,@,01 },
where (' is the constant in . This follows from Lemma , and the arguments in Section

[4.3] and in Step 1 applied to b.

Then Lemma 4.4] provides a curve ¢ € C451(J, w(X)), where K O X is a slice represen-
tation of H O W, m = (my,...,m,) is a system of homogeneous basic invariants with degrees
fi,..., fq, and f = maxy, f,. The components of ¢ satisfy

(46) cn = b 0,6, by, b ), h=1,... g,
for suitable analytic functions ;. We adopt our usual convention that
cp:dJ—C

denotes a fixed continuous selection of c,ll/ I

¢=(¢1,...,8,):J = C.

In view of Lemma we conclude that (b, J,t1,¢; ) is reduced admissible data for H O W.

By Proposition (where plays the role of (37))), we may conclude that there is a
countable family {(J,,t,,¢,,c,)} of open intervals J, C I', of points t, € J,, of integers
¢, e{1,...,m}, and reduced curves ¢, such that, for all ~,

and set
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o (b, J,,ty,Ly;cy) is reduced admissible data for H O W,

e we have
(47) | T aw(to)| + 18] 2,y = Dlbe, (t,)],

e and

(48) Ud =1 Sl <2r).
Y

o

Let b € C°(I,W) be a continuous lift of b. Fix v and let K 9 X be the corresponding
slice representation of H O W. Since H is a finite group, we have W = X. With this
identification and the decomposition X = X® @ X’ we may deduce that the component of
bin X' is a continuous lift of ¢y on the interval J,. To simplify the notation we will assume
without loss of generality that X% = {0} and that b is a lift of ¢, on the interval J,.

The induction hypothesis implies that b is absolutely continuous on J, and satlsﬁes

—/ _ i A
(49) 1811200y < € (117 e, ()l aoay + 1 o).

for all 1 < p < ¢, where C' is a constant depending only on H ¢ W and p.

LP-estimates on I. To finish the proof of Proposition we have to show that the esti-
mates (49)) on the subintervals J, imply the bound on I. To this end we observe that
Corollary (applied to (b, Jy,t,,€;cy)) implies that, for all p with 1 <p < f7,

(50) ey < CLI 1 e, (£9)]

for a constant C' that depends only on H O W and p.
Now ([50|) and allow us to estimate the right-hand side of :

151~ be, (E) Wy + 1N 00,y = 131~ be, ]+ 1, 1y
< C | b, (t5))]
- op—l(||u|—1|ak<to)|\lzw + HE’H"‘M)
< D7 (It oy + 18100,
and therefore
GU I e, EW e,y + 16 150, < CD™ ”(!HI\ Haw(to) 10y, + 10170 Jv)

for a constant C' that depends only on H O W and p.
Let us now glue the bounds on J, to a bound on /. By (4§ @ , and ,

(52) P s < CD (I ar(to) 1y + 19 s ).

for a constant C' that depends only on H &) W and p. Thus b is absolutely continuous on I’
and

_/ _ _ N A
181120y < D7 (1 aw (o)l + 18120 )-
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for a constant C' that depends only on H O W and p. Since b vanishes on I \ I, Lemma
implies that b is absolutely continuous on I and satisfies , since D = D(H O W) by
(45). This completes the proof of Proposition 0J

Step 3: The proof of Theorem[1.1] In view of Lemmald.1|we may assume V& = {0}. Let
a € CY([a, B],a(V)). Suppose that B is a positive constant fulfilling and assume that
to € (a, B), k € {1,...,n}, and I > ¢, satisfy and (I)). Let b € C*11(I,7(W)) be the
reduced curve from . Then Lemma, implies that (a, I, %o, k;b) is reduced admissible
data and consequently each continuous lift b of b satisfies , by Proposition . In
particular, if @ € C°((a, ), V) is a continuous lift of a, then we may assume that a|; is a lift
of b. It follows that @ is absolutely continuous on I and

(5) [@lzecty < C(G & Vo) (I awlto)lewen + 9o

Our next goal is to estimate the right-hand side of in terms of a.
By Corollary we get for all p with 1 < p < ¢,

(54) 1™ ek (Eo) 2oy + 18 [m ey < CHT™aw(to)]

where the constant C' depends only on G O V' and p. At this stage we distinguish the two
cases of strict inequality or equality in :

(i) Strict inequality: we have I = («a, ) and

(55) MU+ []a" | 2y < Blax(to)-
(ii) Equality:

(56) M|+ [l 20y = Blax(to)|-

Case (i). In this case we can reduce to the curve b € C4~5 (I, 7(W)) on the whole interval
I = («a, B); cf. Step 1. Thus, becomes

1(8 — @) Maw (to)llzo((as) + 1011 1r((ap)) < C(B — @) P|ax(to)]

which can be bounded by

_ 1/d;
(57) C(B =) max a5} -

1<j<n

By (53), @ is absolutely continuous on (a, 3) and

— _ 1/d;
(58) [ ln(p < GO = )1 mma ;<7

where C' = C(G OV, p).
Remark 8.4. The bound in tends to infinity if f — o — 0 unless p = 1.
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Case (ii). Using (56]) to estimate (54)) (as in the derivation of (51])), we get
(59) 1 k(o) oy + 18 |zory < C<M||1||Lp(1) + ||&'||Lp(1)>,
for a constant C' that depends only on G O V and p; note that B = B(G O V) by .

Thus, by ,
@125y < C(MI Uy + 18 Nsocr) ).

1/d;

Ca211 (o))" Then

Let us set A := maxi<j<n ||a]||
_ (d=1)\\1/d) 5 (d—d;)/d < dj/d p(d—d;)/d _
M = max (Lip;(a;™ )" ax(to)| max A% Al = A

Consequently,
(60) 711200y < C (Al + 18 Nsor ).

By Proposition (applied to a instead of b and instead of ), we can cover the
set (a, B) \ {t : a(t) = 0} by a countable family Z of open intervals I on which holds
and such that >, ;[/| < 2(8 — a). Together with Lemma we may conclude that @ is
absolutely continuous on (¢, ) and satisfies

7125w < C (ANl + 1@ lzo(can)

Using (8) and the fact that 1 —1/d; < 1/p for all j < n, we obtain

1@ | Lo ((a8)) < C<A(5 —a)'/?

d;— . _ 1/d;
+Zmax{ Lip(, 5 (a; ( )))l/dj(ﬂ—oz)l Hd; ||Cl ||L/0<>(a,8))}>

7=1

1/d;
< C max{L, (8 — a)'/7} max ||aj||c/d3171<[a,m)’

where C'= C(G O V,p). The proof of Theorem is complete.

Proof of Remark [1.2] Remark[1.2|a) is clear by the above discussion.
Suppose that there exists s € [a, 3] such that a(s) = 0. Then for all ¢ € (a, §) and all j,

t
0l =1 [ &(r)dr| <@l e

Thus the Case (i), i.e., , cannot occur. This implies Remark (b)

If the representation is coregular, then o(V) = C" and we may use a simple version of
Whitney’s extension theorem to extend a to a curve defined on (o — 1, 5+ 1) which vanishes
at the endpoints of this larger interval and such that |al|ca-11(a—1,8+1)) < Cllallci-11(a,g)),
where C' is a universal constant independent of (a, 3). As above one sees that Case (i)
cannot occur and hence we obtain the bound with the constant on the larger interval
( — 1,8+ 1). Thanks to the continuity of the extension, we obtain the desired bound on
the original interval (a,8). For details see [16]. This shows Remark [1.2(c). In general, if
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o(V) is a proper subset of C", it is not clear that the extended curve is contained in (V)
and hence liftable.

To see Remark (d) we observe that under the assumption that a¥)(a) = a¥)(8) = 0
for all j = 1,...,d — 1 the curve a can be extended beyond the interval («, 3) by setting
a(t) = a(a) for t < a and a(t) = a(P) for t > . Then the extended curve still lies in o(V)
and we have ||a;||ca-11(ja—1,841)) = llajllca-11¢a,pg for all j = 1,...,n. Choose a smooth
function ¢ : R — [0,1] such that ¢(t) = 1 for ¢ < 0 and ¢(¢t) = 0 for t > 1. Then
P(t) == p(a—t)p(t — ) is equal to 1 on [a, ] and 0 outside [a — 1, 8 + 1]. Let us consider

Ay = (¢d1a17 ¢d2a27 B 7wdna’n)

which is a C4 bl curve in o(V) coinciding with a on [, 8] and vanishing at the endpoints
of [a« — 1,8+ 1]. As above we conclude that for a,, Case (i) cannot occur. Since we have

l(@g)illca-r1a-1841) < C@agllcarrgagy, =1,
it is easy to conclude Remark [1.2[(d).

9. PROOF OF THEOREM [1.4]

Lemma 9.1. Let ¢: I — o(V) be continuous and let ¢ : J — V a continuous lift of ¢ on an
open proper subinterval J € I of I. Then € can be extended to a continuous lift of ¢ defined
on I.

Proof. Since we already know that ¢ admits a continuous lift ¢, on I it suffices to show that
¢ extends continuously to the endpoints of J. Then ¢ can be extended left and right of J by
¢, after applying a fixed transformation from G.

So let tg be the (say) right endpoint of J. The set of limit points A of ¢(¢) as t — ¢, is
contained in the orbit corresponding to ¢(tp). On the other hand A must be connected, by
the continuity of ¢. Since every orbit is finite, A consists of just one point. O

Lemma 9.2. Let ¢1,¢ be continuous lifts of a curve ¢ : I — o(V). If ¢ is absolutely
continuous and ¢, € WYP(I), then Ty is absolutely continuous, ¢, € WHP(I), and
&1z < C Iz,
where C' depends only on G OV and on the coordinate system on V.
Proof. For each subset E of I we have ¢(E) C U, g¢1(E). It follows that

length(c,) < Zlength(g@l) < 00
geG
and that ¢, has the Luzin (N) property. Hence ¢, is absolutely continuous.

Suppose that both ¢ and ¢ are differentiable at t. After replacing ¢; with gé; for a
suitable ¢ € G we may suppose that ¢ () = G(t) =: v. Then after switching to the slice
representation at v we have, for g5, € G, (which entails ¢ (t) = gnc1(t)),

Ct+h) =)  gna(t+h) —gica(t) (zl(t +h) — El(t)>
= = 9n
h h h
which implies that &(t) € G,¢(t), since G, and hence G,, is finite. This implies the
lemma. 0
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Now we are ready to prove Theorem [1.4]

Let f € C°(U,V) be a continuous lift of f € C4=51(Q, o(V)) on U.

By Theorem f is absolutely continuous along affine lines parallel to the coordinate
axes (restricted to U). So f possesses partial derivatives of first order which are defined
almost everywhere and measurable.

Set x = (t,y), where t = z1, y = (z2,...,%,), and let U; be the orthogonal projection of
U on the hyperplane {z; = 0}. For each y € U; we denote by UY :={t € R: (t,y) € U} the
corresponding section of U.

Let f'(t) :== f(t,y) for t € U¥; it is clear that f” is a continuous lift of fluvsqyy- Recall
that Q = I; x--- x I,,, is an open box in R™. Let C¥ denote the set of connected components
J of the open subset U¥ C R. For each J € CY we may extend the lift f” continuously to
I x {y} by Lemma . So for each .J € C¥ we get a continuous lift f; of f| N x{y} such that
Plo=1"1

By Theorem [1.1 . for all y € Uy and J € CY, the lift f) 7 is absolutely continuous on I; with
(f7) € LP(I), for 1 < p < d/(d — 1), and

(61) IG5 vy < € oo LI

where C' depends only on G OV, p, and |[; B
Let J, Jy € CY be arbitrary. By Lemma (9.2 both (%)’ and (7?3 ) belong to LP(I;) and

1) ey < CG O VYo e
Thus,
||( LP Uv) Z ” Lp (J) <sz H fJO HLp(J =C? ”(fJO) ||Lp Uv)
Jecy Jecy

and consequently, by (61)),
Y 1/d;
1Y ey < € max [fill s oy

By Fubini’s theorem,

P
/ 101 f( |pdx—/ / 0L f(t,y) P dtdy < (C’ max ||fz||cd L1 > / dy.
Ui JUY Uy

This implies Theorem [I.4]

For Remark notice that, if G O V is coregular, then o(V) = V /G = C" and hence
we may use Whitney’s extension theorem to extend f to a mapping defined on a box R
containing ) such that the C? %!-norm on R is bounded by the C? *!-norm on (2 times a
constant. In general it is not clear that after extension f still takes values in o (V).

10. @Q-VALUED FUNCTIONS

The basic reference for the background on -valued Sobolev functions used in this section
is [4].
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10.1. The metric space Ag(R"). Unordered @Q-tuples of points in R™ can be formalized
as positive atomic measures of mass (). Let [p;] denote the Dirac mass at p; € R". We
consider the space

Ag(R?) = {i[[piu R}

of unordered Q-tuples of points in R”. Then Ag(R") is a complete metric space when
endowed with the metric

(62) d(Z[[Pz]]a Z[[%]]) = ({Ielélg (Z lpi — (Ja(z')|2> 1/2.

10.2. Invariants. There is a natural one-to-one correspondence between the unordered Q-
tuples > .[pi] € Ag(R") and the orbits of the n-fold direct sum W := (R?)®" of the
tautological representation R? of the symmetric group Sg. By a result of Weyl [21], the
algebra R[W15@ is generated by the polarizations of the elementary symmetric functions.
Up to integer factors the polarizations are

o1(u) = Zui,
oo(u,v) = ZW%’,

i#]

o3(u, v, w) = Z UiV W,

3,7,k all #

ik all
where u = (uy,ug,...,ug), v = (v1,v,...,v9), etc. A system of generators of R[W]52 is
obtained by substituting the arguments z', 22, ..., 2" € R? for u,v,w,... in all possible

combinations (including repetitions). Note that the ring R[W]5@ is not polynomial unless
n =1, e.g. by the Shephard-Todd—Chevalley theorem.

10.3. Subspaces Ager»(R™). Let G O R"™ be a representation of a finite group G. We
define the space

Agorn (R") 1= {Z[[QP]] ‘pE Rn}

geqG

of G-orbits. It is a closed subspace of the complete metric space A (R"), thus also complete.

A system of generators for R[V]¢ can be obtained from the generators of R[W]%¢ by
means of the Noether map n* : R[W]3el — R[R"]Y where n : R* — W is defined by
n(p)(g) = gp and W = (RINH®" is identified with the space of mappings G — R"; for details
see e.g. [12].
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10.4. @-valued Sobolev functions. Let {2 be a bounded open subset of R™. A measurable
function f: Q@ — Ag(R") is said to be in the Sobolev class WP (for 1 < p < o0) if

(1) z — d(f(z), P) € WhP(Q) for all P € Ag(R"),

(2) there exist functions 1, ..., @, € LP(2,R") such that

|0;d(f, P)| <¢; ae inQforall Pe Ag(R") and j=1,...,m.

The minimal functions ¢; satisfying (2) are denoted by |0;f| and they are characterized as
follows: for every countable dense subset { P}y C Ag(R™) and all j = 1,...,m we have

|0; f| = sup |0;d(f, P;)| a.e.in Q.
¢eN

One sets |Df] == (372 10;f]?)'/?. This intrinsic approach is developed in [4].

Alternatively, one may use Almgren’s extrinsic approach [I] to @-valued Sobolev functions.
There is an injective Lipschitz map & : Ag(R") — RY, where N = N(Q, n), with Lipschitz
constant Lip(§) < 1 such that the inverse 6 := ¢ \g&@ () 18 Lipschitz with Lipschitz constant
< C(Q,n). Here the constants N and C depend only upon () and n. The inverse 6 :
£(Ag(R™)) — Ag(R") has a Lipschitz extension © : RY — Ao (R"). It follows that p := £0O
is a Lipschitz retraction of RY onto &(Ag(R")).

A function f: Q — Ag(R") is of class W' if and only if £ o f belongs to W!?(Q,RY),
and in that case

(63) (Do f)l < [DfI < C(Q,n) [D(§ o f)l;
see [4, Theorem 2.4].
10.5. @-valued Sobolev functions and invariant theory. We may identify the Sq-

module W = (R?)®" with the space of @ x n matrices R?*". Then o € Sg actson a Q x n
matrix by permuting the rows. Consider the surjective mapping 7 : R%*" — Ao (R"™) which

sends a matrix with rows py,...,pg to 2?:1 [pi]. If we endow R®*" with the Frobenius norm
(e ||(pij)iill = (2%, PR Ipi;1#)1/?) then 7 is Lipschitz with Lip(r) < 1.
Let o1,...,0, be any system of homogeneous generators of R[W]¢. The corresponding

map o = (071, . ..,0,) induces a bijective map 3 : Ag(R") — o(W) C R" such that ¢ = Yom.
We may assume that d; :==dego; < Q forall j=1,...,7.

Theorem 10.1. Let Q be a bounded open subset of R™. Let f : Q — Ag(R™) be con-
tinuous. If X o f € CO~LY(Q,R"), then for each relatively compact open 2 C Q we have
f e whee(Q, Ag(R™)). Moreover,
1/d;
”DfHL‘X’(Q’) < O(Qanama Qa Q/)(l + gjag)g ||ZJ © f||CQ71,1(§)>'
Proof. Let us first consider the case that m = 1 and (2 is an interval. In that case we even
obtain a global statement with I := ' = Q. Indeed, the curve ¢ := X o f in o(WW) C R"

admits an absolutely continuous lift ¢ to W which belongs to W>°(I, W), by Theorem .
Then the statement follows by superposition with the Lipschitz map £ o 7. The uniform
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bound easily follows from the bound in Theorem and .

_ 7 i \
j AgRM——= o 5(W) C R
E
. o
The general case follows from a standard argument by covering ' by boxes contained in 2
and using Fubini’s theorem in a similar fashion as in the proof of Theorem [1.4] 0

Corollary 10.2. The bijective mapping Y induces a bounded mapping
(271 CUNHQ 0 (W) = W (2, AQ(R"), ¢ Xl op.

loc

Proof. It suffices to check that X=! o ¢ is continuous. This follows from the fact that 7 is
continuous and that o is proper and thus closed. 0

10.6. Multi-valued Sobolev liftings. Let G OO R" be a representation of a finite group G.
The surjective map 7 : R" — Agern (R™) defined by w(p) = > 4G [gp] is clearly Lipschitz.
Let 01, ...,0, be any system of homogeneous generators of R[R"]%. There is a bijective map
Y Agorn (R™") — o(R™) € R" such that 0 = ¥ o7, since o = (074, ...,0,) separates orbits.
Let d := max; dego;.

Let € be a bounded open subset of R™. We say that a function f : Q — Agorn(R") is of
class W7, and write f € W'P(Q, Agorn (R™)), if f € WHP(Q, Ajg(R™)).

Thus we obtain, analogously to Theorem [10.1}

Theorem 10.3. Let f : Q — Agern(R™) be continuous. If Lo f € CHYQ,R"), then for
each relatively compact open ' C Q we have f € WH(Q, Agorn (R™)). Moreover,

1/d;
1D flliier) < Cldmm, 2, 9) (14 max 1550 £ )

Corollary 10.4. The bijective mapping > induces a bounded mapping
(E7). : CHYQ, 0 (R™) — WEX(Q, Agern (R)), ¢ — S o

loc

10.7. Complex -valued functions. It is evident that one can define the space Ag(C")
of unordered @-tuples of points in C™ in analogy to Ag(R™). It is a complete metric space
with the metric d from (62). Again there is a natural bijection between the points in Ag(C")
and the orbits of the Sg-module (C?)®", the basic invariants of which are again given by
the polarizations of the elementary symmetric functions.

Given a complex representation G OO C" of a finite group G we may consider the closed
subspace Agescn (C") of Ajg(C").

The theory of complex ()-valued Sobolev functions can simply be taken over from the
identification Ag(C") = Ag(R?*") induced by C = R?.

Let € be a bounded open subset of R™. With the analogous definition of the basic
invariants o; and the maps 7 and ¥ we may deduce from Theorem the following
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Theorem 10.5. Let f : Q — Ag(C") be continuous. If Lo f € C9~11(Q,C), then for each
relatively compact open Q' C Q and all 1 < p < Q/(Q — 1) we have f € W'P(Q, Ag(C™)).
Moreover,

1/d;
HDfHLP(Q’) < C<Q’ n,m,p, Qu Q,) (1 + III<1J8‘<XT ||2J © f”c’/QJ—l,l(ﬁ)) .
Similarly we get

Theorem 10.6. Let f : Q — Agscn(C") be continuous. If Lo f € CTLY(Q,C),
then for each relatively compact open QO C Q and all 1 < p < d/(d — 1) we have
f e Wh(Q, Agocn (C™)). Moreover,

1/d;
HDfHLp(Q') < C(d> n,m,p, Q> QI) (1 + fgjaé HEJ © fHCd—Jl,l(ﬁ))'

Again we may conclude that the bijective mapping ¥ induces a bounded mapping
(5710 : C¥HHQ,0((C2)®M) = WE(9Q,4(CY), =S o,
forall 1 <p < @Q/(Q —1). In the case of a G-module C" we find that
(571), 1 CTIQ, 0(C) = WD, Agoen (C), 9 S o,

loc

is a bounded mapping for all 1 <p < d/(d —1).
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