INVARIANT FUNCTIONS IN DENJOY-CARLEMAN CLASSES

ARMIN RAINER

ABSTRACT. Let V be a real finite dimensional representation of a compact Lie
group G. It is well-known that the algebra R[V]¢ of G-invariant polynomials
on V is finitely generated, say by o1,...,0p. Schwarz [38] proved that each
G-invariant C°°-function f on V has the form f = F(o1,...,0p) for a C*>°-
function F' on RP. We investigate this representation within the framework
of Denjoy—Carleman classes. One can in general not expect that f and F' lie
in the same Denjoy—Carleman class C™ (with M = (My)). For finite groups
G and (more generally) for polar representations V' we show that for each G-
invariant f of class CM there is an F of class CN such that f = F(o1,... ,0p),
if N is strongly regular and satisfies

M i
sup ( km) k < oo,
kENso v Vg

where m is an (explicitly known) integer depending only on the representation.
In particular, each G-invariant (1 + §)-Gevrey function f (with § > 0) has the
form f = F(o1,...,0p) for a (1 + dm)-Gevrey function F. Applications to
equivariant functions and basic differential forms are given.

1. INTRODUCTION

Let V be a real finite dimensional representation of a compact Lie group G. By
a classical theorem due to Hilbert the algebra R[V]“ of G-invariant polynomials on
V is finitely generated. Choose a system of homogeneous generators oy, ...,0, of
R[V]¢ and define o := (01,...,0,) : V — RP. Schwarz [38] proved a smooth analog
of Hilbert’s theorem for orthogonal representations V' of compact Lie groups G: the
induced mapping o* : C®°(RP) — C>=(V)¢ is surjective. Mather [27] showed that
this mapping is even split surjective.

The finitely differentiable case was studied, too: o* : C*(RP) — C™(V)% is in
general not surjective, but ¢*C"(RP) contains C™(V)% for a suitable integer g.
See [1], [3], [2], [37].

In this paper we treat Schwarz’s theorem in the framework of Denjoy—Carleman
classes. These classes of smooth functions play an important role in harmonic
analysis and various branches of differential equations (especially Gevrey classes).
Let M = (My)ren be a non-decreasing sequence of real numbers with My = 1.
A smooth function f in an open subset U C R"™ belongs to the Denjoy—Carleman
class CM (U) if for any compact subset K C U there exist positive constants C' and
o such that

10°f(z)] < Col*la|!M)y

for all « € N® and « € K. See section 2 for more on Denjoy—Carleman classes.
As examples ([8], see also 3.3) show, one cannot expect in general that a smooth

Date: May 8, 2008.

2000 Mathematics Subject Classification. 26E10, 58C25, 57515.

Key words and phrases. Denjoy—Carleman class, invariant functions.

The author was supported by ‘Fonds zur Forderung der wissenschaftlichen Forschung, Projekt
P19392 & Projekt J2771’.



2 A. RAINER

G-invariant function f on V of class CM has the form f = F o ¢ for a function F
of the same class CM.

For finite groups G and (more generally) for polar representations V' we prove
that the representation f = F oo holds in the context of Denjoy—Carleman classes,
where F' has lower regularity than f. More precisely: Let G be a subgroup of finite
order m of GL(V). Let M and N be sequences satisfying some mild conditions
which guarantee stability under composition and derivation for C™ and CV (see
2.1). Assume that N is strongly regular (see 2.6) and that

M 1
sup ( ]\?m) i < Q.
keNso k

Then for any G-invariant function f € C™ (V) there exists a function F € CN(RP)
such that f = F oo. In particular: Any G-invariant Gevrey function f € G+ (V)
(with 6 > 0) has the form f = F o o for a Gevrey function F € G0 (RP). See
theorem 3.4. The result does not depend on the choice of generators o;, since any
two choices differ only by a polynomial diffeomorphism and the involved Denjoy—
Carleman classes are stable under composition.

Note that Thilliez [40] treats a very similar problem: For a compact subset
E C R™, an analytic mapping ® : U — R" on an open neighborhood U of FE,
and a function f € CM(U) of the form f = go ® with g € C(W) for an open
neighborhood W of ®(E), the existence of a sequence N such that g € CN (W) is
investigated. This is done by studying the complex setting: Now F is compact in
C™, ® is a C™-valued holomorphic mapping defined near E, and g is C*° on C™ and
0-flat on ®(E). However, our results are not covered by Thilliez’, since the minimal
number of generators of R[V]¢ does in general not coincide with the dimension of
the representation space V.

We prove the main theorem in section 3. We shall deduce it from an analog
theorem (see 3.3) due to Bronshtein [7, 8] which treats the standard representation
of the symmetric group S,, in R™. This method is inspired by Barbangon and Rais
[3] deploying Weyl’s account [43] of Noether’s [30] proof of Hilbert’s theorem.

The rest of the paper is devoted to several applications of this main theorem.
In section 4 we treat the presentation in Denjoy—Carleman classes of equivariant
functions between representations of a finite group.

In section 5 the main theorem 3.4 is generalized to polar representations, i.e.,
orthogonal finite dimensional representations V' of a compact Lie group G allowing
a linear subspace ¥ C V which meets each orbit orthogonally (see theorem 5.2).
The trace of the G-action in X is the action of the generalized Weyl group W which
is a finite group. In analogy with a result due to Palais and Terng [32], which
states that restriction induces an isomorphism I; : C*°(V)¢ =2 C>= ()W we show
that each W-invariant function on ¥ of class C™ has a G-invariant extension to
V of class CV, where M and N are sequences with the aforementioned properties.
More generally, Michor [28, 29] proved that restriction induces an isomorphism
LY (V)Y =r(2)W, where QF (V)€ is the space of basic p-forms on V, i.e.,
G-invariant forms that kill each vector tangent to some orbit. Our main theorem
3.4 allows to conclude that each W-invariant p-form on ¥ of class C™ has a basic
extension to V of class CV (with M and N as above).

In [32] and [28, 29] the isomorphisms I; and Iy are established in the more
general setting of smooth proper Riemannian G-manifolds X with sections, where
there exist closed submanifolds ¥ C X meeting each orbit orthogonally. In section
6 we explain that our analog results in the framework of Denjoy—Carleman classes
generalize to real analytic proper Riemannian G-manifolds X with sections.
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2. DENJOY—CARLEMAN CLASSES

2.1. Denjoy—Carleman classes of differentiable functions. We mainly follow
[42] (see also the references therein). We use N = N5 U {0}. For each multi-
index o = (a,...,a,) € N we write a! = a1!- -, |o| = a1 + -+ + ay, and
0% = 0lel oz - Qaln .

Let M = (Mjy)ken be an increasing sequence (My41 > My,) of real numbers with
My = 1. Let U C R™ be open. We denote by CM (U) the set of all f € C°°(U)
such that, for all compact K C U, there exist positive constants C' and o such that

(2.1.1) 0°f ()] < C ol |af! Mjq

for all @ € N® and € K. The set CM(U) is the Denjoy—Carleman class of
functions on U. If M, = 1, for all k, then CM (U) coincides with the ring C*(U)
of real analytic functions on U. In general, C*(U) C CM(U) C C>=(U).

We assume that M = (M) is logarithmically conver, i.e.,

(2.1.2) M? < My,_1 My, for all k,

or, equivalently, M1 /My, is increasing. Considering My = 1, we obtain that also
(M;,)'/* is increasing and

(2.1.3) My My, < My, foralll ke N.

Hypothesis (2.1.2) implies that C™(U) is a ring, for all open subsets U C R",
which can easily be derived from (2.1.3) by means of Leibniz’s rule. Note that
definition (2.1.1) makes sense also for functions U — RP. For CM-mappings, (2.1.2)
guarantees stability under composition ([35], see also [4, 4.7]).

A further consequence of (2.1.2) is the inverse function theorem for C™ ([22];
for a proof see also [4, 4.10]): Let f : U — V be a C™M-mapping between open
subsets U,V C R™. Let o € U. Suppose that the Jacobian matrix (0f/0x)(xo)
is invertible. Then there are neighborhoods U’ of xg, V' of yo := f(xo) such that
f:U — V'is a CM_diffeomorphism.

Moreover, (2.1.2) implies that C™ is closed under solving ODEs (due to [23]).

Suppose that M = (M) and N = (Ny) satisfy M, < C* Ny, for all k and a
constant C, or equivalently,

(2.1.4) sup (%) f < o0

kENq

Then, evidently CM(U) € CN(U). The converse is true as well (if (2.1.2) is

assumed): One can prove that there exists f € CM(R) such that | £ (0)| > k! Mj,

for all k (see [42, Theorem 1]). So the inclusion CM(U) C CN(U) implies (2.1.4).
Setting Ny = 1 in (2.1.4) yields that C«(U) = CM(U) if and only if

sup (Mk)% < 00.
keNso

Since (Mj)'/* is increasing (by logarithmic convexity), the strict inclusion C*(U) C
CM(U) is equivalent to

lim (Mk)kl = 00.

k—oo

We shall also assume that C is stable under derivation, which is equivalent to
the following condition

M %
(2.1.5) sup (ﬂ)k < 00
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Note that the first order partial derivatives of elements in C™(U) belong to
CM™(U), where M*! denotes the shifted sequence M*+! = (Mpy1)ren. So the
equivalence follows from (2.1.4), by replacing M with M1 and N with M.

Definition. By a DC-weight sequence we mean a sequence M = (Mj)ren of pos-
itive numbers with My = 1 which is monotone increasing (M1 > My), logarith-
mically convex (2.1.2), and satisfies (2.1.5). Then CM (U, R) is a differential ring,
and the class of C™-functions is stable under compositions, as above.

2.2. Quasianalytic function classes. Let F,, denote the ring of formal power
series in n variables (with real or complex coefficients). We denote by FM the set
of elements F = 3 F, x® of F,, for which there exist positive constants C' and
o such that

aeNn

|Fa| < C ol Mg,

for all @ € N*. A class CM is called quasianalytic if, for open connected U C R"
and all a € U, the Taylor series homomorphism

T,: CM(U) - F), foTuf(x)= > iaaf(a)x

aeNn?

is injective. By the Denjoy—Carleman theorem ([14], [10]), CM is quasianalytic if
and only if

(oo}

1 +
=00, or, equivalently, Z ( ) ' = .

(2.2.1)
£\l My,

; k+1 Mk+1

For contemporary proofs see for instance [19, 1.3.8] or [36, 19.11].

Suppose that C*(U) € CM(U) and CM(U) is quasianalytic. Then T,
CM(U) — FM is not surjective. This is due to Carleman [10]; an elementary
proof can be found in [42, Theorem 3].

2.3. Non-quasianalytic function classes. If M is a DC-weight sequence which
is not quasianalytic, then there are C™ partitions of unity. Namely, there exists
a CM function f on R which does not vanish in any neighborhood of 0 but which
has vanishing Taylor series at 0. Let g(t) = 0 for ¢ < 0 and g(t) = f(¢) for ¢t > 0.
From g we can construct C™ bump functions as usual.

2.4. Strong non-quasianalytic function classes. Let M be a DC-weight se-
quence with C*(U,R) € CM(U,R). Then the mapping T, : CM(U,R) — FM is
surjective, for all a € U, if and only if there is a constant C' such that

[ee]

M, M.
2.4.1 < g ; - .
( ) kgj(k+1)Mk+1 7CMj+1 or any integer j > 0

See [34] and references therein. (2.4.1) is called strong non-quasianalyticity condi-
tion.

2.5. Moderate growth. A DC-weight sequence M has moderate growth if

(2.5.1) ( M )ji’“ <
5. sup |(———— 0.
jkeNso M My

2.6. Strong regularity. Moderate growth (2.5.1) together with strong non-quasi-
analyticity (2.4.1) is called strong regularity: Then a version of Whitney’s extension
theorem holds for the corresponding function classes.
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2.7. Whitney’s extension theorem. Let K C R" be compact. Denote by
J>®(K) the C*>° Whitney jets on K. We say that F' = (Fp)aene € J®(K) is
a CM_jet on K, or belongs to JM(K), if there exist positive constants C' and o
such that

(2.7.1) |Fo(z)] < Col™la]! M),

for all « € N* and z € K and

(2.7.2) |Fs(a) — O°TPF(2)] < CP|B|! My o — afP 110
for all p € N; all § € N™ with || < p and all € K, where

If M is strongly regular then a version of Whitney’s extension theorem holds (see
[9], [5], and [11]): the mapping Jx : CM(R") — JM(K), f — (0%f|K)aecnn» is
surjective.

Note that, if f € C*(R™) such that F' = Jgf satisfies (2.7.1) and if K is
Whitney 1-regular, then (2.7.2) is automatically fulfilled (see [5, 3.12]). Recall that
K is Whitney 1-regular if any two points  and y in K can be connected by a path
in K of length < C|x — y|, where the constant C' depends only on K.

2.8. Gevrey functions. Let 6 > 0 and put My, = (k!)?, for £ € N. Then M =
(My) is strongly regular. The corresponding class C™ of functions is the Gevrey
class G119,

2.9. More examples. Let § > 0 and put My = (log(k + ¢))°*, for k € N. Then
M = (Mjy) is quasianalytic for 0 < 6 < 1 and non-quasianalytic (but not strongly)
for 0 > 1.

Let ¢ > 1 and put M, = qu, for k € N. The corresponding C'M-functions are
called g-Gevrey regular. Then M = (M}) is strongly non-quasianalytic but not of
moderate growth, thus not strongly regular.

2.10. Spaces of CM-functions. Let U C R" be open. For any o > 0 and K C U
compact with smooth boundary, define

CH(K) = {f € C%(K) : | fllorc < o0}

with
GOl
olol ot Mg

It is easy to see that C’Z,VI(K) is a Banach space. In the description of CZ)VI(K),
instead of compact K with smooth boundary, we may also use open K C U with
K compact in U, like [42]. Or we may work with Whitney jets on compact K, like
[21].
The space CM(U) carries the projective limit topology over compact K C U of
the inductive limit over g € Ny q:
CM(U) = lim ( lim C)(K)).

2
KCU 0€Nsg

/1

Q7K::sup{ aEN",xEK}.

One can prove that, for o < ¢, the canonical injection CéW(K) — Cé‘,/[(K) is a
compact mapping (see [21]). Hence lii)ng Cé” (K) is a Silva space, i.e., an inductive
limit of Banach spaces such that the canonical mappings are compact.
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2.11. Polynomials are dense in C (U). Let M be a DC-weight sequence and
let U C R™ be open. It is proved in [20, 3.2] (see also [17, 3.2]) that the space
of entire functions H(C") is dense in CM(U). Since the polynomials are dense
in H(C") and the inclusion H(C") — CM(U) is continuous, we obtain that the
polynomials are dense in CM (U). For convenience we give a proof.

Lemma. Let M be a DC-weight sequence and let U C R™ be open. Then H(C™)
is dense in CM(U).

Proof. Let f € CM(U) and K C U compact. Let 0 < ¢ < 1 such that Q =
K + B.(0) C U, where B.(0) = {z € R" : |z|] < ¢}. Let x € C(U) with
0 < x <1, xlog =1, and compact support )1 = supp(x) C U. We define for
J€N>o

fi=EjxxfeH(C"), where E;:C"—C, z+— (%)%e_ﬂzm.

Induction shows

Oin -+ O (Epex ) = Ejx(xOix -+ 0 ) (D - 01y, By)#(01,0) (s, -+ D, f),
for all N € N and j € N5, and hence
0in =+ 03, (f = [l < Oy -+ 0i f — Ej % (XOiy -+ 03, f)]
(2.11.1) Y @iy 0iy i Bj) % (05,0 (05, -+ D, -
We have for z € K and o € N
|Ej * (x0% f)(@) — 0% f(z)| = | /Ej(y) (x(z —y)0° f(x —y) — 9° f(x))dyl
< [ BN e =)~ sl

+ / B (y) (@ — 0)|0° f (& — v)| + 0° £ (@) ) d.
R\ B.(0)

By the generalized mean value theorem we have for « € K, y € B.(0), and o € N”
07 (o =) = 0" F(@)] < Vly] sup 07 S~ ty)].
oiigrf
Choose g1 > 0 such that || f|p,0, < 0. Then for xz € K, y € B.(0), and a € N
0% (x =) = 0°F (@) < Vil lor@u ™ (o] + 1) Mo
< 2vnlyloillfller.q: (20:C)Jalt Migy  (by (2.1.5)),

where C'is a positive constant. For all j € N5y we have

Cl Cl
ly|Ej(y)dy < —= and Ej(y)dy < —=
/]R“ ! Vi R™\ B.(0) ! Vi

for a constant C; independent of j. Thus there exist positive constants Co and o9
independent of x, a;, and j such that

(211.2) By + (x0° f) (&) — 6° f ()] < % ot M.
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We have for ¢ € K

|(Oin =+ 0i 1 Ej) % (03, X) (i, _y - 0y [ ()]
|

<|Q1] sup |9ix(y)| sup |[Oiy ---0i,,, Ej(y)| sup |0i,_, - 0i f(u)],
1§i[§]n y¢B.(0) u€Q1
IS

where |Q1] denotes the Lebesgue measure of Q1. Cauchy’s inequalities imply for
each a € N® and r > 0
o al
0B ()] < = sup |E(2),
rlel L ep, ()

where D, (y) =
y € R™\ B(0)

{z € C" : |z; — y;| < rforalli}. Choosing r = 4\% we get for

| I\ 5 je?
0°Bs(y)| < = (2) e

= rlal \ g
Hence with Cs = |Q1||| f|le1,0: SUP1<i<n |0iX(y)| we obtain for z € K
yeU

|(Oin -+ 0i 1 Ej)¥(0i, X) (0, -+ 0iy ) ()]
N—-v)l/j\z _j2 ,_
SC3(TN77V)(%) e 2 01 1(1/—1)!Mu_1

(2.11.3) < 03(%) e~ oM (N — 1)! My,

where o3 = max{%, 01}
It follows from (2.11.1), (2.11.2), and (2.11.3) that for g4 = max{g2, 03}

CQ j % jc?
ik < 2+C (—) e
||f f]||94,K = \/5 + 3 T
That implies the assertion. O

2.12. Closed ideals. Let U C R™ be open. Let ¢ € C¥(U). Consider the principal
ideal pCM (U) generated by .

Proposition. Assume that C™ is stable under derivation (2.1.5). Let ¢ be a
linear form on R™. Then the ideal oCM (R™) is closed in CM (R™). More generally,
assume that = @' -~ o' is a finite product of linear forms ¢;. Then PYCM(R™)
is closed in CM(R™).

Proof. Let f € @CM(R"). Then f| -1y = 0, since evaluation at points is
continuous. As CM is stable under derivation, the standard integral formula (after
suitable linear coordinate change) implies that f = g for a unique g € CM (R™).
The same reasoning shows that yCM (R") is closed in C™(R"), where ¢ = ¢!".
For the general statement it suffices to show: Let ¥1 be a polynomial and 12 a
power of a linear form. If 11 and 1o are relatively prime and both generate closed
ideals in CM(R™), then 1192CM (R™) is closed in CM(R™). For f € 11),CM (R")
we find functions g1,g> € CM(R™) with f = 1191 = 12go. Since ¢; and vy are
relatively prime, we have ¢| wilo) = 0. By the standard integral formula we obtain

as above g1 = ¥sh with h € CM(R™). Hence the assertion. O

Remark. Note that for any hyperbolic polynomial ¢ the principal ideal pC™ (R™)
is closed in pCM(R™) (e.g. [42, 4.2]). This follows from the fact (due to [12]) that
Weierstrass division holds in C™ for hyperbolic divisors. A polynomial p(z’, x,,) =
zd + Z;izl aj(z")zd~9 with a; € CM(R""!) and a;(0) = 0, for 1 < j < d, is called
hyperbolic if, for each 2’ € R™~!, all roots of p(a’,-) are real.
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But in general the principal ideal oC™ (U) generated by a real analytic function ¢
need not be closed (see [41] and [42, part 4]). Compare this with the famous results
on the division of distributions due to Hérmander [18] and Lojasiewicz [25, 26].

2.13. Let M be a DC-weight sequence, and let X be a real analytic manifold. We
can define the space C™(X) of functions of Denjoy—Carleman class C™ on X by
means of local coordinate systems, since C™ contains the real analytic functions
and is stable under composition. Similarly, we may consider the space (Q2)?(X)
of p-forms of class CM on X.

3. INVARIANT FUNCTIONS IN DENJOY—CARLEMAN CLASSES

Throughout this paper we consider a compact Lie group G acting smoothly on
a manifold X. A function f on X is said to be G-invariant if f(g.x) = f(z) for all
g € G and all z € X. If F is a set of functions on X, then F& denotes the subset
of G-invariant elements in F.

3.1. Hilbert’s theorem. (e.g. [43]) Let G be a compact Lie group and let V be a
real finite dimensional G-module. Then, by a theorem due to Hilbert, the algebra
R[V]Y of G-invariant polynomials on V is finitely generated. The generators can
be chosen homogeneous and with positive degree.

3.2. Schwarz’s theorem. Suppose that the representation of G in V' is orthogonal.
Let o1,...,0, be a system of generators of R[V]¢ and put o = (01,...,0,) : V —
RP. Schwarz [38] proved that o* : C%°(RP) — C>(V )% is surjective, which is the
smooth analog of 3.1. Mather [27] showed that o* : C®(RP) — C>=(V)% is even
split surjective, i.e., it allows a continuous linear section.

3.3. Symmetric functions in Denjoy—Carleman classes. In the case that the
symmetric group S,, acts in R™ by permuting the coordinates, the statement of
Schwarz’s theorem 3.2 is due to Glaeser [16]. In that case o; is the i-th elementary
symmetric function, i.e., 0i(z) = 32 o5 . j,<n Tjr  Tjiy and 0 = (01,...,0,)
R™ — R"™.

The representation of symmetric functions in Denjoy—Carleman (Gevrey) classes
was treated by Bronshtein [7, 8]. Since we shall need it later, we present a more
general version and we sketch a proof. Let Hp _1 9, act in @521 R™ by permuting

the coordinates. Since R[]_; R Ti=1 8 o - R[R”] ", a [[f_; Sy-invariant
function f on RP™ has the form f = F o0 Wlth 9 = ( Ly 0).
Theorem. Assume that M and N are increasing logarithmically convex sequences

with My = No = 1. Then for any function f € CM(RP")H-?Zl Sn there exists a
function F € CN(O(RP™)) such that f = F o0 if and only if

M\ *
(3.3.1) sup ( b )k < 00.
keNso v Ni

Sketch of proof. We indicate and adapt the main steps in Bronshtein’s proof. The
necessity of (3.3.1) is shown by considering the symmetric function f € CM(R")
(for n > 2) given by

Fla) =" ex( H (przsehe0)) 7,

k=0
M
where pp = ﬁ::l and ¢, = %ﬂn Then f = F oo with
= S n —pi (05 —202)\ 1
F(o) = cr(1— proge ),

b
I
o
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and hence

m!Mn

00" FO) = 3 exp™mt > couplymt = "

k=0
Since F' € OV this implies (3.3.1). For n = 2 one can find a similar example.
Without loss suppose that f € CM(R?")S» X S»_ Instead of the elementary sym-
metric polynomials o; we use the Newton polynomials v;(x) = 2?21 a:} and put
v=(v1,...,vy,) (see remark 3.4(3)). Then we may write f(z,y) = F(v(x),v(y)) =
F(u,v) where u = v(x), v = v(y), and (z,y) € R® x R". A direct computation
gives

(=D Q= on-s(@ )%f x y -
o) = Y S = Y e~y
2": Tn—k(y)0y: f (2, y) Z”: hi(@,y)
P HJ#(?J —Yi) i1 Hj;éi(yj — Yi)
where =i = (z1,...,%;,...,2y), 0j(z}) is the elementary symmetric function of
degree 7 inn —1 varlableb ( =1), rebpectlvely for y, and

1
(=D**

Ov,, F'(u,v)

gkz(x y) k Unfk(x;)am f(xvy)a
(-t /
hi(w,y) = Tan—k(yi)ayif(xay)'
One shows (see [7, 8]) that
n—1 n—
(3.3.2) 0w F = (I] AD)grn and 0y, F = (]| AY)hien,
=1 j

where the operators A7 and Ajy- are defined by

(AZh)(z,y) = / (02, — Oy VI(EPs 2+ (1 — B), ),

(ASh)(z,y) = /0 [(By; = By, )R] (@, P jry + (1 = H)y)dt,

with P; ;41 the linear operator R” — R™ which interchanges the j-th and the
(j + 1)-st coordinate.
We consider

te = H&;’ H (Oz, — 0z,),  a=(a1,a2) €N" x N(g)7
= 1<p<q<n

and likewise Lj/. Let K,L C R" be convex, compact, and Sy-invariant. For non-
negative m and p we write

[LYLY f(2,y)|
Q‘O‘|+‘5|+m|a1|!|51|!a2!52!(|04| + |ﬁ| +m + 1)HM|a\+|ﬂ\+m.

Ifllgixe = sup
a,B

(z,y)eK XL

If f € CM(R2") then Hng s, < oo for sufficiently large . We have the following
estimates

v+1,p1+1 , 1,p+1 s
(3.3.3) 102, F it < UFNpir and N0y Flly ™ < IFI
(3'3'4) Hfo”g 7Il(th < C”f”g 7Il(th and Hy7fH;nI}(L><L — CHfHZLI}(LxL’
x 1, ) 1, )
(3.3.5) 145 Il < Ol and AT Flls < CllE g -

It is easy to verify (3.3.3) and (3.3.4). For the proof of (3.3.5) we refer to [7, 8.
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It follows from (3.3.2) and from (3.3.3), (3.3.4), and (3.3.5) that

¢ + +181),u+|a|+|8 +18 N
g o Pl G PP el B < el B g

for all o, 8 € N™. Hence for a, f € N” and (u,v) € v(K) x v(L) we find
1030 F (u, v)|

< (10508 F|[3 08k TPl gn 180 (] +61) + 1)@ M, g1

< ”f”g:(;(xL CPHW‘Q"(|"“+W‘)(n(|a| +18)) + 1)|a\+|ﬁ\Mn(|a‘+|m)
al+
< Ca0)™™N (o] + B1)! Njaj 191

for suitable constants Cy and ;. That implies £ € CY (v(R") x v(R")). O

It was proved by Kostov [24] that o(R™) is Whitney 1-regular. Hence 6(RP™) =
o(R™) x -+ x o(R™) is Whitney 1-regular as well. It follows that, if N is strongly
regular, then F' can be extended to a function in CV (RP") (by Whitney’s extension
theorem; see 2.7):

Corollary. Assume that M is an increasing logarithmically convex sequences with
My = 1. Let N be a strongly reqular DC-weight sequence. For any function f €
CM(RP”)H-‘;:l Su there exists a function F € CN(RP™) such that f = F o6 if and
only if

M 1
kn)k < 00.

Ny,

sup (

keNso
In particular: Any Gevrey function f € GO (RP)IL=Se (with § > 0) has the
form f = F o0 with F € G (RP"), where the exponent v = én is minimal
possible.

3.4. Invariant functions in Denjoy—Carleman classes.

Theorem. Let G be subgroup with finite order m of GL(V). Let o1,...,0, be a
system of homogeneous generators of R[V]Y and put o = (01,...,0,) : V — RP.
Assume that M and N are DC-weight sequences. Suppose that N is strongly regular
and that

1

M\ %
(34.1) sup ( u ) " < 0.
keN-o N N

Then for any G-invariant function f € CM (V)Y there exists a function F €
CN(RP) such that f = F o o. In particular: Any G-invariant Gevrey function
f € GYO(V)E (with § > 0) has the form f = F o o with F € G'*7(RP), where
v =dm.

The proof of the theorem uses 3.3 and occupies the rest of the section. It is
inspired by Barbangon and Rais [3] deploying Weyl’s account [43] of Noether’s [30]
proof of Hilbert’s theorem.

Remarks. (1) The condition (3.4.1) implies that CM (U) C CN(U) by (2.1.4). If
additionally limg_ oo (Mg /Ni)/* = 0 then CM (U) # CN(U), so there is a real loss
of regularity.

(2) The loss of regularity announced in the theorem is not minimal. For a
particular group G, one may find much better Denjoy—Carleman regularity for F.

(3) The result is independent of the choice of generators o, since any two choices
differ by a polynomial diffeomorphism and the involved Denjoy—Carleman classes
are stable under composition.
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3.5. Reduction to the symmetric case. Let V be a real vector space of finite
dimension n and let G be a subgroup with finite order m of GL(V'). The symmetric
group S,, acts in a natural way on G by permuting the elements. This induces an
action of S,, on the space F(G,R) of functions defined in G with values in R (for
o €8S, and f € F(G,R) we have 0.f = foo~!). It can be identified with the
standard representation p of S,, in R™. We obtain a natural action of S,, on
E = F(G,R)®YV, the vector space of functions defined in G with values in V. The
corresponding representation 7 is given by m = np.

Let L : V — E be the linear injective mapping defined by L(v) : g — g.v
for v € V. We consider the pullback L* : F(E,R) — F(V,R) (where F(X,Y)
denotes the space of functions defined in X with values in Y'). It is linear and
maps S,,-invariant functions to G-invariant functions. Hence it drops to a mapping
L*: F(E,R)S" — F(V,R)“. We define a linear mapping J : F(V,R) — F(E,R)
by putting

TR =~ 3 F(hlg)
geG
for f € F(V,R) and h € E = F(G,R) @ V. If we denote by ev, : E — V the
evaluation at g € G, i.e., evg(h) = h(g) for h € E, then J(f) = L > gec g -
Thus, J maps polynomials on V' to polynomials on E. It is easy to check that
L* o J|pvrye =id, so J|p(vrye is a section for L* : F(E,R)S» — F(V,R)%.

Let M be a DC-weight sequence. It is easily seen that L* and J are both
continuous as mappings L* : OM (E)S» — CM (V)% and J : CM(V)¢ — CM(E)5m.

Let (71,...,7,) be a system of generators of the algebra R[E|S. Let f €
CM(V)¥. If theorem 3.4 holds for m, there exists I € CV(RP) (with suitable
strongly regular DC-weight sequence N, see 3.8) such that

J(f)(h) = F(ri(h),...,m(h))
for all h € E. Then

fw) = J(F)(L(v)) = F(o1(v), ..., ,(v))
for all v € V, where 0; = L*7; for 1 < ¢ < p. It is clear from the above that the
o; = L*7; generate R[V]%. This shows theorem 3.4 under the assumption that it
holds for the representation 7 (with suitable N).

3.6. Let W C GL(V) be a finite reflection group. Let H be a W-invariant graded
linear subspace of R[V] which is complementary to the ideal generated by the W-
invariant polynomials with strictly positive degree. The bilinear mapping (h, f) —
hf induces an isomorphism of W-modules H @ R[V]"W — R[V] (see [6, Ch. 5, 5.2,
Thm. 2]). So R[V] is a free R[V]"-module of rank |[W]|.

Choose a basis hi,...,hw| of H consisting of homogeneous elements. Let
w1, ..., wyy| denote the elements of W (in some ordering). Since R[V] = HR[V]W,
we find that, for each v € V, the cardinality of the orbit W.v equals the rank of the
matrix (h;(w;.v)); ;. Since there are v € V with |W.v| = |W/|, the polynomial

A(v) := det(hj(w;.v));
is not 0 € R[V].

Lemma. Let W =S,,, Xx--- xSy, act in V=R™ @ -.-®R™" by permuting the
coordinates. Then, for v = (T11,.- ., T1mys---sTnlys-- - Tr.m, ), We have

(3.6.1) A(’U) = CH H (xi,ji _ xi7ki)p'i,j,;,ki

1=11<j;<k;<m;

for some non-zero constant ¢ and positive integers p; j, i, -
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Proof. By definition, A(v) = 0 if and only if v belongs to some reflecting hyper-
plane of W. It follows that each of the linear forms

(362) L= {xiJi — Tk - 1<i<n 1<y < k; < ml}

divides A. Since they are relatively prime, their product divides A. Suppose, for
contradiction, there is a non-constant polynomial P which is relatively prime with
any of the linear forms in £ and divides A. Without loss we switch to the com-
plexification of the W-module V. By Hilbert’s Nullstellensatz, there is a positive
integer r such that (J[,c[)" belongs to the ideal generated by A, a contradiction.
Hence the assertion. ]

Remark. Actually, more is true: For any finite reflection group W C GL(V') we
have A = ¢JWI/2 where c is a non-zero constant and J = [Licc,, ! with Ly the set
of linear forms with kernel a reflection hyperplane of W. See [3, 4.2 + Appendix].
For us the above lemma will suffice.

3.7. Let H and h1, ..., hjw| be asin 3.6. The following proposition is a modification
of [3, 3.3].

Proposition. Let M be a DC-weight sequence. Let W = Sy, X --+ X Sy, act in
V=R™ @ - -®R™ by permuting the coordinates. Then hi,...,hyw| constitutes
a basis of CM (V) considered as CM (V)W -module.

Proof. Let f € CM(V). There exists a sequence (Px) of polynomials which
converges to f in CM (V) (by 2.11). Since hy, ..., hjw is a basis of R[V] as R[V]"'-
module, we can write P, = >, h; Py ; with Py ; € R[VI]W. For each v € V, we
obtain a system of |IW| equations

Py (w;.v Zh wi.0) Py j(v) (1< <|W|).

Cramer’s rule implies

Pk] ZAzj Pk wz ) (1§]S|W|)a

where the A;; denote the cofactors of the matrix (h;(w;.v));;. The right-hand side
of the single equations converges in C™ (V) to the function

vHZA” wiv) (1<j<|W)),

respectively (a straightforward computation shows that multiplication by a poly-
nomial is continuous). Hence, each sequence (AP ;)i converges in CM (V). By
proposition 2.12 and lemma 3.6, the ideal AC™ (V) generated by A is closed in
CM (V). Thus, there exist unique functions f; € CM (V') such that, for each v and
each j,

3.7.1) Aw) fi(v) = Z Aij(v) f(wi-v)

The f; are W-invariant: For each w € W there is ¢, € {0,1} such that
A(w.v) = (—1)A(v) for all v € V. Since the polynomials Py ; are W-invariant
and evaluation at points is continuous, we find
(=D A@)fj(wv) = (=1)™Av) f;(v)
and thus
filww) = fj(v)
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on the open dense subset {v : A(v) # 0}, and hence everywhere. From (3.7.1) we
obtain

F0) = hy()fi(v)
J
on the open dense subset {v : A(v) # 0}, and hence everywhere. O

Remark. Using remark 3.6, we find that this proposition is true for any finite
reflection group W C GL(V).

3.8. Theorem 3.4 for the representation = : S,, — GL(R"™). Let G be a
subgroup of W = S,,, x--- X S, acting in V= R™ @ --- @ R™" by permuting
the coordinates. Let H be (as in 3.6) a W-invariant graded linear subspace of R[V]
which is complementary to the ideal generated by the W-invariant polynomials with
strictly positive degree. Consider a basis (hi,...,h,) of HS. By proposition 3.7,
we find that (hi,...,h,) constitutes a basis of C™ (V)¢ considered as CM (V)W -
module.

By the reduction in 3.5, in order to prove theorem 3.4 it suffices to consider the
representation 7 : S,, — GL(R™). Let 7,....7, and 61,...,0,, be systems of
homogeneous generators of R[R™|S= and R[@?:l R™]HG=157  respectively, and
consider 7 = (71,...,7p) : R"" — RP and 0 = (01, ...,0,n) : R"™ — R™. By the
previous paragraph and corollary 3.3, each f € CM (R™™)5 has the form

f=Y_hifj=) (Hjor)(Fjo0o071),
j=1 j=1

where h; € RR"™]3», f; € CM(R™)Ii=5» [, e RR?], Fj € CN(R™™), and ©
is the polynomial mapping given by § = © o 7. Note that N is a strongly regular
DC-weight sequence satisfying

This completes the proof of theorem 3.4.

4. EQUIVARIANT MAPPINGS IN DENJOY—CARLEMAN CLASSES

We give an application of theorem 3.4 to the representation of equivariant map-
pings in Denjoy—Carleman classes. We follow standard techniques.

4.1. Let V7 and V5 be real finite dimensional representations of a compact Lie group
G. Tt is well-known that the set Pol(Vi, V5)¢ of G-equivariant polynomial mappings
from V; to Vs is finitely generated as module over R[V;]%.

Let M be a DC-weight sequence. We denote by CM(V;,15)% the set of G-
equivariant CM-mappings f : Vi — V5.

Theorem. Let Vi and Vo be representations of a finite group G with order
m. Let o1,...,0, be a system of homogeneous generators of R[V1]¢ and put
o= (01,...,0p). Let Pi,...,P be a system of generators of the R[V1]%-module
Pol(Vy,V5)C. Assume that M and N are DC-weight sequences. Suppose that N is

strongly reqular and that
M\ *
sup ( ) < 0.

keN=o N Vg
Then for each f € CM(Vy, V)Y there exists an L(f) € (CN(RP))! such that f =
i1 (Lf)j 0 0)P;.




14 A. RAINER

Proof. The dual Vi of V5 carries the dual G-action given by g.l = [ o g~!. Let
f € CM(V1,V32)% and consider the G-invariant function Hy : Vi x Vi — R given
by H¢(v,l) = 1(f(v)). So Hy € CM(V; x V5)¢ and, by theorem 3.4, there exists
Ly € CN(RY) such that Hf = LgoT, where 7 = (71,...,7,) and 71, ..., 7, generate
R[V; x V;*]¢. Taking the derivative with respect to the second component gives

Z@Lf 7(v,0))d27(v,0).

Since v — da7;(v,0) is a G-equivariant polynomial mapping, there exist h;; €
R[V1]¢ such that daT;(v,0) = 23‘:1 hi;j(v)P;(v). Since v — 7(v,0) is G-invariant,
there is a polynomial mapping 0 : R? — R? with 7(v,0) = 6(o(v)). Then

q
=<; 0;Lyo0)h )1§j§l

has the required properties. (I

5. POLAR REPRESENTATIONS

5.1. Polar representations. [13], [33], [39] A real finite dimensional orthogonal
representation p : G — O(V) of a Lie group G is called polar, if there exists a
linear subspace X C V, called a section, which meets each orbit orthogonally. The
trace of the G-action in ¥ is the action of the generalized Weyl group W(X) =
Na(X)/Za(2), where Ng(X) = {g € G : p(9)(X) = X} and Zg(X) :={g € G :
p(g)(s) = s for all s € ¥}. The generalized Weyl group is a finite group. If ¥’ is
a different section, then there is an isomorphism W (X) — W(X') induced by an
inner automorphism of G.

The following generalization of Chevalley’s restriction theorem is due to Dadok
and Kac [13] and independently to Terng [39].

Theorem. Assume that G is a compact Lie group. Then restriction induces an
isomorphism of algebras between R[V]E and R[X]W ).

5.2. Invariant functions in Denjoy—Carleman classes. We generalize theorem
3.4 to polar representations..

Theorem. Let G — O(V) be a polar representation of a compact Lie group G, with
section X and generalized Weyl group W = W(X). Write m = |W|. Let o1,...,0p
be a system of homogeneous generators of R[V]Y and put o = (01,...,0,). Assume
that M and N are DC-weight sequences. Suppose that N is strongly reqular and

that
M\ *
sup ( ) < 0.
keN-o \ N

Then for any G-invariant function f € CM(V)C there exists a function F €
CN(RP) such that f = F o o. In particular: Any G-invariant Gevrey function
f € GYO(V)E (with § > 0) has the form f = F o o with F € G'*7(RP), where
v =0dm.

Proof. Let f € CM (V). By theorem 5.1, the restrictions o1y, ..., 0,|s generate
R[X]W and o(V) = o|s(X). Since f|s € CM(Z)W, theorem 3.4 implies that there
is a F' € CV(RP) such that f|s = F o ols, and, hence, f = F oo. O
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5.3. In the situation of 5.2 we have:

Theorem. Each f € CM(S)W (resp. G1T(X)W) has an extension in CN(V)©
(resp. GITY (V)< ).

Proof. Let f € CM(2)". Choose a system of homogeneous generators 7y, ..., 7,
of R[¥]W. By theorem 3.4, there is an F' € CV (RP) such that f = F o (rq,..., 7).
Each 7; extends to a polynomial 7; € R[V]¢, by theorem 5.1. So f= Fo(f1,...,7p)
is a G-invariant extension of f belonging to CN (V). O

5.4. Basic differential forms in Denjoy—Carleman classes. Let G — O(V)
be a polar representation of a compact Lie group G, with section ¥ and generalized
Weyl group W = W(X). A differential form w € QP(V) is called G-invariant if
(lg)*w = w for all g € G, where l4(x) = g.z, and horizontal if it kills each vector
tangent to a G-orbit, ie., icyw = 0 for all X € g := Lie(G), where ( is the
fundamental vector field mapping ((x (z) = Te(1*).X with I*(g) = g.x). Denote by
QP (V)€ the space of all horizontal G-invariant p-forms on V. Its elements are
also called basic p-forms.

It is proved in [28, 29] that the restriction of differential forms induces an iso-
morphism between QY (V)¢ and QP(2)W.

Let M be a DC-weight sequence. We may consider p-forms w on V' of Denjoy—
Carleman class CM. Let us denote the space of such forms w by (QM)?(V). A
careful inspection of the proofs in [28, 29] shows that we can deduce the following
theorem in an analog manner:

(i) The statement in [28, 3.2] is true in Denjoy—Carleman classes C™ as well:
Letl € V* and let f € CM(V) with f|;-1(0) = 0. Then there exists a unique
h € CM(V) such that f =1-h. See the proof of proposition 2.12.

(if) In [28, 3.7] instead of Schwarz’s theorem we use theorem 3.4.

The rest works without change and yields:

Theorem. Let G — O(V) be a polar representation of a compact Lie group G,
with section ¥ and generalized Weyl group W = W(X). Put m = |W/|. Assume
that M and N are DC-weight sequences. Suppose that N is strongly reqular and

that
(Mkm)% <
sup 00.
keNso \ Nk
Then each w € (QM)P(X)W has an extension in (V)P (V)9. O

Remark. Obviously, restriction of differential forms does in general not map forms
in (QV)P_ (V)€ to forms in (2M)P(X)W. So we cannot expect to obtain an isomor-
phism as in the smooth case.

6. PROPER G-MANIFOLDS WITH SECTIONS

In this section X always denotes a connected complete Riemannian G-manifold,
with effective and isometric G-action.

6.1. Sections. [33] Let X be a proper Riemannian G-manifold. A connected closed
submanifold ¥ of X is called a section for the G-action, if it meets all G-orbits
orthogonally. Each section is a totally geodesic submanifold. Analogously with 5.1
we define the generalized Weyl group W(X) := Ng(X)/Zc(X) which turns out to
be a discrete group acting properly on X. If ¥/ is a different section, then there is
an isomorphism W(X) — W(X') induced by an inner automorphism of G.
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6.2. Invariant functions in Denjoy—Carleman classes. In the smooth case,
restriction induces an isomorphism C=(X)¢ = C=(Z)W&)| by [32]. We show
an analog result in Denjoy—Carleman classes. From now on all manifolds are real
analytic.

Theorem. Let X be a real analytic proper Riemannian G-manifold with section ¥
and Weyl group W = W(X). Suppose that

m = sup |Wy| < oo.
€Y

Assume that M and N are DC-weight sequences. Suppose that N is strongly reqular

and that

sup (Mkm)% < oo

keNso \ Nk .
Then each f € CM(Z)W (resp. G*O()W ) has an extension in CN(X)E (resp.
GO (X)%).

Proof. Let f € CM(X)W. It is well-known (e.g. [33]) that each W-invariant
continuous (smooth) function in ¥ has a unique continuous (smooth) G-invariant
extension. Let f be the extension of f. We show that f represents an element
in CVN(X)%. Let + € X. Without loss we may assume that * € % (since the
action is real analytic). Let S, be a normal slice at z. Then, by the slice theorem,
G.S; and G X, Sy are real analytically G-isomorphic and G x S; — G X g, Sy is
a real analytic surjective submersion. Thus, it suffices to show that f |s, belongs
to CN(S;). We can choose a ball B C TS, around 0, such that B = S, and
T,>NB=YNS,. Then the G -action on S, is up to a real analytic isomorphism
a polar representation with section T,,% and Weyl group W, (e.g. [33]). So the
assertion follows from theorem 5.3. O

6.3. Basic differential forms in Denjoy—Carleman classes. In the smooth
case, the restriction of differential forms induces an isomorphism between Q2 (X)¢
and QP (X)W by [28, 29]. This is derived from the analog result for polar represen-
tations with the help of the slice theorem.

Let X be a real analytic proper Riemannian G-manifold with section ¥ and Weyl
group W = W (X). Suppose that

m = sup |W;| < oo.
reX

Let M and N be a DC-weight sequences. Suppose that N is strongly regular and

that .
sup (Mkm) § < Q.
keNso \ N

It turns out that we are able to apply the same arguments as in [28, 29] in order
to deduce a similar generalized statement from theorem 5.4. All mappings occurring
while applying the slice theorem in [28, part 4] are real analytic and may, therefore,
be taken over without change. Hence we may reduce to the slice representations
G, — O(T,S;) which are polar with Weyl group W, and we may apply theorem
5.4.

Following the final step of the proof [28, 4.2] we glue local differential forms
w € (QV)P (G.S;,)¢ to aform @ € (QV)P (X)C. This is done, using a method
of Palais [31, 4.3.1], by constructing a suitable partition of unity consisting of G-
invariant functions. More precisely: There exists a sequence (z,)nen of points in
3> and open neighborhoods of x,, in 3 whose projections form a locally finite open
covering of the orbit space X/G = ¥/W, and there exists a partition of unity f,
consisting of G-invariant functions with supp(f,) € G.S;,. The construction of
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the f, is as follows: There exist neighborhoods z, € K,, with compact closure in
S, such that their projection forms a covering of X/G. Let f, be a non-negative
function on Sy, positive on K, and with compact support in S,,. By averaging
we may assume that f,, is G, -invariant. Define f,(g.s) = fn(s) for ¢ € G and
s€S,, and f,(xr) =0 for x € G.S,, . Since there are CN partitions of unity (by
2.3) and since averaging over the slice representation G, — O(Ty, Sy, ) (which is
G, -equivariantly real analytically isomorphic to the G, -manifold S,, ) preserves
the Denjoy—Carleman class (by lemma 6.4 below), the functions f, can be chosen
in ON(X)%. Thusw =Y, faw®™ € (QV)P (X)€, and we obtain:

Theorem. Let X be a real analytic proper Riemannian G-manifold with section 3
and Weyl group W = W(X). Suppose that

m = sup |W| < oc.
TEX

Let M and N be a DC-weight sequences. Suppose that N is strongly regular and

that
up (o) ¥ oo
keN=o N Nk '
Then each w € (QM)P(X)W has an extension in (QN)P (X)C. O

Lemma 6.4. Let G — O(V) be a real finite dimensional representation of a com-
pact Lie group G. Let M be a DC-weight sequence. If f € CM (V) then

fz) = / f(g-x)dg
G
(where dg denotes Haar measure) belongs to CM (V)S.
Proof. We write I, : V — V,z +— g.x for the linear action of g € G. By choosing

a basis we identify V' = R". Let K C V be compact. It suffices to show that for
each positive o = o(f, G.K) there exists a positive g such that

(6.4.1) 1o lglle.x < [ fllo.c.x

for all g € G. By Faa di Bruno ([15] for the 1-dimensional version)

O (foly)(x 1 .
v ng)( ) ) 10" e (Orly ()7 -+ (Bnly(x)) ",
aég IR;’ " \{fg n
v=>B1ls--+1Bnl)

where 0;lg(x) = (0i(lg)1(x), ..., 0i(lg)n(z)). So we find

[07(f o 1y)()] ot 10" F(g0)] ) 1o
TR < 2B T 1l

where ||l4]| denotes the operator norm of [;. Put
o= max |l
Then we obtain (6.4.1) by defining
0 :=n’po.

This completes the proof. ([l
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