THE TROUVE GROUP FOR SPACES OF TEST FUNCTIONS

DAVID NICOLAS NENNING AND ARMIN RAINER

ABSTRACT. The Trouvé group G 4 from image analysis consists of the flows at
a fixed time of all time-dependent vectors fields of a given regularity A(R?, R%).
For a multitude of regularity classes A, we prove that the Trouvé group G4
coincides with the connected component of the identity of the group of ori-
entation preserving diffeomorphims of R® which differ from the identity by
a mapping of class A. We thus conclude that G4 has a natural regular Lie
group structure. In many cases we show that the mapping which takes a time-
dependent vector field to its flow is continuous. As a consequence we obtain
that the scale of Bergman spaces on the polystrip with variable width is stable
under solving ordinary differential equations.

1. INTRODUCTION

It is well-known that a time-dependent vector field u € L'([0,1],C}(R?, R?)),
where Cl}(Rd, R?) denotes the space of C'-mappings which are globally bounded
together with its first derivative, has a unique flow

(1.1) O(t,z) =+ /Otu(s, ®(s,z))ds, xR telo,1]

such that ®(t,-) — Id € C}(R% R?) for all t. Given a locally convex space A of
mappings f : R? — R? which is continuously embedded in C&(Rd, R9), one defines
the associated Trouvé group
Ga:={®(1,"):u € Fu},

where F4 is a suitable family of functions [0,1] — A(R? R%); this construction is
due to Trouvé [20], see also [22]. We require that the elements of F 4 are integrable
functions in some sense, but the precise definition depends on the structure of the
space A(R% RY). If the latter space is a Fréchet space, then the elements of F 4 are
integrable by seminorm (see Section , in particular, Bochner integrable in the
Banach case.

There has been a recent interest in a precise description of the regularity prop-
erties of the elements of G 4; see [5] for the Sobolev and [16] for the Hélder case. In
[6] similar problems are studied in the context of Banach and Fréchet Lie groups.

In this paper we prove that the Trouvé group G4 is equal to the connected
component of the identity Diffy A of

Diff A := {® € Id +A(R%,RY) : mgd det d®(z) > 0}
e
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2 D.N. NENNING AND A. RAINER

for all of the following classes A:

Smooth functions with globally bounded derivatives B (= Dr in [19]).
Smooth functions with p-integrable derivatives WP (= D, in [19]).
Rapidly decreasing Schwartz functions S.

Smooth functions with compact support D.

Global Denjoy—Carleman classes BM].

Sobolev-Denjoy—Carleman classes WMl

Gelfand—Shilov classes S FLM]T]

e Denjoy-Carleman functions with compact support DIMI,

Hereby, M = (My) is a (strictly) regular sequence (see Definition , while for
the sequence L = (L) we just assume L > 1 for all k.

In all these cases Diff A is a C> (resp. CIM] see Section regular Lie group,
by [15] and [13], see also [14]. It thus follows that G4 has a natural Lie group
structure. In contrast to [I5] and [I3], where the vector fields were C'*° (resp.
C™M1) in time ¢ and hence the C* (resp. CM]) exponential law applied, we are
focused in this paper on vector fields which are just integrable in time.

For the unweighted spaces B, WP S, and D we prove that the map which
sends a time-dependent vector field u € L'([0,1], A(R%,R%)) to its flow &, €
C(]0, 1], Diff A) is continuous.

As an application we obtain that the scale of Bergman spaces on the polystrip
with variable width is ODE-closed. More precisely: The LP-Bergman space A?(S,)
is the Banach space of p-integrable holomorphic functions on the polystrip S, :=
{z=(21,...,24) € C¥:Im(2) <r, 1 <i<d}. Weprove that the inductive limit

AP(RY) = lim AP(S))

r>0

is topologically isomorphic to the Sobolev-Denjoy-Carleman space W{1}:?(R%) of
Roumieu type, where 1 = (1,1,...). Similarly, the projective limit

AP(RY) = Hm A (S(;))

>0

is topologically isomorphic to the Sobolev-Denjoy—Carleman space W(1):?(R9) of
Beurling type. This allows us to conclude that the flow of any time-dependent
vector field u : [0,1] — AP(S(,y, R4), for some > 0, which is Bochner integrable
in time is a continuous curve t + ®,(¢) in Id +ép(Rd, RY). Analogously, if u :
[0,1] — éP(Rd,Rd) is integrable by seminorm, then t + ®,(t) is a continuous
curve in Id —|—é”(Rd, R%).

The paper is organized as follows. We introduce notation and some necessary
background in Section[2] The function spaces and diffeomorphism groups of interest
in this paper are defined in Section [3] Our main result G4 = Diffy A is proved in
Section[d] In Section [5]we show continuity of the low map in the unweighted cases.
The application for the scale of Bergman spaces on the polystrip with variable
width is given in Section [0}
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2. NOTATION AND PRELIMINARIES

In what follows N = {0,1,...}, Nsg = N>; = N\{0}. Fora = (ay,...,aq) € N%,
la| :== a1+ +agand a! := ;! - - ag!. By the multinomial theorem, for all a € N¢,
(2.1) la|! < d*lal.

For a C¥-map f:R% — R"™ and |a| < k, 9*f denotes the a-th partial derivative of
f. We also write 0% to make clear which variable is in the scope of differentiation.

For a C*-function f : U — F defined on an open subset U of a Banach space
E with values in some other Banach space F, we denote by f*) = 9%f = dFf :
U — Li(E, F) the k-th Fréchet derivative, where Ly (F, F) is the space of k-linear
mappings E* — F endowed with the operator norm.

For f € ZX*Y we consider f¥ € (ZY)X defined by fV(z)(y) = f(z,y), and with
g € (Z¥)* we associate g" € ZX*Y given by ¢ (z,y) = g(z)(y).

2.1. Sobolev spaces. For k € N and p € [1,c], let W*P(R% R) denote the space
of k-times weakly differentiable functions defined on R? with values in R such that
all partial derivatives up to order k lie in LP(R% R). We endow W"?(R% R) with

the norm
£ llweo == D> 10%f Lo
lor| <k
An important tool in the subsequent considerations is the following Sobolev in-
equality (e.g. [1]).
Lemma 2.1. Let k := L%J +1. Then WkP(RY R) C Cy(RY,R) (where Cy, denotes

the space of bounded continuous functions) and there exists a constant C' = C(d, p)
such that, for all f € W*P(R% R),

[fllzee < Clifllw.r-

2.2. Faa di Bruno’s formula. The Faa di Bruno formula is a generalization of
the chain rule to higher order derivatives. The next proposition is a multivariable
version, a proof can be found in [3, Proposition 4.3].

Proposition 2.2. Let f € C°(R™,R) and g € C>*(R",R™). We have, for all
v € N™\ {0},

A (fog)(x a! 0%f)(g(x)) 1% g(x)\ k1 D% g(x)\ ke
(2.2) ( A1 i :Zkll---kg! ( ())4(! ( ))( 51!( )) ( 54!( )) ’
where « = k1 + -+ - + k¢ and the sum is taken over all sets {61,...,0¢} of £ distinct
elements of N*\ {0} and all ordered (-tuples (ky,... ko) € (N?\{0})¢, £=1,2,..,
such that v = Zle |ki| ;-

We also need a version for composition of smooth functions between Banach
spaces, cf. [21 Theorem 1].

Proposition 2.3. Let k € N>, E, F,G Banach spaces, U C E and V C F open
subsets, and f : U — F and g : V — G C*-functions with f(U) C V. Then, for
z e U,

Fo0)®() - (i 5 f9()) (g(‘“)(z) S g(af)(ff)))

k" ‘ ]' 041! aj!
aeN’
aj+-+o;=k
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where symy denotes the symmetrization of k-linear mappings.

2.3. Integrability by seminorm. Integrability by seminorm is a notion of inte-
gration for functions with values in locally convex vector spaces. We briefly recall
the necessary definitions and theorems. For a detailed treatment we refer to [4].

Let E be a locally convex vector space and P the family of continuous seminorms
on E. Let I be a bounded interval in R. A function f : I — F is called simple if it
is Lebesgue measurable and only takes finitely many values. It is called measurable
by seminorm if for each p € P, there exists a nullset N, C I and a sequence (f2),en
of simple functions such that

p(f2t) — f(t) =50 forallt eI\ N,

It is actually enough to require that property for each p € Py, where Py is a
subbase of the continuous seminorms. If N, and (f%) can be chosen independently
from p, then f is called strongly measurable. Finally, f is called weakly measurable
if {o f: I — R is Lebesgue measurable for all £ € E’.

Theorem 2.4 ([4] Theorem 2.2]). A function f : I — E is measurable by seminorm
if and only if f is weakly measurable and for each p € P there exists a nullset N, C I
such that f(I\ Np) is separable.

For a simple function f : I — FE, the integral over a measurable set J C [ is

clearly defined as
/f D= S A {yHna) -y

yeE
where ) is the Lebesgue measure on I. A function f : I — E which is measurable
by seminorm is called integrable by seminorm if

VpeP, VneN: po(ff—f)e LX),
VJ C I measurable 3F; € EVp € P : p(FJ —/fﬁ(t) dt) oy

in this case F; =: [, f 5 f(t)dt. For a complete locally convex space E, integrability
of po f for each p € P already implies integrability by seminorm. If F is a Banach
space, then clearly integrability by seminorm coincides with Bochner integrability
and the respective integrals coincide. It is easily seen that for each p € P,

o [ rd) < [ streyae

Let £Y(I,E) consist of functions f I — F integrable by seminorm. For a
continuous seminorm p on E, define p(f) := [, p( ;p(f(t))dt and let P be the family

of such seminorms. Then (£!(1, E),'P) is a (n~on Hausdorff) locally convex space.
For N :={f € LY(I,E) : p(f) = 0 for all p € P}, let

LYI,E) :=LY(I,E)/N,
which is then clearly also Hausdorft.
3. FUNCTION SPACES AND THEIR ASSOCIATED DIFFEOMORPHISM GROUPS

Let us introduce the function spaces considered in this paper. We will define
spaces A(R?,R) of real valued functions for different regularity classes A, and set

A(R?,R™) := (A(R%,R))™.
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3.1. Classical spaces of test functions. For p € [1, 00], we consider
WerRYR) : = () WHP(RY) = {f € C°(R"R) : | f1¥|» < 00 Ya € N}
keN

and endow it with its natural Fréchet topology. For p = co we also write B(R?,R) :=
W>>°(R4 R). We consider the Schwartz space

S(RLR) == {f € C*(R™R) : ||f||"* < oo for all p € N, € N},

where
£ P = sup (1 + |2[)?[ £ ()],
reR?

with its natural Fréchet topology. We denote by D(R? R) the nuclear (LF)-space
of smooth functions on R? with compact support.

3.2. Local Denjoy—Carleman classes. Let M = (My) be a positive sequence.
For an open subset U C R? the Denjoy—Carleman class of Beurling type, denoted
by CM)(U,R), is the space of f € C*(U,R) such that for all compact K C U and

all p>0 (
«
171, = sup DL
a€eN? zeK p' ‘|O[|!M|a\!
The Denjoy-Carleman class of Roumieu type C1M}(U,R) is the space of f €
C*(U,R) such that for all compact K C U there exists p > 0 with Hf||%p < o0.
They are endowed with their natural locally convex topologies. We write C'M] if
we mean either CM) or C{M},

Some regularity properties for the sequence M = (M},) guarantee that the funda-
mental results of analysis hold true for the classes CIM]: stability under composition,
differentiation, inversion, and solution of ODEs. This applies for sequences which
satisfy the following definition. Here we do not strive for the utmost generality, but
see [I7] for a characterization of the stability properties.

< 00.

Definition 3.1. We say that a positive sequence M = (My,) is regular if

(1) 1=My<M; <My <---,

(2) M is log-convex, i.e., MZ < Mj_1 My for all k,

(3) M has moderate growth, i.e., there is C' > 0 such that My; < C¥*J M, M;

for all k,j.

It is easy to see that for a regular sequence M the Roumieu class C{M? contains the
real analytic class C*. In the Beurling case, the inclusion C% C CM) is equivalent
to

(4) M;/k — 00 as k — oo, or equivalently My /My — oc.
A regular sequence M = (Mj) which additionally satisfies (4) is called strictly
regular.

Evidently, a regular sequence M = (My,) is derivation closed, i.e., thereisa C > 0
such that M1 < CkM,, for all k. We say that a regular sequence M = (My) is
quasianalytic if

> 1
Z 7k = %
2 (k1M

otherwise it is called non-quasianalytic. By the Denjoy—Carleman theorem, M is
quasianalytic if and only if CIM] is quasianalytic, i.e., a function f € CIMI(U),
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where U is a connected open subset of R?, is uniquely determined by its Taylor
series expansion at any point a € U.

For regular sequences M the classes C™! are stable under composition, indeed
log-convexity implies the following inequality (cf. [3, Proposition 4.4])

(3.1) MF M, > My, MF* ... M*» for k; € N, sz =n, Zki =k.
=1 =1

For later use we recall the following simple lemma.

Lemma 3.2 ([13, Lemma 2.2]). Let M = (M},) satisfy (3.1)) and let A > 0. Then
there are positive constants B,C depending only on AMi, m, and n, and C — 0
as A — 0 such that

al
_ @ el kil kel &l
> T oA Mia Mgy - Mg < BOIMy,

where the sum is as in Proposition [2.3.

We refer to [10], [I1], [12], [T7], and [18] for a detailed exposition of the connection
between these conditions on M = (Mj},) and the properties of C'1M].

For regular sequences M = (M), the classes C!™] can be extended to convenient
vector spaces (i.e. Mackey-complete locally convex spaces, cf. [9]), and they then
form cartesian closed categories. This has been developed in [I0], [I1], and [12].

3.3. Ultradifferentiable spaces of test functions. Let M = (M}) be a positive
sequence. For p € [1,00] and o > 0, we consider the Banach space
W2IP(RYR) := {f € C®(RYR) : || fl5"" < oo},
where (@
S e
1207 = sup 1 ar
aeNd 0% |a"M|a\
The corresponding Beurling class
. M,
W(M)yp(Rda R) = 1&1 Wl/np(Rd7 R)v
neN
is a Fréchet space. The corresponding Roumieu class

WMEP(RYR) = lim WP (R, R),

neN
is a compactly regular (LB)-space, see [I3, Lemma 4.9]. By writing WIM?(R4 R)
we mean either WM)2(R? R) or W{MbP(RYR). For p = oo, we also use
BMI(R? R) := WMl (R4 R) and
IFI1Z" = 115"

Remark 3.3. The definition of B-mappings makes sense between arbitrary in-
finite dimensional Banach spaces E and F', or even an open subset U C E of the

domain. Then N
X
Hf”]\U/{cr = sup Hf ( )HLk(E,F)

kEN, €U oF k! M,

b

where f(*) denotes the k-th Fréchet derivative. The corresponding Beurling and
Roumieu classes are defined analogously to the finite dimensional case. In the finite
dimensional case both definitions yield the same function spaces and the respective
norms are equivalent.
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Let L = (Ly) be another positive sequence. We consider the Banach space
Sho(RER) := {f € C®(RULR) « | f[l7™ < oo}

with the norm
(14 [])P[f) ()]
N? obtlal p!|04|! LpM|a‘ '

IF1Z" =

peEN, ae
zeR?

The associated Gelfand-Shilov class of Beurling type is the Fréchet space
M .
SV RLR) = fim 53,/ (R, R).
The Gelfand—Shilov class of Roumieu type

M .
STV RLR) = lim S}, (RY,R)
neN
is a compactly regular (LB)-space, see [I3, Lemma 4.9]. By writing S{%](Rd, R) we
mean either SEg)(Rd7 R) or ‘S{{{Q/I}}(Rd7 R).
Finally, we define

DPMI(RY R) := cM(R? R) N D(R%,R) = BMI(R? R) N D(RY,R)

which is non-trivial only if M = (M}) is non-quasianalytic. We equip D[M}(Rd, R)
with the following topology,

DMI(R?R) = lim DE(RER)

KER4
where
M . M .
DY (RY,R) =1im DY, ,(R,R), DL (R R) :=1lim DY, (R, R)
leN LeN
and

DY (RY,R) == {f € C*(R",R) :supp f C K, || f||3! < oo}

is a Banach space. Then D) (RY) is a (LFS)-space and DIM}(R?) is a Silva space,
see [7].

Remark 3.4. For f = (f1,..., fm) € WMP(R? R™), we also sometimes write
[ £1MP and actually mean maxi<i<m, || fi[|2P; similarly, for the other aforemen-
tioned function spaces. If domain and codomain are clear from the context, we

sometimes omit mentioning them explicitly, e.g., WM? instead of WMl»(R? R™).

The next diagram taken from [I3] describes the mutual inclusion relations of the
above spaces. For 1 < p < ¢ < 0o, we have the following continuous inclusions:

D S WP > o0 B c>

R R AR N

piMYy o gtMy _  pAMYp o ppiMYa ot gIMY o oM}

L L L]

D(M) >_>SEILV§> - WM (M) o B(M) (M)
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For the inclusions marked by * we assume that M = (M},) is derivation closed. If
the target is R (or C) then all spaces are algebras, provided that (k!Mj}) is log-convex
in the weighted cases, and each space in

D(RY) == S(R) == W>?(R?) == W>4(R?) == B(RY)

is a B(R?)-module, and thus an ideal in each space on its right. Likewise each space
in

D[M](Rd) - S%%](Rd) - = W[M]’p<Rd) > W[M]’Q(Rd) - = B[M](Rd)

is a BIM(R%)-module, and thus an ideal in each space on its right.

3.4. Associated diffeomorphism groups. Let A4 be any of the classes B, WP,
S, D, BM] wiMlp S{%], DIMI - Suppose that M = (My) is a regular sequence,
resp. strictly regular in the Beurling case, and let L = (L) be a sequence with
L, > 1 for all k.

In [13] and [TI5] (see also [14]) it was shown that

Diff A: = {® € Id +A(R% R?) : iand det d®(z) > 0}
xre

={®ecld +A(R?, RY) : ® is bijective, &1 € Id +A}

is a manifold modelled on the open subset {® — Id : ® € Diff A} of the convenient
vector space A(R?,R?) with global chart ® + ®—1Id and actually that it is a smooth
(resp. C [M ]) regular Lie group. We have C'*° injective group homomorphisms

Diff D > Diff § >—— Diff WP ~ P2 Diff W4 - Diff B

and C™] injective group homomorphisms

Diff DM > Diff S} = Diff WMl » P20 Diff wiMla - Diff BIM]

where each group is a normal subgroup of the groups on its right.

Our main goal is now to give a different description of Diff A in terms of the
so-called Trouvé group from image analysis, cf. [20] and [22]. This is outlined in
the next section.

4. DIFFEOMORPHISM GROUPS GENERATED BY TIME-DEPENDENT VECTOR-FIELDS

4.1. ODE-closedness and the Trouvé group. Let I be some interval and u a
time-dependent vector field u : I x R* — R? sufficiently regular, e.g., continuous
in t and Lipschitz continuous in z with ¢-integrable global Lipschitz constant, to
uniquely solve

t
(4.1) z(t) = xo —|—/ u(s,z(s))ds

S0
for all sg,t € I and =y € R%.

Then one considers, for ¢ty € I, the flow ®,(so,to,x0) := x(tg) of u at time t.
From now on we assume, unless otherwise stated, that I = [0,1] and sy = 0 and
simply write @, (to,zo) instead of ®,(0,%p,x0). In addition, we set ¢, (to, o) =
‘I’u(to,J?o) — Xo.

In [22] it was shown that for " € LY(I,C}(R? R?)) the regularity with
respect to the spatial variable is transferred to the flow in the sense that
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®,(tg, ) € Id+C}(R? R?). In addition, ®,(to,-) ! exists and is again an element of
Id +C} (R4, RY). This yields a way of constructing a multitude of diffeomorphisms
of a certain type, namely such of the form Id +C¢(R?,R9).

This way of regularity permanence with respect to ODEs is now generalized to
arbitrary locally convex spaces £ of maps R — R? and dubbed ODE-closedness.
To be more precise, let F be a family of functions F C E! containing all constant
functions. Then FE is called F-ODE-closed if ¢~ exists and

Qur(t,") € Eforallue F, tel.

If E is a Banach space, it is natural to choose F to be the family of Bochner
integrable functions I — E. For general FE, among the sensible choices for F are
functions integrable by seminorm, cf. Section [2.3

If F is a vector space and for u,v € F the functions wy,ws defined by

i) = {u(Zt) ifrefo1/2

v(2t—1) ifte(1/2,1] wa(t) == u(l —t)

again belong to F, then it is not hard to see that
Gr :={Pu(1,") :u e F}

is a group with respect to composition, the so-called Trouvé group; cf. [20] and [22].
In general not much is known about the Trouvé group. Clearly if F is F-ODE-
closed, then G C Id+F.

Remark 4.1. When it does not lead to confusion, we omit writing (-)" and (-)",
eg.,foru:I —-EC (Rd)Rd we simply write u(t, ) instead of u” (¢, ). Similarly for
functions of several variables f : X1 X Xo — Y, by writing f(x3), we actually mean
f(,xz3) : X1 — Y. This notational inaccuracy will mainly occur, when writing
®,,(t) instead of ®,,(¢,-).

4.2. Admissible vector fields. Let A be any of the classes WP, S, D, WMlp,
S%], DM where p € [1,00] (in particular, the cases B and BM! are included).
Suppose that M = (M) is a regular sequence, resp. strictly regular in the Beurling
case, and let L = (L) be a sequence with Ly > 1 for all k.

We will show that the Trouvé groups for the classes A (with suitable choices
of F) coincide with the connected component of the identity in Diff A4 which we
denote by Diffy A. By the results of [13] and [I5], see Section [3.4] we conclude that
these Trouvé groups have a natural regular Lie group structure. So let us now fix
F 4 for each A mentioned above and write G 4 instead of Gr, for the corresponding
Trouvé group.

For A € {Woo’p,S,W(M)’p,S((%)}, when E := A(R? R?) is a Fréchet space, let
Fa:=LY(I,E) in the sense of Section In particular, this means, for v € F4,

1
(4.2) Yo e N : / 109 u(t) |1 dt < 00, i A = WP,
0
1
(4.3)  VpeN, VaeN?: / u()| P dt < o0, if A=,
0

1
(4.4) Vo >0: / |u@®)|MPdt < co, if A=WHMP,
0
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1
(4.5) Vo >0 / Ju(@)I2 dt < oo, if A= S,
0

In the cases A € {W{M}bp, S%}}}, we take F 4 to be the set of those u € L1(I, E)
which factor into some step of the inductive limit which represents E and are

(Bochner-)integrable therein. In particular,

1
(4.6) 3o >0: / |u(®)|| AP dt < 0o, if A=W{Mhp
0
1
(@7) 3o >0 / Ju(®) |2 dt < o0, it A=SEY.
0

For the compactly supported classes A € {D,D™M)} we take F4 to be the
class of functions that map into some Dy (R? RY), resp. D%M)(Rd, R%), and are

integrable by seminorm therein. Then there exists a compact subset X C R? such
that suppu(t) C K for all ¢ € [0, 1], and

1
(4.8) Vo e N7 : / 102 u(t)| = dt < 00, if A=D,
0
1
(4.9) Vo >0 / ()M dt < o0, if A= DD,
0

Finally in the Roumieu case DM} let Fp(ay be the class of functions that map
into some D! (R% R?) and are Bochner integrable therein. Then there exists a

compact subset K C R? such that suppu(t) C K for all ¢ € [0, 1] and
1
(4.10) G050 / lu(®) M dt < o0,  if A= DY
0
Remark 4.2. Since point evaluation is continuous on all spaces A(R?,R?), we get,
by Theorem that the function
I - R s ul(s,z),

is measurable for all + € R?. Then it is straightforward to check that for all
¢ € C(I,R?) and z € R%, the mapping

I =R s u(s,z+ ¢(s)),
is measurable; see [2 Lemma 2.2] for a detailed argument.
4.3. Main result.
Theorem 4.3. For all classes A and corresponding G a introduced in Section [{.3,
G = Diffy A.
For each time-dependent vector field u € F 4 the flow t — ¢, (t) € A is continuous.

The proof of Theorem is subdivided into several propositions. One inclusion
can be proved uniformly for all classes A. Abusing notation we shall denote by A
also the space A(R%,R?).

Proposition 4.4. G4 D Diffy A.
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Proof. Observe that Diff A — Id is open in A, and hence so is Diffy A — Id. Since
Diffy A — Id is connected and locally path-connected, it is path-connected. Thus
any ® € Diffy A can be connected by a polygon with the identity.

Now take ® = Id +¢ € Diffy A such that (t) := Id +t¢ € Diff A for 0 < ¢ < 1.
Since Diff A is a Lie group, u(t) := ¢ o y(t)~! is smooth. Hence in all cases u is
in 4 (in the Roumieu cases a smooth curve factors through a step in the defining
inductive limit, since it is compactly regular or Silva). So ® = ®,(1,:) € Ga.

For the general case, let & € Diffy. 4. Take a polygon with vertices Id =
Pq,...,P, = & connecting Id with ®. By the previous paragraph, we know al-
ready that ®3 € G4. Now we may argue iteratively. By assumption, the segment
between ®5 and ®3 lies in Diff A and therefore also the segment between Id and
d30 <I)2_1 which shows that ®3 o <I>2_1 € G4. Since G 4 is a group, we may conclude
that ®3 € G4. Applying the same argument for the remaining vertices finally shows
that ® € G4. O

The other inclusion G 4 C Diffy A follows from the following assertions:

(o) For each time-dependent vector field u € F the flow t — ¢,(t) € A is
continuous.
(ee) inf,cradetd®,(t,z) >0 for allt € I.

Let us check (ee). Observe that there is some v € F4 such that ®,(t)~1 = ®,(¢)
for all t. In particular, ®,(t)~! is continuously differentiable on R? and the first
derivative is invertible at any point € R?. For fixed z € R?, the mapping t —
~(t) := det d®,(t, ) is continuous and has values in R\ {0}. Since (0) = 1, it
thus follows that y(t) = det d®,(t,x) > 0 for all x € R and ¢t € I. Now suppose
there exists a sequence x, in R? such that det d®,(t,x,) — 0 as n — oo. This
would imply the existence of a sequence y,, such that det d®, (¢, y,) — oco. But this
contradicts (e), since all spaces A are contained in B.

The rest of the section is devoted to prove (o). Depending on A, the techniques
will be different.

4.4. Ultradifferentiable classes. First we treat the weighted Roumieu-type
spaces.

Proposition 4.5. Let M = (M},) be a regular sequence. For each time-dependent
vector field u € Fyiary the flow t v+ ¢y, (t) € BYM} s continuous.

Proof. Take u € Fygrmy. Due to (4.6]), there exists p > 0 such that fol Ju(®)||)" dt <
0o. We show first that t — ®,(t,-) has values in Id +B{M} and later on continuity
in ?.

Let 6 >0, tg € I and set J := I N[ty — d,ty + J]. For ¢ € C(J,R?) and x € R?,
define a mapping T : C(J,RY) x RY — C(J,R?) by setting

T(¢,2z)(t) := /u(s,x + ¢(s)) ds.

to

We claim that T'(-, z) is Lipschitz with Lipschitz constant less than 1 if ¢ is chosen
sufficiently small. For,

T($,2)(t) = T(v,2)(t)] = | ) uls,x + ¢(s)) — ul(s,x +1(s)) ds|
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< | fuls,z 4 d(s)) —uls, x +4(s))| ds

to

< pM, / lu(s) 1M [é(s) — ()| ds

< My /J lu(s)[M ds |6 — ]~

and [, ||u(s)||ﬂ/f ds gets arbitrarily small (independent of ¢y) by choosing § small
enough. So let § be chosen such that

(4.11) max(1, p) M /J ||u(s)||f)w ds <1/2.

Then, for each fixed =, T(-,x) is a contraction on C(J,R?) and has a unique fixed
point ¢(x) € C(J,R?), i.e., for all |t — to| < 6,

(4.12) o(z)(t) = T((x), z)(t) = /t u(s, z + ¢(x)(s)) ds.

Patching the solutions together appropriately (this will be carried out in more
detail later, see Claim , we get a solution of (4.1) on I. Thus we can define, for
each t € I, ®,(t) = Id +¢,(t) and we have to show that

bu(t) € BMHRIRY)  forallt el
To this end we need some additional observations.

Claim 1. T € C*(C(J,R%) x R%,C(J,RY)) and for k >0 and a € N%, we get

(4.13) 3§3§“T(¢7x)(¢17~-~,¢k)(f)=/t d* 0T u(s, x + ¢(s) (W1(s), - ., Yu(s)) ds,

where 81; denotes the k-th (Fréchet-)derivative with respect to ¢ € C(J,R?), 9%

the a-th partial derivative with respect to x € R%, d* the k-th total derivative with
respect to the second variable (in RY).

We illustrate the inductive start, the induction step works along similar lines. For
the existence (and continuity) of the first derivative it is enough to show existence
and continuity of the first partial derivatives. Fix x € R? and ¢,¢ € C(J,R%).
Then, for all t € J,

IT(6+ 0, 2)(t) — T(6, 2)(t) — / du(s,z + 6(s)) - (s) ds]

t

< [ luls - 906) + 009) — ulsva + 6(5)) = du(s,a + 6(5)) - 05| ds
:

< / sup [[d2u(s, )| re ey [0(5) ] ds
to yERY

IN

1
20 My |3 / lu(s) M ds.

Therefore 0,1 (¢, x)(¢)(t) = ftto du(s,z + ¢(s)) - ¥(s)ds, which is easily seen to
be continuous as a mapping from C(J,R?) x R? — L(C(J,R%),C(J,R%)). The
existence and continuity of the derivative with respect to x can be proven similarly.
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This implies (4.13) for K = 1 and |a| = 1. Now proceed by induction to finish the
proof of Claim

Claim 2. T ¢ BIM}(C(J,R?) x R%, C(J,RY)).
Using (4.13)), we get for [|¢);|z~ < 1,
||8§8§T(¢, ) (W1, )|z < PPN+ ) M}y 1o /J ||U(5)||f;v[ ds

which gives ||T||£‘5[(J7Rd)de7p < 1/2, by (4.11)), and thus proves Claim [2} In partic-

ular,

(4.14) 10T (6, )| (o (sRray.caRray < 1/2, ¢ € C(J,RY), z € R%

Consider the mapping
S:C(J,RY) xRY = C(J,RY), (¢,2) — ¢ — T(6,).

Then 04S(¢, x) = 1d 04T (¢, ) € L(C(J,RY),C(J,R?)) admits a bounded inverse
due to (4.14). The inverse is given by the Neumann series Y-, 95T (¢, 2)*, which
thus gives
1065 (6, 2) M Lic(rre).caR) < 2.
For all (k,a) € N+ except (0,0,...,0) and (1,0,...,0), we get
10509 (¢, 2) || < p" 1 My joy (k + [ TN Ry wre o
and for (1,0,...,0) we clearly have
185 (d, )| < 14 pMi||T|IE s gayxra -
Since M is a regular sequence, we can apply the implicit function theorem for the

class BIM} cf. [21, Theorem 3]. Thus, z +— ¢(z) fulfills the B{M}-estimates for

derivatives of order > 1. Moreover, and fol |lu(t)||Le dt < oo imply that
x — ¢(x) is globally bounded. So there exists (for each J) a 7 > 0 such that
¢ € BM(R? C(J,R%)). Since we can cover [0, 1] by finitely many .J, we can choose
one 7 valid for all .J. Observe however that ¢ (the fixed point of T') depends on the
interval J.

Claim 3. There is a global solution ¢,

(4.15) b(@)(t) = /O s,z + 6(z)(s)) ds, tel,

and there exists A > 0 such that ¢(-)(t) € BM(R? R?) and it is uniformly bounded
therein with respect to t € I.

At this point, we know that, for each J := [(k — 1)d, kd], there exists ¢ €
BM(R?, C(J;,R?)) such that
t

o(x)(t) = / u(s,z + ¢p(x)(s))ds, te Jp, xcR
(k—1)6

Since ev; is a bounded linear operator on C(J,R?%), we have 0'(ev;opy)(z) =
evy 0'¢y (), and therefore z — ¢y (z)(t) = ev,op(x) € BM (R RY) for any t € Jj.
Now we can define ¢ iteratively: For t € J; and z € RY, set ¢(z)(t) := ¢1(z)(t).
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Suppose we have already defined ¢ on [0, kd]. Then set yi(z) := x + ¢(x)(kd) €
Id +B1M} (R4 RY). And for t € Ji 1, let

¢(@)(t) = dr41(yr(z))(1).

Using composition-closedness of B{M} (cf. [I3, Theorem 6.1]), it is clear that
o()(t) € BIMI(RE RY) for t € [0, (k + 1)d]. Tterating this procedure sufficiently
many times, finally gives @ and the construction also yields the additional
boundedness condition. Claim [3]is proved.

We are left to prove continuity of ¢ — ®,(t) as a mapping into Id +B8M3.

Claim 4. There exists ¢ > p such that t — ¢, (t) is continuous into BM (R, R?).

By Claim (3| there exists A > 0 such that ¢, (t) is bounded (uniformly in ¢) in
Bﬁ\{(Rd,Rd) by some constant C. And we have for 0 < r < t < 1, v € N% and
z € R?,

|02 ¢u(t, x) — O u(r, ) |02 (u @)
(419 oly|1M), / 0‘7‘|’Y\'M| | o

where we used (4.6]) to justify interchanging differentiation and integration. Next
we apply Faa di Bruno’s formula (2.2)) to the integrand and get

192 (u(s) 0 Pu(s))llLore) _ <y ol [10zu(s)llL=(re)
'M|’Y| kl k‘l Oz!M|a|

. <||8§1 u(s)||L°°(Rd)>|k1 (||3§l‘1>u(5)|Lw(Rd)>kl|
51!M‘51 6l!M|61|

| | |||8xau(3)HL°°(Rd)
<y T ((C+ D)@ —lea“M‘a'

Han(S)HLoc(Rd)
< sup ——— ) ()) |V|§ (dp(C +1 lod
BeNd p'5'|ﬁ|!M\m )

where the summation is as in . For the first inequality we used (3.1]), the second
one follows from the boundedness condition and . The sum on the right-hand
side is < D71, for some D, 7 > 0 by Lemmam Choosing o = dAT and plugging
this into the rlght hand b1de of (4.16]) implies Claim [4

The proof of the proposition is complete. O

Proposition 4.6. Let M = (My) be a regular sequence and p € [1,00). For
each time-dependent vector field u € Fyrimyp the flow t — ¢y (t) € WAMEP s
continuous.

Proof. Let u € Fyrimy.p, i.e., there exists p > 0 such that f Ju(t)[|35P dt < oo.
Then u € Fgumy, by Lemman 2.1} and thus by Proposition I>t— ,(t) is a
curve of diffeomorphisms in Diff BIM}. Therefore, there is B > 0 such that

|0Su(s, y)|P
8?” 8,q)u S, T Pdyr = / z - dy
[t vuts ey = [ AR

SB/\%M&MW@-
Rd

(4.17)
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Using this, we may argue analogously as in the end of the proof of Proposition [4.5]
First we apply Minkowski’s integral inequality to get an analogue of (4.16). For
0<r<t<1lando >p,

103 ¢u(t) = OF Pu(r)l| Lo (Ra) b 93 (uls) 0 Pu(s))ll e (ray
up T < sup '
5 o7 |[y|!M v oY\ M}y

For the integrand on the right-hand side, we use the Faa di Bruno formula (2.2
and (4.17)) to get

||0¥(“(S)°‘I>u(3)>||LP<Rd)SBUpZ '04! 10z u(s) || Lrre)

(4.18) ds.

YIM kil k! alMy
1031 @1, ()| oo (re) ™! 102D, ()| oo (rety \ ¥
. ( 01! M, | > ( 0! Mg, > ’
and then complete the proof as in Proposition [

Proposition 4.7. Let M = (My) be a reqular sequence and L = (L) satisfy

Ly > 1. For each time-dependent vector field u € F iy the flow t — du(t) € SE/[}}
Ly

18 continuous.

Proof. Let u € Fgray and let o be as in (4.7). Then clearly u € Fg(y, it maps
{r}
into the step BM, and is integrable therein. Due to Proposition we thus know

that ¢t — ®,(t) is continuous into Diff B{M}, In particular, there is p > 0 and
C1 > 0 such that

(4.19) sup [l (1)1 < C1.
tel

For 0 <r <t <1, we have

(1 + [2)?|03 du(t, x) — T u(r, )| _ /t (1 + [2])*|03u(s) o Puls, 2)]

PN Ly My, ~ Py Ly My '

By Faa di Bruno’s formula and (replacing Cy by 1+ Cq),

Y (u(s) o @) (s, x a! ol 105u(s) (Do (s,

) el gy el

By (£.19), (1 + |z|)(1 + |®u(s,2)|)"! is uniformly bounded, say by Cs, in s and z.
Thus,

(1 + [z))?]07 u(s)(Pu(s, )|
pllaf Ly Mq)

(14 [Pu(s, 2)[)7]057 u(s)(Puls, )|
pllafLyMq)

< CYaP 1o Ju(s) |7,

<cy

By Lemma [3.2] there are C3,Cy > 0 such that 3" 2L (dC1o)l*l < G50 For
7 = max{Cs0, Cydp} we hence obtain

t
n%wo—mmﬂsta/WmeMw

which shows continuity of t — ¢, (t) € 83/1}} since s~ ||u(s)||%M is integrable. O

Proposition 4.8. Let M = (M},) be a regular non-quasianalytic sequence. For each
time-dependent vector field u € Fpry the flow t — ¢, (t) € DM} s continuous.
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Proof. There is R > 0 such that | J,; supp u(t) is contained in the ball Br(0) with
center 0 € R? and radius R. It is easily seen that (J,c; supp ¢u(t) € Brya(0),
where M = sup, ||¢u(t)|| Lo (re)- The rest follows from Proposition O

Next we treat the Beurling analogues of the above spaces.

Proposition 4.9. Let M = (My) be a regular sequence and p € [1,00]. For each
time-dependent vector field u € Fyymy.p the flowt — ¢, (t) € WAMLP s continuous.

Proof. First let p = co. Take u € Fim and fix some pg > 0. Then u is integrable
in B% . The proof of Proposition (see Claim |3) implies that there are C; A > 0
depending on pg such that sup,c; [[¢u(t)||] < C. In the estimate of the integrand
in now take any p < po and observe that the 7 tends to 0 as p tends to
0, by Lemma [3.2] Therefore the ¢ may be chosen arbitrarily small, which yields
continuity as a map into B(). The case p < oo works analogously. [

Proposition 4.10. Let M = (My,) be a regular sequence and let L = (L) satisfy

Ly > 1. For each time-dependent vector field u € Fgu the flow t — du(t) € ng))
()

18 continuous.

Proof. Just repeat the proof of Proposition |4.7] and observe that for any choice of

small ¢ > 0 in the beginning of the proof, p and C; can be chosen uniformly, and

thus the 7 in the end of the proof gets small as well. O

Proposition 4.11. Let M = (M) be a regular non-quasianalytic sequence. For
each time-dependent vector field u € Fpuuy the flow t — ¢, (t) € DWM) s continu-
ous.

Proof. That |J,c;supp ¢.(t) is bounded follows as in Proposition The rest
follows from Proposition [4.9 (]

Remark 4.12. Let us sketch an alternative proof of Proposition [£.9] Proposi-
tion and Proposition for strictly regular M: First consider the case
BM) | Let u € Fy and set

1 L e
Lii= Z/O 02 u(t, ) dt.

lo|=F

By [8, Lemma 6], there is a strictly regular sequence N > L such that
(Nw/Mp)Y* — 0. Hence, Proposition implies that ¢ — ¢,(t) is a continu-
ous map I — BN} and thus a continuous map I — BM) | since (Ny/My)* — 0
entails that BN} is continuously included in BXM) .

If p < oo and u € Fyy(an).p, then t — ¢, (t) is a continuous map I — BM) | by the
previous paragraph. That ¢ — ¢, (t) actually has values in WP follows easily
from

Gult) = /0 u(s) o B (s) ds,

and its continuity as map I — WP is shown similarly, since for t > r,
t
Ou(t) — du(r) = / u(s) o @, (s)ds.

The case S Ey) is treated analogously and for D) only a condition for the
support has to be checked.
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4.5. Unweighted classes.

Proposition 4.13. Let A be any of the classes WP for 1 < p < oo, S, and D.
For each time-dependent vector field u € F 4 the flow t — ¢, (t) € A is continuous.

Proof. We may assume that there exists a unique continuous map ¢,, such that

(4.20) o (t, ) = /t u(s,z + ¢u(s,x))ds, = €RL tel0,1].
0

Let us consider the case A = B. That ¢, (t) is uniformly bounded with respect to ¢
in B(R?, R?) is the content of [22] Theorem 8.9], at least for vector fields u vanishing
at infinity together with all derivatives. But the proofs can be adjusted to work for
the larger class of time-dependent B-vector fields. Nevertheless we recall a proof of
the uniform boundedness.

It is clear, from and fol lw(s)||Le ds < oo, that ¢,,(t) is globally bounded,
uniformly for all ¢. In order to show that 9y, (t) is globally bounded, uniformly in
t, for each k, we use induction on k. So suppose that we already know that 97 ¢, (t) is
globally bounded for each ¢t and each h < k. Recall that ®(s) = ®,(s) = Id +¢,(s).
By Proposition [2.3

OF (u(s) o ®(s))(x OFd(s)(z
2} 0 2D _ (9, u(e))(@(5) ) Z2D | Rz,
where R(s, x) is the rest of the Faa di Bruno formula which involves only derivatives
d3u(s) of order j > 2 and derivatives 9"®,(t) of order h < k—1. Using the induction
hypothesis it is easy to see that

1
[ 1@l ds = 0 < o
0
With (4.20) we have

¢ OF(x (8, 2
H%%@@M%SAH@MSJ+%@JDM|”(+¢())

||Lk
X ds+ C.

Then Gronwall’s inequality implies that 0%, (t) is globally bounded, uniformly in
t. That t — ¢,(t) € B(R?,R?) is continuous is easily shown in a manner similar
to the proof of Claim [4|in Proposition (the proof actually simplifies since each
derivative can be treated separately).

The remaining cases A = WP for p < oo, A =8, and A = D can be proved
with slight modifications of the arguments used in the proofs of Proposition [4.6
Proposition 4.7} and Proposition 4.8] since A is continuously included in B5. (]

5. CONTINUITY OF THE FLOW MAP

In this section we prove that the map u +— ¢, is continuous for all classical test
function spaces. We do not know if similar results hold for the ultradifferentiable
classes.

For f € W>P(R? RY) we will write

b . 1/p
s = 3= ([ 17O, ey d)
j=0

in the following.
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Lemma 5.1. Let p € [1,00]. Let g, f € WP(R% R?) and assume that Id +f is a
diffeomorphism of R? with ¢ := inf,cge detd(z + f(z)) > 0. Then, for all k € N
there is a constant C = C(c, k) > 0, such that

lg o Ad+F)llwew < Cligllwes 1+ [ fllweee)”.

Proof. We prove the assertion by induction on k. By assumption, ||go (Id+f)|» <
¢ 1/?||g||L», thus the assertion holds for & = 0. For k = 1 we have,

ld(g o (Id+f))|[zr < l|dg o (Id+f)l|Le + [|dg o (Id+f) - df || »
< ¢ VP\dgllLe + e g e lldf | o
< Plglwas (L4 1 fllwe)-

Now assume the statement holds for k£ — 1. Then
ld(g o (Id +f)llwr-1s < [ldg o (Id+f)[[wr-1s + [|dg o Ad+f) - df [[we-1.
< Clldgllwr—1.o (L4 [ Fllws-1.00)* " L+ [ldf 1)
< Cllgllwrs (L + ([ fllweee)*. O

Lemma 5.2. Let p € [1,00]. Let g, f1, fo € W>P(RY R?) and assume that 1d +f;
are diffeomorphisms of R? with ¢; = inf,cga detd(x + f;(z)) > 0. Then, for all
k € N there is a constant C' = C(¢;, k) > 0, such that

lgo(Id+f1) —go(Id+fo)llwrr < Cllgllwe+r(1 + max | fillwreeoo )1 = follwres-

Proof. Induction on k. For k = 0,

lgo (Id+f1) —go (Id+f2)| < ||dgllr=|fi — [

and hence |lgo (Id+f1) — g o (1d+f2)l|z» < lgllwr.[lfs — fallzs. Suppose that the
claim holds for k — 1. Then, using the induction hypothesis and Lemma [5.1] for
p = o0,

[d(g o (Id+f1)) = d(g o (Id +f2))|lwr-1.0
< |l(dg o (Id+f1) — dg o (Id +f2))(1 + df2) lwr-1.r
+ |ldg o (Id + f1)(dfr — df2)[lwr-1.r
< Clldg|lwr.~(1+ max | fillwr=r.00)* M 1 = fallwrrn (1 4[| follwri—r.)
+ [|dg o (Id+f1)[[wr-1.e[|dfs — dfa[wr-1.0
< Clldg|lwr. (1 + max | fill w0 ) HIfL = follwr—ro (1 || follwr-1.0)

+ Clldgllwr-r. (L+ || frllwr-1.0) " ldfy = dfa w10
< 20| gl wr+1.00 (1 + max [ fillwre. )L = Follwren. O

Theorem 5.3. Let 1 < p < oco. The mapping
(5.1) LY([0,1], W>P(R% RY)) 3 u s ¢, € C([0,1], W=P(R? R%))
18 continuous.

Proof. The case p = oo follows immediately from [I6, Theorem 5.6] (the assumption
that the vector fields vanish together with all its derivatives as |x| — oo was not
used in the proof).
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Let p € [l,00). Then L'([0,1], W>>?(R% R%)) is continuously included in
L1([0,1], B(R%,R%)). The result for p = oo together with [I6], Proposition 3.6] shows
that both u + ®, and u +— ®; ! are bounded into C(I, Diffy B). And thus the ar-
guments after (ee) on p. imply that for every bounded set U C L!(I, B(R? R%))
there is a constant ¢ > 0 such that

(5.2) det d®,(t,x) > ¢

forallz € R, t €I, and u € U.

Let u,v be in a bounded subset of L([0,1], W>?(R? R%)) and let ¢,,d, €
C(]0,1], W>?(R4 R%)) be the corresponding flows. Thanks to we may apply
Lemma [5.J] and Lemma [5.2] to obtain

1600 = 6u(®)llwer < [ fu(s) 0 Buls) = 0(5) 0 B, (3 s
< [ ule) 0 @u(5) = u5) 0@y (3) oy + u(5) = () © B (s

t
< C/O [u(s)[[wrsr.eel|Pu(s) = du(s)llwrre + [luls) = v(s)|[wr.» ds
for a constant C' independent of u,v. Then Gronwall’s inequality implies

[¢u(t) = du()lwrr < Cillu = vl 1z wer) exp(Callull Lrr,wriec)),
and consequently, [[¢u — dullcr,wrr) < Csllu — v||p1wrry. This implies the
result. O

Theorem 5.4. The mappings
L'([0,1],S(RY,RY) 3 u = ¢, € C([0,1],S(RY,RY)),
L'([0,1], Pk (R, RY) 3 u — ¢, € C([0,1], D(R,RY))
are continuous.

Proof. The case D is immediate from the case B.
It is easy to see that for g, f, f1, f2 € S(R?,R%) we have the following analogues
of Lemma [5.1] and Lemma (5.2}

lg o (1d+ 1)1 < Ollgl| PP (1 + | fllwe. )",
lgo (1d+f1) — g o Ad+£2)| ) <Cllgllwrsr.oe (1 + max | fi[wr.oe) [l fr = Fol P9

Then the case S can be proved in a similar way as Theorem ([l

6. APPLICATION: THE BERGMAN SPACE ON THE POLYSTRIP IS ODE-CLOSED

In this section we prove that the p-Bergman space AP(S(,)) on the polystrip
Sy == {|Im(2)| < r}* C C% is continuously included in WP(R4, C) and continu-

a/r
ously contains Wbl/’f(Rd7 C) if a, b are suitable constants, where 1 = (1,1,...). As
an application we obtain that the scale of p-Bergman spaces on the polystrip with
variable width is ODE-closed.
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6.1. Bergman spaces on polystrips. Let S, := {z € C : |Im(z)| < r} be the
horizontal open strip centered at the real line with width 2r > 0. For r1,...,r4 >0
consider the polystrip S(,,) = S, x --- x S,,, in particular, S = S(ry. For
p € [1, 0], we consider the p-Bergman space

AP(S(ry) = H(S()) N LP(Sirs)),
i.e., the space of holomorphic LP-functions on S,,). Endowed with the LP-norm, it
is a complex Banach space, which is a direct consequence of the following Lemma.
Lemma 6.1. Let 0 <[; <7; for 1 <i<d. Then there exists C > 0 such that
1Pl (s, < ClIlFliags,. ) for F'€ AP(S)).

Proof. This is an easy consequence of the mean value inequality for subharmonic
functions applied to the separately subharmonic function |F|P. O

In addition, we consider the real p-Bergman space
Ag(s(rl)) = {F € Ap(S(m)) : F(Rd) - R}

Endowed with the LP-norm, it is a real Banach space, which is again a direct
consequence of Lemma

We are interested in the inductive limits of the Bergman spaces with respect to
all positive widths of the underlying polystrip

AP( (RY) : = lim AP (S(,)),

r>0

AR(R?) = lim AR (S(,)),

>0
as well as in the projective limits

AP(RY): 1<1_AP(S(T))

r>0

ARRY) AR(S(r))-

r>0
We set. A5(S(,,),R") == AR(S(r)", ARRY.R") = ARRY", and ARR™R") :=
P (pd\n
AR(RY)

6.2. The scale of Bergman spaces on polystrips with variable width is
ODE-closed.

Theorem 6.2. Let 0 < 0 <1 < p < oo, p € [1,00], and r > 0. Then we have
continuous inclusions

w

S R
o’/(2dr)(Rd C) — AP(S(T)) e W[:)l/,f")(Rda C)a

where R assigns to each function in the Bergman space the restriction to R?, whereas
S assigns to each function its unique holomorphic extension to the polystrip. In
particular,

withr(Rd C = A”( (RY  and WMPRIC = AY( (RY).
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Corollary 6.3. In the setting of Theorem[6.3,

w

s R
o/(2d7")(Rd R) == AR(S(r)) ——= W, ’p(Rd R),

in particular, WHP(R? R 4R (RY) and W-»(R4 R AR (R%).

As an application, we obtain that the spaces éR(Rd, R%) and éR(Rd, RY) are
ODE-closed in the following sense: In analogy to Section [4] let F Az (ri Ray be the
ARR,

set of functions u : I — A)g(Rd, RY), that actually map into some step AR(Sery, R%)
and are Bochner integrable therein, in particular,

1
Ir>0: / [u(®)|| Lo (s, dt < oo
0

Moreover, let fég(Rd’Rd) = L(I, Ag(Rd, R9)) so that

1
Vr>0: / [u)l| Lo (s, dt < oo
0

Theorem 6.4. We have:
(1) For each u € F ppraray the flow t — ¢u(t) is a continuous curve in
AR(RA,

AR(RYRY).

(2) For each u € F ar(raRae) the flow t — ou(t) is a continuous curve in
P(RIRY).
AR(R

Proof. (1) follows from Corollary Proposition and Proposition (2) is
a consequence of Corollary and Proposition O

To prove Theorem [6.2] we need some auxiliary results.

Lemma 6.5. There exists D > 0 such that for all o € N%u
1 D
d\(z) <

d I d X
Re [Ty oy 4 dy;|ot! [T ly;1%

where \ denotes the Lebesque measure in RY.

Proof. Substitute §; = z;/y;. O

Proof of Theorem[6.3 First we show continuity of S. Fix d € N, p € [1,00], r > 0,
and 0 < ¢ < 1. By Lemma there exists a constant Cy = C1(p, d) such that for
all f € C*(R?), g€ N¢, and z € R%,

07 f(2)| < Cy D 1107 f o
|| <1

where [ := L | + 1. Therefore, for all f € W2, (R% C),

o/ (2dr)
181+l
D7 F@) < C Y I (502) (81 + lal)!

|| <1

< CleHg/(zdr)( ) |5|'( Z (%)MM!).

| <l
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Thus f admits a holomorphic extension F' on S(,) with
d

= Z 8af(x1,...,xd)H%, Z:($j+iyj);l:1 GS(T).

aeNd j=1 J

Applying Holder’s inequality and , we thus get

AP < <Z |0~ f|| Ia\) < (Za: (l@o[i'(!xﬂ)p(j;)ma) (Za:\/‘;qla)p/q

if pe (1,00) and 1/p+1/q = 1. Thus,

Lrerae <ce S (13 ()" ()" < i1,

aeNd

Then integration with respect to the y; over (—r,r) implies continuity of S. The
cases p = 1,00 are seen similarly.

Now let us consider R. Let 0 < y; < r for 1 < j < d and consider the box
B(t,u) := [=t,t] + i[—u,u]. Let F € AP(S(,)) and set f := F|ga. Then for 2 € RY,
a € N% and t > 0 sufficiently large, we get (by iterating the Cauchy integral
formula)

(6.1)

fe} _ al F(glw"agd)
(@) = (2mi)d /aBu,yl) /aB(t,yd) (Cr —mp)oatt. ((g — wg)>at? da. . der.

If we let t tend to oo the contribution of the integrals over the vertical boundary
parts of the boxes B(t,y;) tends to 0. In order to estimate the contribution of the
horizontal parts, observe that, by Lemma for1/p+1/g=1and k> 1,

< |Gt +iu <Gt +u)|P p, D \1/a
[l e ([ ety ()

oo [t =+ o [t — T+ |u
and an analogous estimate holds if we integrate with respect to = instead of ¢.
Applying this to we find, for o € N>1,

d
||8o‘f”ip(Rd) H |yj|paj

<cilalr ¥ [ [ IR0 i P déa.

ref{0,1}4
Integration with respect to y; from 0 to » now yields
lalp+1

15 (ap+1)

and thus, for p > 1 so that p~?l°l H?ﬂ(%p + 1) is bounded for all «,

10° 117 ey < Calel¥l o,

10° flle ey

sup < G5l o s,
aent, (p/r)llal! )

For o € N¢ with some a; = 0, one uses the mean value inequalities for subharmonic
functions for those zero-entries and the already established estimate for the non-zero
entries to complete the proof. [
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