EQUIVALENCE OF STABILITY PROPERTIES FOR
ULTRADIFFERENTIABLE FUNCTION CLASSES

ARMIN RAINER AND GERHARD SCHINDL

ABSTRACT. We characterize stability under composition, inversion, and solu-
tion of ordinary differential equations for ultradifferentiable classes, and prove
that all these stability properties are equivalent.

1. INTRODUCTION

Let F denote some class of smooth mappings between non-empty open subsets
of Euclidean spaces (of possibly different dimension). We say that

o F is stable under composition if the composite of any two F-mappings
g:U—=Vand f:V — W is an F-mapping fog: U — W.
o F is stable under solving ordinary differential equations (ODEs) if for any
F-mapping f : R x R® — R” the solution of the initial value problem
' = f(t,z), ©(0) = xg € R™ is of class F wherever it exists.
o F is stable under inversion if for any F-mapping f : R™ DU -V CR" so
that f'(zo) € L(R™,R™) is invertible at xy € U there exist neighborhoods
29 € Uy C U and f(zg) € Vo € V and an F-mapping g : Vo — Uy such
that fog=1idy,.
o F is inverse closed if 1/f € F(U) for each non-vanishing f € F(U).
In this paper we shall prove that all these stability properties are equivalent for
classes of ultradifferentiable mappings F satisfying some mild regularity conditions.
We will treat

e the classical Denjoy Carleman classes £ determined by a weight se-
quence M = (My),

e the classes £1“! introduced by Braun, Meise, and Taylor [3] determined by
a weight function w,

e the classes £™ introduced in [I3] determined by a weight matrix 9t

The brackets [ | stand for either { } in the Roumieu case or for () in the Beurling
case. For the precise definitions we refer to Section

There are classes £M that cannot be given in terms of a weight function w
and vice versa; see [2]. The classes €™ comprise all classes M and £ and
hence allow for a unified approach to the classes £[M and £, Beyond that, they
provide a convenient framework to describe unions and intersections of classical
Denjoy—Carleman classes.
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2 A. RAINER AND G. SCHINDL

The characterization of the aforementioned stability properties for £ was im-
portant for treating £™U-differomorphism groups in [16].

1.1. Stability properties of £[M. We assume from now on that any weight se-
quence M = (My) is positive, 1 = My < My, and k — k!M}, is log-convex (alias M
is weakly log-convex).

Remark 1. For any weight sequence M = (M) the sequence (k!M;,)'/* is increas-
ing and M; M}, < (J?k)MjJrk for all j,k € N.

Theorem 1. If@M;/k >0 and sup(MM"—:fl)l/k < 0o the following are equivalent:

(1) M;/k s almost increasing, i.e., 3C > 0 Vj < k : Mjl/j < CM;/k.
as the -property, i.e., >0: < L, where
(2) M has the (FdB) y, i.e., 3C > 0: M < C*My, wh

My = max{M;M,, ... Ma; : &; € Nyg, 01 +---+a; =k}, Mg :=1.

(3) EM} s stable under composition.
(4) €M} s stable under solving ODEs.
(5) EWM} s stable under inversion.

6) EMY s inverse-closed.

(6)

Note that liimM;/lC > 0iff cv C €M} and sup(%)l/k < oo iff EM] ig stable

under derivation; cf. [I3]. If we replace the first condition by lim M ,i/ ¥ = 50 which
is equivalent to C* C £(M) | we have the corresponding Beurling type result:

Theorem 2. [flim M,i/k = o0 and sup(%)”k < 00 the following are equivalent:

(1) M,i/k is almost increasing.

(2) M has the (FdB)-property.

(3) €M) s stable under composition.
(4) EM) s stable under solving ODEs.
(5) EM) s stable under inversion.

(6) EM) s inverse-closed.

Most implications of Theorems [l| and [2| are basically known, but scattered in the
literature.

The equivalence of (1) and (6) is due to Rudin [15] in the Roumieu case and to
Bruna [4] in the Beurling case; note that Rudin only considered non-quasianalytic
classes and Hormander dealt with the quasianalytic case (cf. [15, p. 799]). See also
[17].

That (1) implies stability under inversion is due to Komatsu [10]; different proofs
in the Banach space setting were given by Yamanaka [I8] and Koike [7]. The
sufficiency of (1) for stability under solving ODEs was obtained by Komatsu [I1]
and in Banach spaces by Yamanaka [19].

That the class £} is stable under composition, provided that M = (M) is
log-convex (which implies (1)), is due to Roumieu [14]; other references are e.g. [§]
and [I]. In [I3] we proved the equivalence of (1), (2), and (3) (in both the Beurling
and the Roumieu case).

It is worth mentioning that Dynkin [5] gave a characterization of the Roumieu
classes EIM} in terms of almost holomorphic extensions, provided that M = (My) is
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log-convex, which implies the stability properties (3), (4), (5), and (6) in a straight-
forward manner.

That all the properties (1) — (6) are equivalent was, to our knowledge, not
observed before.

1.2. Stability properties of £, The respective result in the weight function
case, that is Theorems [3] and [4] below, was not known before, apart from a charac-
terizaton for stability under composition obtained in [6] and in [I3].

We henceforth assume that any weight function w is a continuous increasing
function w : [0,00) — [0, 00) with wlj1] = 0, lim;_, oo w(t) = o0, and so that:

(w1) w(2t) = O(w(t)) as t — oo.
(w2) log(t) = o(w(t)) as t — oo.
(ws3) @t w(e') is convex on [0,00).

Note that C% C &1} iff w(t) = O(t), and C* C EW) iff w(t) = o(t), as t — oo.

Theorem 3. Ifw satisfies w(t) = O(t) ast — oo then the following are equivalent:

(1) w satisfies 3C' >0 Jtg > 0 YA > 1Vt >ty : w(At) < Chw(t).

(2) There exists a sub-additive weight function & so that £ = €11,
(3) £} is stable under composition.

(4) £} is stable under solving ODEs.

(5) £} is stable under inversion.

(6) &1} is inverse-closed.

Theorem 4. If w satisfies w(t) = o(t) as t — 0o then the following are equivalent:

(1) w satisfies 3C > 0 Ftg > 0 VA > 1Vt >ty : w(At) < Chw(t).

(2) There exists a sub-additive weight function & so that £ = €11,
(3) £@) is stable under composition.

(4) €@ is stable under solving ODEs.

(5) £@) is stable under inversion.

(6) ) is inverse-closed.

1.3. Stability properties of £™. Theorems and 4] are corollaries of the
corresponding result for the classes ™ defined in terms of weight matrices, namely
Theorems [B and [6] below.

A weight matriz M = {M* € RY, : A € A} is a family of weight sequences
M* = (M) indexed by an ordered subset A of R so that limy(k!M})% = oo for
each A\, and M* < M* if X < pu.

We shall again assume that the classes ™ contain the class of real analytic
functions and are stable under derivation. Specifically we need the conditions

M) VA€ A lim(M))F >0
M) VA€ A lim(MD)F = oo
M{dcy) VAEAIueAIC >0VkeN: My, <CFM}
Mae)) VAEAIueAIC>0VkeN: M, <CFM
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‘We have

€

c(U) <
H(C") € EM(D)

ﬂ ﬂ

(Mycey) = 3N EA: hQ(M?)% > 0 < C¥(U) C EMM(U)

and EM(U) is derivation closed iff (Mq)); see [[3]. The conditions on the weight
matrix 9 that characterize the stability properties of £ are natural generaliza-
tions of the condition of being almost increasing and of the (FdB)-property; clearly,
the Roumieu and the Beurling version fall apart, see Remark [2] below:

(M fraiy) VAEAIEAIC >0V <k: (M ), < C(Mp)*
(Mrai)) VAE€AIueAIC >0V <k: (M) <C(M)E
(Myrapy) YA€ A IueAIC>0VE: (M), <ckMﬂ
(Mpas)) VAeA3dpeAIC>0Vk: (MH)S < CFM)

Theorem 5. For a weight matriz M satisfying (My)) and (NMiacy]) the following
are equivalent:

(1) 9 satisfies (Myra
M satisfies (M pap

(2)
(3) £ s stable under composmon
(4) E s stable under solving ODEs.
(5) €M} s stable under inversion.

6) £ is inverse-closed.

(

Theorem 6. For a weight matriz M satisfying (M c)) and (M) the following
are equivalent:

(1) 9 satisfies (M ra;
M satisfies (M ran

2)
) ™V s stable under composition.
) €™ s stable under solving ODEs.
) MV s stable under inversion.
) £V s inverse-closed.

Remark 2. The weight matrix 997 that consists of just two non-equivalent se-
quences M* < M? satisfying

o (M})¥/* — 0o and sup, (M’““)l/k 00, 1=1,2,

e (M})'Y/* almost increasing,
. (le)l/ * not almost increasing,

satisfies ) but not . Whereas, if (M2)/* is almost increasing and

(MHYVF s not SDT satisfies (Mg a1} m ) but not [(D(ap)). We construct such sequences
in Appendix @
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We shall prove Theorems [5] and [6] in Sections [3] and [} respectively. In Section
we show that Theorems and [4 are corollaries of Theorems [5] and [6]

Notation. The notation £* for x € {M,w, M} stands for either £*) or £} with
the following restriction: Statements that involve more than one £ symbol must
not be interpreted by mixing £*) and £{*},

2. ULTRADIFFERENTIABLE FUNCTION CLASSES

2.1. Ultradifferentiable functions defined by weight sequences. Let M =
(M) be a weight sequence. For non-empty open U C R", define

£ (U, R™) = {f € C(U,R™) : VK C U compact ¥p > 0: || f| 1, < oo}
EMY (U, R™) = {f € C°(U,R™) : VK C U compact 3p > 0: Hf||%p < oo}

(®)
YR d P €] PO
171, = sup { PREIM,,

and endow these spaces with their natural topologies:

EMUR™) = lim lim EM(K,R™), £M(UR™) = lim lim & (K, R™)
KCU teN>o KCU teN

where Ey(K,Rm) ={f e C®(K,R™): ||f||%p < oo}

:xeK,keN}

We will need the following inclusion relations (cf. [13]):
EMIc eVl o M<N & 3Cp>0Vk: M, <CpFN,
EMyceW) o MaN & VYp>03C>0Vk: M, <Cp°Ny

In particular, C*(U) C £MI(U) & H(C) € EM(U) & LimMF > 0 and
cw(U) c €M) & lim M} = oco.

2.2. Ultradifferentiable functions defined by weight functions. Let w be a

weight function (hence satisfying , , and ) The Young conjugate of
p(t) = w(e'), given by

©"(t) :=sup{st — ¢(s) : s = 0}, =0,

is convex, increasing, and satisfies ¢*(0) = 0, ¢** = ¢, and lim;_, t/¢*(t) = 0.
Moreover, the functions ¢ — (t)/t and ¢t — ©*(t)/t are increasing; see e.g. [3]. For
non-empty open U C R" define

EW(UR™) := {f € C*(U,R™) : VK C U compact Vp >0 [|flk, < oo}
gl U, rR™) = {f € C*(U,R™) : VK C U compact 3p > 0: || f[|% , < oo}

115, 3= sup {1LF O @)l oy exp(—2 0" (k) s € K b € N}
and endow these spaces with their natural topologies:

EW(UR™) = lim lim (K, R™), NUR™) = lim lim & (K, R™)
KCUteNsy * KCU teX
where (K, R™) :={f € C*(K,R™) : [|f[k , < oo}
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We have C*(U) C EWHU) iff w(t) = O(t) as t — oo, and C¥(U) C EWN(U) iff
w(t) = o(t) as t — oo; see e.g. [13].

2.3. Ultradifferentiable functions defined by weight matrices. Let 91 be a
weight matrix, let U C R™ be non-empty and open, and let K C U be compact.
We define

EM (K, R™) = () €MDK, R™), e, R™) = ] eI K, R™),

AEA AEA
EM@,R™) = () eMU,R™), eMUR™ = () |J M & R™),
AEA KCU MeA

and endow these spaces with their natural topologies:

. . A m
EMV(W,R™) = lim €' MY (U, R™), EMHU,R™) = lim lim £ (K R™).
AEA KCU MeA

It is no loss of generality to assume that the limits are countable.
We have H(C") € EPV(U) iff (D)), C«(U) C EPV(U) iff (M(cw)), and EFV(V)
is derivation closed iff (Mqc)); see [13].

3. PROOF OF THEOREM Bl THE ROUMIEU CASE

The proof of the equivalence of the items (1)—(6) of Theorem [5 has the following
structure:

(3.1) (6") (1) (2) 3)

where:
(6") If f € EH(R) and £(0) # 0 then 1/f is E1™} on its domain of definition.
We successively prove:

e the equivalences (1) < (2 ) < (3)
e the cycle (1) = (4) = (6') = (1)
e the cycle (1) = (5) = (6) = (6') = (1)

3.1. The equivalences (1) < (2) < (3). The following lemma implies the equi-
valence of (1) and (2). The equivalence of (2) and (3) was shown in [13| 4.9].

Lemma 1. For a weight matriz 9 we have the following implications:

(1) (Dpras)) and imply .

(2) mEFdBi) and (My) imply (May)

Proof. (1) was shown in [13] 4.9, 4.11]. To see (2) observe that (M*)° < M?* implies
(MJ“)J%(M,‘:)% < C’(Mj)‘k)%k for all j, k and some constant C. By we may
conclude that (M,’j)% < C’(M;‘k)ﬁ for all j, k and some C. For k < ¢ choose j € N
such that jk < ¢ < (§ + 1)k, then by Remark [I| and since n! < n™ < e"nl,

Cjk CG+Vk, e,
— e (Mf)F > 5 (M)

=

OMM)E > (M) T > ((GR)IMY)TF > Z22 (Mf)E >

O

which implies the desired property.
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3.2. The cycle (1) = (4) = (6') = (1). The implication (1) = (4) follows from
the following proposition. We state and prove this result on ultradifferentiable
solutions of ODEs (as well as the ultradifferentiable inverse mapping theorem below)
for mappings between arbitrary Banach spaces, since we used such results in [12]
and will need them in forthcoming work; cf. [16].

Remark 3. Observe the index shift in the estimates of (3.2]) and (3.4)). In order

to deduce (1) = (4) from Proposition we use for the index shift in (3.2)
and Remark 1| for the one in (3.4).

Henceforth we use the convention (—1)!M_; := 1 for any weight sequence M.

Proposition 1. Let M be a weight matriz satisfying (M aiy). Let X be a Banach
space and let f: W — X be a C°°-mapping defined in an open subset W C X x R
and satisfying

INEATC, p>1V(k,t) e N2 V(x,t) € W :
1FED (@, )] e moxy < CpPM (R + € — 1)IMR, .

Then the solution x : I — X of the initial value problem

(3.2)

(3.3) a'(t) = f(z(t),t), 2(0) = o,
satisfies
(3.4) JueA3ID,oc>1VkeNVtel: |s® @) < Dok —1)M" .

Remark 4. A more general statement involving parameters u in a further Banach
space Z is true: the solution of the initial value problem

a'(t) = f(z(t),t,u), 2(0) = =,
satisfies an estimate of the kind in ¢, u, and xg, given that f satisfies an esti-
mate of the kind in x, t, and u. For simplicity we prove only the result stated
in the proposition; the general result is obtained by making obvious modifications
in the proof of [I9] the main ideas of which we follow here. Different arguments
were given in [I1] and [5].

In the proof of the proposition we will use Faa di Bruno’s formula for Fréchet
derivatives of mappings between Banach spaces. So let us recall this formula. For
k>1,

(3.5)
(fog)M(x) _ sym (Z 3 fD(g(x)) . (9(“1)@) g(af)(z)))’

- X...x
k! 4! aq! a;!

3=l O_‘GNJ>0
23:1 ai:k

where sym denotes symmetrization of multilinear mappings.
Proof. We may reduce the initial value problem (3.3)) to the problem

(3.6) Y =g(y), v(0)=1yo,

by setting y = (x,t), yo = (20,0), and g(y) = (f(y),1). So we assume that ¥ is a
Banach space, U is a neighborhood of 0 in Y, and g € C*°(U,Y") satisfies

(3.7 INEAIC,p>1VkeNVy e U:||g®)|rvy) < Co¥(k — 1)IM_,.
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Without loss of generality we assume M{* > 2. By the classical existence and
uniqueness result, there exists a unique C'*° solution y = y(¢) of (3.6) for ¢ in a
neighborhood I of 0. We assume that sup,.; ||y(t)|| < oco.

By (MMyaiy) there exists u € A and H > 1 such that for 2 < j <k,

M)\ i M\
() =5 =k

Then, since 1 < M7 /2 < pl!,

A

(3.8) ;—‘1 < (p), for2<j<k.
Let us choose constants A and 7 such that
(3.9) A > max{sup||y(t)||,C} and n>p,

tel
where C' and p are the constants from (3.7). We define

A
GH(s) = ————
k(s) 1 o Upg87

for small s € R, and consider the initial value problem
(3.10) Y'(t) = GL(Y(t) — A), Y(0)=A.

We claim that the solution

1—+/1—2Anp't
Yi(t) = A+ e

nph

of (3.10) satisfies

(3.11) sup [y (1) < (V)9 (0)  for j < k.
tel

This implies the statement of the proposition, since, for j > 1,
(V)9(0) = (24) ()1 (2v/7) 7 'T (G — 3)
< A (nH) (- 1)IME, i k=

Let us prove (3.11). By the choice of the constant A, (3.11]) is satisfied for j = 0.
Suppose that (3.11]) holds for all j < ¢ < k. By -, (13-8), and (3.9 ., we have

sup 19D Wl ivyy < CpP(j — DIM, < Cpljl(p}) < An?jl(pl ) = (G})9(0).
Y

So, by applying Faa di Bruno’s formula (3.5) twice, we may conclude that, for
J<L<k,

u)(h)(o) Y“ al)
swl(gey) o) <3 G5 [0
h>1 ’ a1+ -;(())éh_]l 1

= (G“ o (Y“ — A))9(0).
But as y and Y}/ are solutions of d -, respectively, it follows that -
-

holds for j < € + 1. By induction, q ) follows.
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Let us check that (4) implies (6'). Let f € £} (R) satisfy f(0) # 0 and consider
g:=1/f. Then g solves the initial value problem

o' =—f'(t)2*, 2(0) = g(0).
By (Myqc}), the mapping (x,t) — f(t)x? is £ and so g is £ by (4).
The implication (6') = (1) was shown in the proof of [13, 4.9(2)=-(3)], by fol-
lowing the argument of [I7, Thm 3].

The next lemma, a variation of [7, Thm 1], is a preparation for Proposition
below. It gives, in particular, a direct proof of the implication (1) = (6').

Lemma 2. Let M be a weight matriz satisfying (M) Let E, F,G be Banach
spaces, U C E be open, and let T € C*°(U, L(F,G)) satisfy

(312) IN€AIC,p>1VkeNVzeU: |T™(@)|kmrira)y < CoKIM,.

If T(xo) € L(F,G) is invertible, then there is a neighborhood xo € Uy C U such
that Uy > x +— S(z) := T(x)~! satisfies

(3.13) JpeAID,0>1VkeNVz e Up: [|S®(2)|rmr(.r)) < Do kIM].

Proof. There is an open neighborhood Uy of xg so that for z € Uy we have
1S(z)|| a7y < A for some constant A > 0 and S(x) is given by the Neumann
series
S(x) =T(xo)™* ) ((T(x0) = T(@)T(x0) )",
§j=0
For y near x we may consider

S(y) = 8(x) Y- ((T(w) = T()S ()" = 8() (id —(T(x) = T(y)) ()~

7=0
and use Faa di Bruno’s formula (3.5) and (3.12) to obtain, for y = «,

||S(k)(33)||Lk(E L(G,F)) ; Z
) DD DR i § P77
=1

k!
ji>log++a;=k
a; >0
which implies (3.13), since M2, - Mé‘j < HYM', by (0 iraiy)- O

3.3. The cycle (1) = (5) = (6) = (6') = (1). The implications (5) = (6) = (6')
are obvious. And we already know from Subsection [3.2) that (1) < (6’). That (1)
implies (5) follows from the next proposition, using the analogue of Remark

Proposition 2. Let M be a weight matriz satisfying (Maiy)). Let f: U =V be
a C*°-mapping between open subsets U C E and V. C F of Banach spaces E, F
satisfying
(3.14) IN€A3C,p>1VkeNVz e U : || f¥ (@) prpr < Cp" 1k —1)IM)_,
and so that f'(xz¢) € L(E,F) is invertible. Then there exist neighborhoods xy €
Up CU and f(xzg) € Vo CV and a C*®-mapping g : Vo — Uy satisfying
(3.15)

JueAID,o>1VkeNVyeVy: g™ W)llirrm < Dok —1)IML,
and such that f o g =idy,.
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Proof. We adapt the proof of [7]. Different arguments were given in [I0] and [18],
under more restrictive assumptions also in [5] and [I]. By the classical C*° inverse
mapping theorem there exist neighborhoods z¢ € Uy C U and f(z0) € Vp C V and
a C*™-mapping g : Vo — Uy such that f o g = idy,. We can assume that (f/(x))~!
is bounded for z € Uy. We shall show that g satisfies .

Let Sy € C>*(Uy, L(F,E)), k > 1, be given and define Ri(x), k > 0, for = € Uy
recursively by setting

(3.16) Ro(LL’) = idE, Rk(ac) = (kal(l')sk(l'))l

Thus Ry,_1 € C*®(Uy, L(E, L*"Y(F, E))) and Ry_1(z)Sk(z) € L¥(F, E). Tt follows
that

| Re ()| L2,k () < Z N(Bi,-- -, Br) HHS(& N L (2,L(p.E))

Bitt Bk
Bi>0

where the nonnegative integers N (S, ..., 8x) are given by the identity

k

Z N(ﬂla"'76k HtﬁZZHth
it Bk i=1 j=1e=1
. Bi
Since H?Zl Yoiqte < (Zif:l to)F =S k! Hle tﬁl—,, where the sum is taken over all
B; > 0 so that By + --- + Br = k, we obtain

SP (@) s
817 IR < S ’f‘H I ||Lﬂ (B.L(EE)
Bi+-+Br=k =1
Bi>0

If we set S(x) = Sk(z) := (f'(x))~! for all k > 1, then for n > 1

9" (y) = Ru_1(2)S(z), (x=g(y)),

where the sequence R, is defined by (3.16). Applying Lemma |2/ to T = f’ and
using (3.17), we find that there exist p,v € A and D, H,o,7 > 1 so that

k
IR ()| Lo,k (pE)) < Z k!(Do)* HME < Hr*kEIMY,,
Bl+"'+€k:k i=1

(R

by (Mraiy)). This implies (3.15)). O

4. PROOF OF THEOREM [6f THE BEURLING CASE

The structure of the proof of the equivalence of the six items in Theorem [0 is
again represented by the diagram in (3.1)), where now:

(6") If f € EM(R) and f(0) # 0 then 1/f is E™ on its domain of definition.

4.1. The equivalences (1) < (2) < (3). Lemmal]implies (1) < (2), since
follows from (9(cwy|). The equivalence of (2) and (3) was shown in [13} 4.11].
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4.2. The cycle (1) = (4) = (6') = (1). That (4) implies (6") follows in the same
way as in the Roumieu case, see Subsection The implication (6') = (1) is a
consequence of the following lemma.

Lemma 3. If £™)(R) is inverse closed, then 9 satisfies (N (vai))-

Proof. We follow an argument of [4]. Consider the algebra A := £™)(R) and
its subalgebra B := {f € A : [[floo := [[fllLe® < oo}. Endow B with the
topology generated by all seminorms @ := {|| ||%;})\,K,p UA{]l llsc}- Then B is
a Fréchet algebra. If f,g € B are such that |f(x)] > ¢ > 0 for all z € R and
If = glleo < ¢/2, then |g(z)] > ¢/2 > 0, i.e., the set {f € B:1/f € B} is open in
B. By [20, Thm 13.17], see also [4, Prop 5.2], we may conclude that the algebra B
is locally m-convex, i.e., B has an equivalent seminorm system P = {p} such that
p(fg) < p(f)p(g) for all f,g € B. So for each A € A, compact K C R, and p > 0
there exist p € P, ¢ € @, and constants C, D > 0 such that

™13 < Cp(f™) < Cp(f)™ < CD™q(f)™, f€B,meN.

We shall use this inequality for the functions f;(z) = €% and, since ||fi[c =
1< ||ft||f\f'a alo for each p € A and a,0 > 0, we can replace ¢ in the very same
inequality by some seminorm || ||f‘f; a),o- Then the proof of 13, 4.11(2) = (3)]

yields (9(vai))- O

The remaining implication (1) = (4) (as well as (1) = (5) below) we shall deduce
from the corresponding result in the Roumieu case by means of the following lemma,
which is a variation of [9, Lemma 6].

Lemma 4. Let L € RY, and M',M?,M? € RY, be sequences satisfying L <
M' < M? < M? and (M{)Y* — oo fori = 1,2,3, and assume that there exist
1 < Hy < Hy so that

(4.1) (MNYi < Hi(M})Y* < Hy(MP)VE forj <k <L

Then there exist sequences N',N? ¢ R§O with L < N' < N% < M3 satisfying
(N)YE — oo fori=1,2 and so that

(4.2) (N < N/H((N)YE for j < k.

Proof. Without loss of generality we may assume that Ly > 0 for all k; otherwise
replace L by L where Ly = Ly, if Ly > 0 and Ly = 1 if L = 0 (we still have LaM?
since (M})1/* — 00). The sequences, for i = 1,2, 3,

TN
ck:z(L;f)

satisfy ¢} — oo, since L <« M*. We define, for i = 1,2,

_ _ M) . 1
(4.3) (N,é)% = max{ (M,é)%,max 71} = max{ (M,z)%,maxL; }
J
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Then clearly (N,i)l/’C — oo and L < N!' < N2, For each € > 0 there exists j.; so
that 1/c; < e for j > jc ;. Thus, by (4.1),

Ny G i1\ — o i+1y—+ (M;)]
(MliJrl) < maX{(M;c )72, (M) max o }
ok iy M3
< max{(M,?l)*ﬁ,(MéJrl)*E max ( Jl) ,Hie} < Hie,
JxJei Cj

for k sufficiently large, i.e., N' < M? and N2 <t M3. It remains to show (4.2)). But
this is immediate from (4.1]) and (4.3)), indeed for j < k,

1 1
(N3 = max {/(M})3 max L } < max { /B (M), max L } < /H (ND)F

as required. O

The following proposition implies (1) = (4), by the analogue of Remark

Proposition 3. Let M be a weight matriz satisfying (Map)) and (Mce)). Let
X be a Banach space and let f: W — X be an C°°-mapping defined in an open
subset W C X X R and satisfying

Yo eAp>03C>1V(k () e N V(x,t)eW:
£SO (@, )| o mix) < CPFH(k+ £ = 1DIME .
Then the solution x : I — X of the initial value problem
(4.5) a'(t) = f(z(t),t), x(0) =0,
satisfies
(4.6) VYAeAo>03ID>1VkeNViel:|z® @) < Do*(k—1)M) ;.

Remark 5. The analogue of Remark [ applies.

Proof. In the same way as in the Roumieu case (Proposition [1|) we may reduce to
the initial value problem (3.6)), where now g € C*°(U,Y") satisfies
(4.7)

YwelAp>03C>1VkeNVyeU: g™ @)y < Cp"(k—1)IMY_,.
There is a unique solution y € C*°(I,Y) defined on some interval I. Let A € A be
fixed. By (M(ai)) there exist pu,v € A and H,J > 1 such that

(4.8) (M{)MT < H(MEYE < J(MMYE for j <k <4,
and, by (e
(4.9) lim(My)Y* = lim(Mf)YE = lim(M)*F = cc.

We may assume without loss of generality that v < p < X\ and thus M” < M* <
M. If we set

Li—1 :=sup ﬁ”g(k)(ll)HLk(Y,Y)’
yeU
then ({.7)) implies L <« M”. Thus, by applying Lemma {4} we find sequences N and
N? with L < N' < N? 9 M* satisfying (N,i)l/k — oo for i = 1,2 and so that
(NI < VH(NZ)Y®  for j < k.



STABILITY PROPERTIES FOR ULTRADIFFERENTIABLE CLASSES 13

Repeating the proof of Proposition [I| (with N in place of M* and N? in place of
M*) we may conclude that

3D,0 > 1Vke NVt e I:||y® (1) < Do*(k —1)INZ_,
which implies
Vr>03E>1VkeNVte I:||y® @) < Erf(k— 1M,
since N2 < M*. As X\ was arbitrary, the result follows. O

4.3. The cycle (1) = (5) = (6) = (6') = (1). Obviously, (5) = (6) = (6),
and (1) < (6'), by Subsection Finally, (1) = (5) follows from the following
proposition.

Proposition 4. Let MM be a weight matriz satisfying (Map)) and (MNcw)). Let
f:U =V be a C®-mapping between open subsets U C E and V C F of Banach
spaces B, F satisfying
(4.10)

YweAp>03C>1VkeNVzeU: |fM (@)l pepr < Co (k- 1)IMY_,

and so that f'(xzg) € L(E,F) is invertible. Then there exist neighborhoods xy €
Uop CU and f(xzg) € Vo CV and a C*®-mapping g : Vo — Uy satisfying
(4.11)

VueANo>03D>1VkeNVyeVy: |lg® ()| perm < Dok —1)IM},
and such that f o g = idy,.

Proof. Let A € A be fixed. By (M (,ay))) and (M(cwy|), there exist pu, v € A satisfying
(4.8) and (4.9). If we set

Li-t = sup gty 15 @)l ),

then (4.10) implies L <1« M”. In analogy to the proof of Proposition |3 we repeat
the proof of Proposition [2| (and that of Lemma [2)) with the sequences N! and N?2
provided by Lemma [4] O

5. PROOF OF THEOREMS [T}, [2] 3], AND [4]

5.1. Proof of Theorems [1] and Apply Theorems [5| and [6] to the constant
weight matrix 9 = {M}.

5.2. Proof of Theorems [3| and For a weight function w and each p > 0
consider the sequence Q* € R§0 defined by

O = g exp(59" (k).

By the properties of ¢*, the collection 20 := {Q” : p > 0} forms a weight matrix,
and we have ELI(U) = EF(U) as locally convex spaces, by [13]. Moreover, 203
satisfies as well as (Myqcy). If w(t) = O(t) as t — oo, then W satisfies
Dy, and if w(t) = o(t) as t — oo, then W satisfies . Thus Theorems
and [4| are immediate consequences of Theorems @ and [13] 6.3, 6.5].
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APPENDIX A. WEIGHT SEQUENCES AS REQUIRED IN REMARK |2|

Let us now find explicit sequences that satisfy the requirements of Remark
To this end we construct a weight sequence M = (M) such that (M., /M;)'/*
is bounded, M,i/k tends to co but is not almost increasing, and k!* < M, < k!*
for suitable s,t > 0 and sufficiently large k. Since for every Gevrey sequence
G* = (k!*);, (where s > 0), (G5)'/* is increasing (and tends to co if s > 0), the pair
of sequences (G%, M), or (M,G?"), will fulfill the requirements of Remark [2| (after
adjusting finitely many terms of one sequence).

2

Let kj :=211j = 22" (j times) for j > 1 and ko := 0. Let ¢ : [0,00) — [0, 00)
be the function whose graph is the polygon with vertices {v; = (k;, ¢(k;)) : j € N}
defined by

kjlogkjtq J even

. G >2).
kjlog(kjkj—2) j odd =2

©(0):=0, ¢(2):=8log2, (k;):= {

We claim that the sequence M = (M},) defined by M}, := exp(¢(k))/k! satisfies:
(1) M is a weight sequence, i.e., M is weakly log-convex,
(2) supk(%)l/k < 00,
(3) M,i/k — 00,

4) M ,i/ " is not almost increasing,

(5) k!* < My < k! forall 0 <s<1/4,¢t >3, and all k > ko(t).

To see that M is weakly log-convex it suffices to show that the slopes of the
line segments in the graph of ¢ are increasing. Let a; denote the slope of the line
segment left of the vertex v;. Then, for i > 2,

P koi—1 IOg(kZi—lkZi—lB) — koi_olog ka1 _ %k%z -1 log o
2t koi—1 — kai—2 koi—o —1 & f2it
koilog ka1 — koi—1log(kai—1kei—3)  4kai—1 — 2
Al — = 4 Jog ko
(A1) i koi — koj—1 koi—1—1 08 F2i-1
kaiv1log(kaiy1kai—1) — koilog kaiy1 5ko; — 4
7 - = 1 k i—
faitt koit1 — kai koi — 1 08 fai-t

and ag;—1 < ag; < agi+1. This proves (1). Let us check (2). Since

(Mk+1>1/k _ exp(@ _ M)

M, k+DU/F =

it suffices to show that “o(kTH) — % is bounded or equivalently that the slope of

the line segments of ¢ increases at most linearly in k. This is obvious from (A.1]).
Thanks to k! < k* < eFk! we have

(k) o(k)
exp(£7) e _ exp(5 +1)
— <M < —F 7
k -k = k
This implies (3). To show (4) let j be even. Then
1/k;
k;
log W > log kj + log k‘j+1 - IOg(ijrlk‘j,l) —1=log kj,1 —1 = o0,

kj1
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as required. Finally, k!* < M, < k!? is equivalent to 1 +s < lﬁékk)! < 1+t. We have

o(k;) ]2 J even
kilogk; — |1+1 jodd

and lflg;)k < fggfk)! < 2]:;(()?,6. So the first inequality in (5) follows thanks to the

fact that k!® is log-convex for each s > 0. For the second inequality we observe
that in view of the slope a; is dominated by the increment log((k + 1)!*+%) —
log(k!'*t) = (1 +t)log(k + 1) for all k;_; < k < k; provided that ¢ > 3 and that i
is sufficiently large depending on t.
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