NONLINEAR CONDITIONS FOR ULTRADIFFERENTIABILITY
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ABSTRACT. A remarkable theorem of Joris states that a function f is C'°
if two relatively prime powers of f are C'°°. Recently, Thilliez showed that
an analogous theorem holds in Denjoy—Carleman classes of Roumieu type.
We prove that a division property, equivalent to Joris’s result, is valid in a
wide variety of ultradifferentiable classes. Generally speaking, it holds in all
dimensions for non-quasianalytic classes. In the quasianalytic case we have
general validity in dimension one, but we also get validity in all dimensions for
certain quasianalytic classes.

1. INTRODUCTION

A remarkable theorem of Joris [IT], Théoréme 2] states: if f : R — R is a function
and p, q are relatively prime positive integers, then

£ fteC>”® = feC™. (1)

Since smoothness can be tested along smooth curves by a theorem of Boman [3],
one immediately infers that the implication holds on arbitrary open subsets of
R?, d > 1, and on smooth manifolds. (On the other hand, the regularity of a single
power of a function generally says nothing about the regularity of the function
itself; e.g. (1g — 1r\g)? = 1, where 14 is the indicator function of a set A.)

It was soon realized that the statement also holds for complex valued functions
and it led to the study of so-called pseudoimmersions [7, 12, 13}, [19]. A simple proof
based on ring theory was given by [IJ.

Only recently Thilliez [30] showed that Joris’s result carries over to Denjoy—
Carleman classes of Roumieu type EM}. These are ultradifferentiable classes of
smooth functions defined by certain growth properties imposed upon the sequence
of iterated derivatives in terms of a weight sequence M (which in view of the Cauchy
estimates measures the deviation from analyticity).

By extracting the essence of Thilliez’s proof, we show in this paper that a broad
variety of ultradifferentiable classes has a division property equivalent to Joris’s
result. Let S be a subring (with multiplicative identity) of the ring of germs at
0 € R? of complex valued C*°-functions. We say that S has the division property
(2) if for any function germ f at 0 € R? we have

(j € N>q, fj,fjHES) = fes. (2)

If S has property (2), then Joris’s theorem holds in S. Indeed, suppose that pq, ps
are relatively prime positive integers and fP!, fP2 € S. All integers j > pip2 can
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be written j = aip; + asps for aj,as € N, see [I1, p.270]. Hence f7 € S for all
J > p1p2. Since two consecutive integers are relatively prime, also the converse
holds/T]

1.1. Results. Let us give an overview of our results.

The rings of germs in one dimension d = 1 of the following ultradifferentiable

classes have property (2):
e &M Denjoy-Carleman class of Roumieu (Theorems and [2.3) and
Beurling type (Theorem ,
o £l Braun Meise Taylor classes of Roumieu and Beurling type (Theo-
rem ,
o £ ultradifferentiable classes defined by weight matrices of Roumieu and
Beurling type (Theorem |4.2)).
It is understood that certain minimal regularity properties of the weights are as-
sumed (see Table|l)) which in particular guarantee that the sets of germs are indeed
rings. (Note that by convention [-] stands for {-}, i.e., Roumieu, as well as (-), i.e.,
Beurling.)

Interestingly, the proof in one dimension works for quasianalytic and non-
quasianalytic classes alike. But the tool used to reduce the multidimensional to
the one-dimensional statement is only available in the non-quasianalytic Roumieu
case ([15], [27]). The (multidimensional) Beurling case can often be reduced to
the corresponding Roumieu case. Hence we obtain the following multidimensional
non-quasianalytic results. The rings of germs in all dimensions d of the following
ultradifferentiable classes have property (2):

o £M1 non-quasianalytic Denjoy—Carleman classes of Roumieu (Theo-

rem and Beurling type (Theorem ,

e £l non-quasianalytic Braun-Meise-Taylor classes of Roumieu and Beurl-
ing type (Theorem ,

o M non-quasianalytic ultradifferentiable classes defined by weight ma-
trices of Roumieu type (Theorem .

For quasianalytic Denjoy-Carleman classes of Roumieu type M} in one di-
mension the implication follows from the stronger result, due to Thilliez [29],
that C°°-solutions of a polynomial equation

a2 Mt ap_1z24a, =0, (3)

where the coefficients a; are germs at 0 € R of E{M}_functions, are of class £{M}
(under weak assumptions on M). This is false for non-quasianalytic classes. But
it seems to be unknown whether, in the presence of quasianalyticity, it holds in
higher dimensions. In fact, quasianalytic ultradifferentiability cannot be tested on
quasianalytic curves (or lower dimensional plots) even if the function in question is
known to be smooth ([10, 20]).

Hence we think that it is interesting that, combining our proof with a description
of certain quasianalytic classes €M} as an intersection of suitable non-quasianalytic
ones (due to [I6]), we obtain that these quasianalytic classes have property (2) in
all dimensions (see Theorem and also Remarks and [1.4)).

n an earlier version of the paper we considered the division property (j € N>y, 9,9, fg €
S, fl = qg) =—> f € S which resulted from our wish to prove an ultradifferentiable version of
the division theorem [I3] Theorem 1]. But this property is equivalent to .
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Since all considered regularity classes are local, the results for germs immediately
give corresponding results for functions on open sets.

1.2. Summary of the results. We list in Table [1| the ultradifferentiable rings of
germs known to have property (), together with the needed assumptions on the
weights and the respective references. All germs are function germs at 0 in R¢ for
some dimension d. The dimension is added as a left subscript, e.g., ;&€ (M)
the ring of germs at 0 € R? of EM-functions. All notions will be defined below.
The Roumieu parts of the results in the first and the fifth row are due to Thilliez

[30]; see Sections [2.4] and

denotes

TaBLE 1. Ultradifferentiable rings of germs having property (Z)

Quasianalytic ring of germs Reference

derivation closed
1€ M1 m log-convex Theorems [2.3| and [2.6
m,lc/k — oo (Beurling)

€ ] w concave Theorem 3.1
gt [regular] Theorem 4.2
! [moderate growth]
(M} | intersectable
€ Theorem [2.7
moderate growth

Non-quasianalytic ring of germs | Reference

£ [M] Zoli(;rizigerowth Theorems [2.2| and [2.5
-convex
£ o w concave Theorem (3.2
. g [regular] Theorem [4.2
[moderate growth]
Pt {regular} Theorem [4.3
d {moderate growth} '

We remark that non-quasianalytic Denjoy—Carleman classes M}, where the
weight sequence M lacks moderate growth, do not have property (2) in general;
see [30, Remark 2.2.3]. The moderate growth condition is rather restrictive (e.g.,
it implies that the class £{M} is contained in a Gevrey class). The consideration of
the classes £ and ™Y allows to overcome this restriction in the sense that the
implication holds under weaker moderate growth conditions.

1.3. Strategy of the proof. Thilliez’s proof of Joris’s theorem for £{M} consists
of the following two steps:

(i) The class £{M} admits a description by holomorphic approximation which
is based on a result of Dynkin [8] on almost analytic extensions and a related
O-problem.
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(ii) If f7, f7*' are of class EM} and g., h. are respective holomorphic ap-
proximations, the quotient h./g. is a naive candidate for a holomorphic
approximation of f. In order to avoid small divisors one considers

yahf
max{|g.|,rc }? ’
where . is a suitable cutoff function and r. > 0. For good choices of r.
the function u. has uniform bounds and is close to f. The solution of a

O-problem is used to modify u. in order to obtain a holomorphic approxi-
mation of f. By step (i) we may conclude that f belongs to giM}

Ue = Pe

Following the same strategy, we will work with weight matrices 90, since they pro-
vide a framework for ultradifferentiability (Section [4]) which encompasses Denjoy—
Carleman classes (Section [2) and Braun-Meise-Taylor classes (Section [3). In Sec-
tion [5| we prove a general characterization result by holomorphic approximation for
EM (Theorem [5.3) which extends step (i); it builds on the description by almost
analytic extension presented in our recent paper [9]. Then we execute a version of
step (ii) under a quite minimal set of assumptions, see Lemma It enables us
to easily deduce the main results in Section [6]

2. DENJOY—CARLEMAN CLASSES HAVE PROPERTY (2)

2.1. Weight sequences and Denjoy—Carleman classes. Let p = (ux) be a
positive increasing (i.e. pg < pr+1) sequence with pg = 1. We define a sequence M
by setting My := p1 - - ux, Mo := 1, and a sequence m by my := % Clearly, u
uniquely determines M and m, and vice versa. In analogy we shall use sequences
N &ne v, Le o ) ete.

That p is increasing means that M is log-convez, i.e., log M is convex or, equiv-
alently, M2 < Mj_1 My for all k. If in addition M,/* — co, we say that M is a
weight sequence.

Sometimes we will make the stronger assumption that m is log-convex.

For o > 0 and open U C R?, one defines the Banach space

(0%
BYW) = {fec~w): IfIdy = s TTOI

z€U, aeN? G‘Q|M|a\
and the (local) Denjoy—Carleman classes of Roumieu type
EMIU) := projy yy indy o BM (V).

For later reference we also consider the global class BIM}(V) := ind,~o BM(V).
Replacing the existential quantifier for ¢ by a universal quantifier, we find the
Denjoy—Carleman classes of Beurling type

EMD(U) 1= projy ey Projoso By' (V)
and BM) (V) := proj,-oBY (V). We use the notation M for both £{M} and
EM) similarly for BIM] ete.

For positive sequences M, N, we write M < N if supjcy (M’“)l/

Ny
M < N if limy_y oo (1‘1\/[1—]’:)1/1C = 0. We have (cf. [23, Proposition 2.12])

< oo and

M<xN < &M@)ceMN),
MaN < &Myu)yce™M ),
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where for “<” one has to assume that M is a weight sequence. Note that E{*)}(T))
coincides with C*(U) and so the class of real analytic functions is contained in
EM)(C £1M}) if and only if mi/k — 00.

Log-convexity of M implies that £[M] (U) is closed under pointwise multiplication
of functions. Additional regularity properties for M endow M (U) with additional
structure, e.g., log-convexity of m implies closedness under composition of functions.
A crucial assumption in [30] is moderate growth of M, which reads as follows

3C > 0Vk,j €N: My, < CHYIMM;. (4)
It implies derivation closedness
3C >0VkeN: My, < CFIMy. (5)

The last property we need to mention is non-quasianalyticity of M, that is

— 1 — 1
— < oo, or equivalently —— < 00. (6)
o T

By the Denjoy—Carleman theorem, this condition is equivalent to the existence
of non-trivial functions with compact support in EMI(U). It is well-known that

. . 1/k
non-quasianalyticity implies m,~ — oo.

Let ,& M] denote the ring of germs at 0 € R? of complex valued £M-functions;
here we assume that M is a weight sequence in order to have a ring.

Remark 2.1. There is a slight mismatch between our notation (also used in [9])
and that of [30] (and [22]). We write M; = m;j! for weight sequences, so our m
corresponds to M in [30].

2.2. Associated functions. Let m = (my) be a positive sequence with mg = 1

and m,lc/ ¥ s 50. We define the function

B (1) := inf mpt®,  fort >0, and h,(0):=0, (7)
€

which is is increasing, continuous on [0, 00), and positive for ¢ > 0. For large t we
have h,,(t) = 1. Furthermore, we need

T, (t) := min{k : by, (t) = mst®}, >0, (8)
and, provided that my.1/my — oo,

1
%zf}, t>0. (9)

L,,(t) := min {k : ;
my,

We trivially have I, < T,,. If m is log-convex, then T, = L.

We shall use these functions for my = M /k!, where M is a weight sequence
satisfying mllc/k — 00. Then my11/my — oo (since M,i/k < g for all k).
2.3. Regular weight sequences. A weight sequence M is said to be regular if

m,lc/ ko oo, M is derivation closed, and there exists a constant C' > 1 such that
T,,(Ct) <T,,(¢) for all t > 0.
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2.4. Denjoy—Carleman classes of Roumieu type have property (2).

Theorem 2.2 (Non-quasianalytic dE{M}). Let M be a non-quasianalytic regular
weight sequence of moderate growth. Then dE{M} has property (2).

This is a special case of Theorembelow (cf. Section . It implies Thilliez’s
result [30, Corollary 2.2.5].
A quasianalytic one-dimensional version follows from a stronger result in [29]:

Theorem 2.3 (Quasianalytic 18{M}). Let M be a quasianalytic derivation closed
weight sequence such that m is log-convex. Then 15{M} has property (2).

2.5. Denjoy—Carleman classes of Beurling type have property (2). Let us
deduce Beurling versions of Theorems and We use the following lemma
based on [I4] Lemma 6] and [9, Lemma 7.5].

Lemma 2.4. Let L, M be positive sequences satisfying L <t M. Suppose that m is

. 1/k
log-convex and satisfies m,

* 00, and L < 8§ <M. Additionally, we may assume:

— oo. Then there exists a weight sequence S such
that s is log-convex, s,lC
(i) S has moderate growth, if M has moderate growth.

(ii) S is derivation closed, if M is derivation closed.
(iii) S is non-quasianalytic, if M is non-quasianalytic.

Proof. Only the supplements (ii) and (iii) were not already proved in [9 Lemma
7.5].

211) follows from the fact that a weight sequence M is derivation closed if and
only if there is a constant C' > 1 such that My, < C*” for all k, see [1I°7, [18]. Since
S is a weight sequence and S <1 M, also S is derivation closed, by this criterion.

(iii) It suffices to show that there exists a non-quasianalytic weight sequence N
such that L < N <« M. Then we apply the lemma to N <t M and obtain a weight
sequence S with N < S < M having all desired properties.

Let us show the existence of N. By L << M, we have S := sup,>, (16—12)1/17 N 0.
Applying [6, Lemme 16] (see also |28, Lemma 4.1]) to By and oy = v := ;le’ yields
an increasing sequence d = (dy) such that

0k — 00, (10)
L increasing, (12)
Ok
(oo} oo

Ok 1
Yo <ss Y — <. (13)

iy Mk 1 Mk
Then Ny := ‘gi:::g‘: defines a non-quasianalytic weight sequence, by and .

(Note that v, = 5= — oo is equivalent to N;/k — 00.) It satisfies N << M by (10).

By , there is a constant C' > 0 such that 5k(1f4—i)1/k < C for all k. By the

monotonicity of d, this leads to Ly < Ck% < C’“ﬂif“&k = OFNy. After replacing
k 1

(Ny) by (CkNy,) we have L < N <1 M. O
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Theorem 2.5 (Non-quasianalytic dé'(M)). Let M be a non-quasianalytic weight

sequence of moderate growth such that m is log-conver. Then dS(M) has property

(2).

Proof. Suppose that g := f7,h:= fitl ¢ dE(M) for some positive integer j. Assume
that representatives of these germs are defined in the neighborhood of the closure
of some bounded 0-neighborhood U; we denote the representatives by the same
symbols. Then the sequence

Ly=max{ sw |g@@), sw [h ()} (14)

|a|=k, z€U |a|=k, z€U
satisfies L <« M. By Lemma [2.4] there exists a weight sequence S satisfying the
assumptions of Theorem and L < S<<M. Thus, f € dé'{s} - dé’(M). (Il

Theorem 2.6 (Quasianalytic 15(M)). Let M be a quasianalytic derivation closed

/

weight sequence such that m is log-convex and m,lC ¥ 00. Then 15(M) has property

(7).

Proof. This follows from the proof of Theorem [2.3|in [29] (which also works in the
Beurling case). Alternatively, we may infer it from Theorem by a reduction
argument based on Lemma as in the proof of Theorem ([l

2.6. A multidimensional quasianalytic result. Let M be a weight sequence
and consider the sequence space

AMY = {(ck) eCN: 3p>0:sup | < oo}.

keN PkMk
We call a quasianalytic weight sequence M intersectable if
ARMY = () AN (15)
NeL£(M)

where L£(M) is the collection of all non-quasianalytic weight sequences N > M
such that n is log-convex. The identity carries over to respective function
spaces, since BIMI(U) = {f € C®(U) : (supey || (2)] k) € AL where
%) denotes the k-th order Fréchet derivative and || - || x  the operator norm.
Note that a quasianalytic intersectable weight seqtience M always satisfies

1/k S .
mk/ — 00; an argument is given in Remark below.

Theorem 2.7 (Quasianalytic dE{M}). Let M be a quasianalytic intersectable
weight sequence of moderate growth. Then dE{M} has property (9).

The proof of this result is given in Section [6}

Remark 2.8. In [I6, Theorem 1.6] (inspired by [2]) a sufficient condition for inter-
sectability was given. Let M be a quasianalytic weight sequence with 1 < My < M.
Consider the sequence M defined by

k 1 k
My, := M, (177) . My = 1.
Jl;[l Mjl/]

If 7 is log-convex, then M is intersectable.
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Not every quasianalytic weight sequence is intersectable, for instance,

A 2 () AV = A9 where Qf = (Klog(k + €));
NeL((k)
see [I6, Theorem 1.8] and [26]. Every quasianalytic intersectable weight sequence
M must satisfy A1QY € AIM} and so m,lc/]C tends to oo since clearly q,i/k does.
A countable family Q = {Q"}nen., of quasianalytic intersectable weight se-
quences of moderate growth was constructed in [I6, Theorem 1.9]:

Qy = (klog(k)log(log(k)) - - - log["](k:))k, for k > expl™ (1),

where log["] denotes the n-fold composition of log; analogously for expl™.
See also [27) Section 11] for a generalization of this concept.

3. BRAUN-MEISE-TAYLOR CLASSES HAVE PROPERTY (%)

3.1. Weight functions and Braun—Meise—Taylor classes. A weight function
is, by definition, a continuous increasing function w : [0,00) — [0, 00) such that

(w1) w(2t) =0(w(t)) as t — oo,

(we2) w(t) =o(t) as t — oo,

(w3) log(t) = o(w(t)) as t — oo,

(wg) t— w(et) =: @, (t) is convex on [0, c0).
One may assume that w|jg;) = 0 (without changing the associated classes & [l

which we shall tacitly do if convenient.
Let U C R be open and p > 0. We associate the Banach space

80
BW) = {5 e W) Wflgy = sw TIOL <o),

€U, acNd €¥w

where 7 (s) 1= sup,>o{st — 0. (t)} is the Young conjugate of ¢, (which is finite by
(w3)). Then the (local) Braun—Meise—Taylor class of Roumieu type is

8{“}(U) = projy ey indpen By (V),
and that of Beurling type is
S(w)(U) = Projy ey Projnen B‘%’ (V).

Again we use £ for £1@} and £, similarly for B! etc.
For two weight functions w, o we have (cf. [23] Corollary 5.17])
ot) = O0W) ast - o0 < ELU) cel(,
o(t) =olw(t) ast - 00 <« EWHU)CED(U).
We say that w and o are equivalent if they generate the same classes, i.e., o(t) =

O(w(t)) and w(t) = O(o(t)) as t — oo.
A weight function is said to be non-quasianalytic if

/Oo%dt<oo. (16)

This is the case if and only if £[“/(U) contains non-trivial functions of compact
support (cf. [5] or [22]).
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Let us emphasize that in this paper we treat condition (ws) as a general assump-
tion for weight functions; it means that the Beurling class £“) contains the real
analytic class. It is automatically satisfied if w is non-quasianalytic.

Let ,& 1 denote the ring of germs at 0 € R% of complex valued £“!-functions;
note that £ is stable by multiplication of functions for any weight function w.

3.2. The associated weight matrix. Let w be a weight function. Setting Qf :=
e?o(@k)/7 defines a weight sequence QF for every z > 0, where Q% < QY if z < y.
Thus the collection © := {Q%},~¢ is a weight matrix (in the sense of Section [).
Note that € satisfies a mirzed moderate growth property, namely

Vo >0VjkeN:Qf,, <O, (17)

The importance of the associated weight matrix € is that it encodes an equivalent
topological description of the spaces £[“!(U) as unions or intersections of Denjoy—
Carleman classes; see Section All this can be found in [22].

3.3. Braun—Meise—Taylor classes have property (2).

[

Theorem 3.1 (1S[w]). Let w be a concave weight function. Then & “I has property

(7).

Evidently, it suffices to assume that w is equivalent to a concave weight function.
For the multidimensional analogue we additionally assume non-quasianalyticity.

Theorem 3.2 (Non-quasianalytic dEM). Let w be a non-quasianalytic concave
weight function. Then d&’[w] has property (2).

Theorems [3.1] and are corollaries of Theorems and below; for the
proofs see Section [6]

Remark 3.3. Every weight sequence M in the family Q mentioned at the end of
Remark 2.8 satisfies

liminf 2% 5 1
k—oo U

for some positive integer a. Hence there is a quasianalytic weight function wps
(take, e.g., wpr(t) := —log hps(1/t)) such that dé’[wM] = dE[M], by [4, Theorem 14].
So for all M € Q, the quasianalytic ring dé'{wM} has property (2).

4. THE MOST GENERAL VERSION OF THE THEOREM

Let us formulate the main theorems in the most general setting available. The
conditions we put on abstract weight matrices are tailored in such a way that weight
matrices associated with weight functions are contained as special cases.

4.1. Weight matrices and ultradifferentiable classes. A weight matriz 9 is,
by definition, a family of weight sequences which is totally ordered with respect to
the pointwise order relation on sequences, i.e.,

e M C RN,

e cach M € 91 is a weight sequence in the sense of Section [2.3]

e for all M, N € 9t we have M < N or M > N.
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Let U C R be open. Given a weight matrix 9, we define global classes
BN U) = indprem BMH(U), (18)
BEV(U) := projyrean BM (V). (19)

The limits in and can always be assumed countable, as is shown in [0
Lemma 2.5]. Writing [] for {-} and (-), the local classes are defined by

EMN(U) == projy ey BP(V).

Let ,& ™ denote the ring of germs at 0 € R? of complex valued £™Y-functions;
notice that E™ is stable by multiplication of functions, since each M € 90 is a
weight sequence.

4.2. Regular weight matrices. A weight matrix 900 satisfying

omllﬁ/k—>oof0rallM€9ﬁ

is called {regular} or R-regular (for Roumieu) if

e VM eMIN € MIC >1VjeN: My <CITIN,,
e VM e MIN e MIC >1Vt>0:T,(Ct) <T,,(2),

and (regular) or B-regular (for Beurling) if
e VM eMIN €MIC >1VjeN: N;jpq <CIM;,

e VM eMIAN € MIC > 1Vt >0:T,,(Ct) <T, ().

Moreover, 9 is called regular if it is both R- and B-regular. By our convention,
[regular] stands for {regular} (i.e. R-regular) in the Roumieu case and (regular)
(i.e. B-regular) in the Beurling case.

4.3. Almost analytic extensions. Let h : (0,00) — (0,1] be an increasing con-
tinuous function which tends to 0 as t — 0. Let p > 0 and let U C R? be a bounded
open set. We say that a function f : U — C admits an (h, p)-almost analytic ez-
tension if there is a function F' € C(C?) and a constant C' > 1 such that F|y = f
and

|OF (2)| < Ch(pd(z,U)), for z € C%
where OF (z) := 2?21 65;? dz; and d(z,U) := inf 5|2z — x| denotes the distance
of z to U.

Let us apply this definition to the functions h,, from , where my = My /k!
and M belongs to a given weight matrix 9. Let f : U — C be a function.

o fis called {M}-almost analytically extendable if it has an (hy,, p)-almost
analytic extension for some M € 9t and some p > 0.

o f is called (9M)-almost analytically extendable if, for all M € 9 and all
p > 0, there is an (h,,, p)-almost analytic extension of f.

Theorem 4.1 ([9, Corollaries 3.3, 3.5]). Let 9 be a [reqular] weight matriz. Let
U C R? be open. Then f € EPN(U) if and only if fly is [M]-almost analytically
extendable for each quasiconver domain V relatively compact in U.

In Section [5| we shall use [9, Proposition 3.12], which is a key ingredient of the
proof of Theorem 4.1
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4.4. Weight matrices of moderate growth. For positive sequences M, N set

M, 1/(5+k)
mg(M,N):=  sup (ﬁ_> € (0, 00]. (20)
5.k>0, j+k>1 \ N; Ni

We say that a weight matrix 9 has R-moderate growth or {moderate growth} if
VM € MIN € M : mg(M,N) < oo, (21)
and B-moderate growth or (moderate growth) if
VM € M IN € M : mg(N, M) < co. (22)

Again we say that 9 has moderate growth if it has R- and B-moderate growth, and
[moderate growth| stands for {moderate growth} and (moderate growth), respec-
tively.

4.5. Denjoy—Carleman and Braun—Meise—Taylor classes in this frame-
work. By definition, Denjoy—Carleman classes are described by weight matrices
M = {M?} consisting of a single weight sequence M. Observe that the weight ma-
trix 9 = {M} is regular if and only if the weight sequence M is regular, and it has
moderate growth if and only if M has moderate growth.

Let w be a weight function and let €2 be the associated weight matrix (cf. Sec-
tion . Then, by [22, Corollaries 5.8 and 5.15], as locally convex spaces

W) = ),
and EWN(U) = (V) for all Q € Q if and only if
JH > 1Vt >0: 2w(t) <w(Ht) + H,

which is in turn equivalent to the fact that some (equivalently each) Q € Q has
moderate growth; see also [].

The associated weight matrix €2 always has moderate growth, by . It is
equivalent to a regular weight matrix & (that means £« = £I8]) if and only if
w is equivalent to a concave weight function. In fact, a £“l-version of the almost
analytic extension theorem[f.1]holds if and only if w is equivalent to a concave weight
function; see [9, Theorem 4.8]. The weight matrix & = {S*},~¢ has the property
that for each x > 0 the sequence s® is log-convex and satisfies mg(s®, s?*) =: H < oo
and thus hge(t) < hge. (Ht)? for all z,t > 0; see [25, Proposition 3].

4.6. General ultradifferentiable classes have property (2).

Theorem 4.2 (15[931})_ Let M be a [reqular] weight matriz of [moderate growth].
Then 15[971] has property (2).

The proof is given in Section [6] It builds upon a characterization of the class
EPM by holomorphic approximation; see Section

We may infer a multidimensional result, since non-quasianalytic ™} -regularity
can be tested along curves; this useful tool is available in a satisfactory manner only
in the non-quasianalytic Roumieu setting. We need two additional properties of the
weight matrix:

=1
3M€93?:Z—<oo. (23)
o Mk
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which means that £1™} admits non-trivial functions of compact support, and
VM € MIN e M:m° I n, (24)

where mj, := max{m;ma, ---Mq, : &; € N5g, a1 +--- 4+ a; = k}. Condition
is equivalent to composition closedness of £{™} (which follows from the arguments
in [22] Theorem 4.9]) and is satisfied by every R-regular weight matrix. Indeed,
if 9 is R-regular, then 1™} has a description by almost analytic extension, by
Theorem It is easy to see (cf. [9, Proposition 1.1]) that the latter condition is
preserved by composition of functions.

Under these assumptions, a function f defined on an open set U C R? is of class
EM if and only if f o c is of class £ for all £™}_curves in U; see [15} [16] and
[27, Theorem 10.7.1].

Theorem 4.3 (Non-quasianalytic dé'{m}). Let M be an R-reqular weight matrix
of R-moderate growth satisfying . Then dE{m} has property (2).

Proof. This follows immediately from Theorem [£:2]and the above observations. [
Note that Theorem [.3] implies Theorem [2.2] as a special case.

Remark 4.4. The family Q = {@"}nen., of quasianalytic intersectable weight
sequences referred to at the end of Remark actually is a regular weight matrix of
moderate growth. The Roumieu class E{Q} is quasianalytic and, since Theorem
applies to every M € Q, we conclude that ,& {Q} has property (2).

Note that there is no weight sequence M with M} = £{Q} and no weight
function w with £{«} = £{Q}. This follows from the fact that Q" < Q"' £ Q",
in analogy to the proof given in [22] Theorem 5.22]; see also Remark 5.25 there.

5. HOLOMORPHIC APPROXIMATION OF FUNCTIONS IN fﬂfm]

In this section we prove a characterization of the class £ (in dimension one)

by holomorphic approximation. It generalizes [30, Proposition 3.3.2].
For notational convenience, we set || f|| 4 := sup,c 4 | f(2)| for any complex valued
function f, where A is any set in the domain of f.

5.1. Some preparatory observations.
Lemma 5.1. Let M, N be weight sequences satisfying mllf/k — 00, ni/k — 00, and
C:=mg(M,N) < oco. Then

hm(t) < Cinit’h,(Ct), t>0, j €N, (25)
eC \2
hon(t) < hn(Tt) ) (26)

Proof. Note that mg(m,n) < mg(M, N). Thus, for all j € N and ¢ > 0,
i 4kt < , kti — dp .49
hm(t) < ég% Myt 7 < ég% n;ng(Ct)*™ = C/n;t’ h, (Ct).
For we refer to [24], Lemma 3.13]. O

For £ > 0 let Q. denote the interior of the ellipse in C with vertices =+ cosh(e)
and co-vertices £isinh(e). By H(2.) we denote the space of holomorphic functions
on Q.. The following lemma is a simple modification of [30, Lemma 3.2.4].
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Lemma 5.2. Let M, N be two weight sequences satisfying m,lc/]C — 00, ni/k — 00,

and C := mg(M,N) < co. Lete > 0. Let g € H(Q%) N C°Q:.) and assume that
there are constants L,ay,as > 0 such that
lglle. <L, Ngllj=1,1 < arhm(aze).

Then with as := max{ay, L} and as := eCay we have
l9lle.,., < azhn(ase).

Proof. Let f(z) = ig(sin(az)). Since z ~— sin(ez) maps the horizontal strip
S:={ze€C: |Im(z)] < 1} to Qe, we get that f € H(S) N C°(S) is bounded by
K := max{1, a—Ll} on the whole of S and by hy,(aze) on R. Thus an application of
Hadamard’s three lines theorem gives

£(2)] < b (age) IR 2 e g,
Since h,, <1 and every w € €./, can be written as w = sin(ez) for some w € S
with |Im(w)| < 1/2, we obtain
l9(w)| < ar(Khn(aze))?.
The statement follows from . O

5.2. Condition (Ppyj). Let M be a weight matrix.

(Pgany) We say that a function f : [~1,1] — C satisfies (Pgony) if there exist
M € I, constants K,c1,c2 > 0, and a family (f:)o<e<s, of functions

f- € H(Q2) N CY () such that for all 0 < € < &,
[fello. < K, (27)
If— fs”[—l,l] < erthm(coe). (28)
(Pemy) We say that a function f : [-1,1] — C satisfies (Pon)) if for all M € I
and all ¢ > 0 there exist constants K,c; > 0 and a family (f:)o<e<e,

of functions f. € H(Q:) N C°(€) such that and hold for all
0<e<eg.

Note that (Pgon}) generalizes condition (Pas) of [30].
5.3. Description by holomorphic approximation.

Theorem 5.3. (i) Let M), 1 < i < 3, be weight sequences with ( )Uk — 00
and

dB; > 1Vt >0: fm(z)(Blt) < Em(m (t), (29)
3B, > 1Yj e N:m?, < BIF'm!?. (30)

Then for each f € Bg{)m((—l, 1)) there exist positive constants K, c1,co and func-
tions fo € H(Q:) N C°(Q) such that for all small e > 0

||f€||(25 < K7 ||f - fE”[—l,l] < clh7n(3) (026)' (31)

The constants K, c1,co only depend on B;, in particular, co = CByB1, where C is
an absolute constant. _
(i) Let N, 1 < i < 3, be weight sequences with (n,(;))l/k — oo and
mg(N® NHD) = DO < oo, Let f : [~1,1] — C be a function. Assume that
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there exist positive constants K, cyi,co and functions f. € H(Q.)NC°(Q.) such that
for all smalle >0

I fello. < K, [If = fellj=1, < crhpo (c26). (32)

Then f € B(J,V(S)((—b, b)) for every b < 1, where o := % and E is an
absolute constant.
(iil) If M is a [regular] weight matriz of [moderate growth], then
feB™((=1,1)) = f satisfies (Ppy)) = f € EPV((-1,1)). (33)

Note that [regularity] of 9 is needed for the first implication in (iii), [moderate
growth] for the second. Item (iii) generalizes [30, Proposition 3.3.2].

Proof. We follow closely the proof of [30, Proposition 3.3.2].
(i) Let f € Bf\g/fom ((—1,1)). By [9, Proposition 3.12], there are constants ¢, c2 > 0
and a function F' € C}(C) extending f such that

|OF (2)| < e1hpy (cad(2,[-1,1])), z€C. (34)

Note that ¢; = cl(Hng{)(l),BmBl,Bg) and ¢y = 12BgB;. Then w. := JF 1,
satisfies

lwelc < crhy,e) (Ceae),
where C' > 0 is an absolute constant such that d(z,[-1,1]) < Ce for z € (..
Moreover, the bounded continuous function

’UE(Z) — 1 we(()

_% CC_Z

d¢ A dC

satisfies Ov. = w, in the distributional sense, and we have
||115H(c < cih,e (CCQE). (35)
So f. := F — v, is holomorphic on €. and continuous on .. The estimates

and easily imply .
(ii) Let f : [~1,1] — C satisfy (32). Consider g. := f. — foc € H(Q:) N C(Q).
Then ||gc[lo. < 2K and ||gc|l—1,1) < 2¢1h,0) (2¢2¢). By Lemma

||g€HQ£/2 < max{c1,2K} h, @ (26D(1)02€).

There exists a (universal) constant E > 0 such that for any b < 1 the closed disk
with radius E(1 — b)e around any x € [—b,b] is contained in Q./;. The Cauchy
estimates and yield

max{c1, 2K}

B pay ) e (2eDPee)

||9§j) =65 <

2e DM D@ ey N d

J
Smax{cl,QK}( F ) N By 26DV DPeye),

which means ||g€||é\ffi)b7b] < max{cy, 2K} by, (26D D@ eye) for o = %.
Thus, if g > 0 is such that holds for all 0 < € < ¢¢, then

g = feo + 29802—-7 = feo + Z(fE()?—j - f802_-7+1)
j=1

Jj=1
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converges absolutely in the Banach space BY @ ([=b,b]). Clearly, for every k € N,

9= feprr + Y (fepr-s = fop2mi1),

j=k+1
and f = g on [—b,b], since for = € [—b, b],

o0

(@) = g@) S 1F@) = Fegpre@)|+ | D2 Jeps (@) = fegpms (@)
j=k+1
which tends to 0 as k — oo, by and absolute convergence of the sum.

(iii) For the first implication in in the Roumieu case, observe that for f €
B} ((~1,1)) we have f € BY. " ((—1,1)) for some By > 0 and M(1) € M. Then
R-regularity of 90t implies the existence of M), M®) € 9 such that and
are satisfied. Thus (i) yields the desired holomorphic approximation.

In the Beurling case take any weight sequence M®) € 9. By B-regularity,
we find M®, M® such that and are satisfied. If f € B™((—1,1)),
then f € B%{fl) ((=1,1)) for any By > 0. Again (i) yields the desired holomorphic
approximation (since ca = CByBj).

The second implication in follows from (ii), since [moderate growth] of 9t
yields weight sequences N fulfilling the assumptions of (ii). |

6. PROOFS

We are now ready to prove the main results. We begin with a technical lemma
in which we extract and slightly modify the essential arguments of [30, Section 4].
Its general formulation allows us to readily complete the pending proofs.

6.1. A technical lemma.
Lemma 6.1. Let j be a positive integer. Let M, 1 < i < [log,(j(+1))]4+7 =: k,
be weight sequences satisfying (méi))l/Z — 00 and
IB>1Vt>0:T,,(Bt) <T,,0 (),
mg(M(i)7M(i+1))<OO, for2<i<k-1.

If f : [=1,1] = C is such that f7, fi+1 € BM™1((=1,1)), then f € EM™I((=1,1)).

Proof. Set g := f7 and h := fit1

Let us begin with the Roumieu case. By Theorem [5.3(i), there exist families of
holomorphic functions (g.), (he) approximating g, h, respectively. More precisely,
there exist positive constants K, c1, co and functions g., he € H(Q:) N CY(Q) such
that, for all small € > 0,

max{||gc ., [lhello. } < K, (36)
max{llg = gelli-1,1, 12 = hell-1,y} < c1hye (c28). (37)
Then g/t — hi € H(Q.) N C°(€.) satisfies
81— 1] < g — POV D 1
< (j + 1) max{|gc|, |91}’ |ge — gl + jmax{|h|, |h]} | — Al
< csh,,®(ce), on[—1,1].
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Thus Lemma [5.2] implies
1B — g2 a5 < cabipo (Cecae) =: 4, (38)

where C' is chosen such that C' > mg(M® M+ for all 2 < i < k—1. (Here and
below all constants ¢; are independent of ¢.)
Consider the continuous function

ah o
U 1= _ Gelte with r, = 61,

(psmax{|gs|,rs}2’

where . is a smooth function compactly supported in 2. and 1 on Q./p. It
coincides with h./g. in Q.5 N {|g:| > -}, but is not holomorphic everywhere near
[—1,1]. By taking € > 0 sufficiently small, we may assume that 6, < r. < 1.
Lemmas 4.2.1 to 4.2.4 in [30] (which apply without change to our situation)
lead to a holomorphic approximation (f.) of f by solving a suitable d-problem.

Indeed, they show (using (36), (37), and h,,@ (t) < h,mw(eCt/2), by

since h,,« < 1) that
luells. ., < (2K)Y7, (39)
If = uellm1,0) < esrd/d, (40)
and that the bounded continuous function

velz) = 1 duc(C)

2mi Ja, ,, (—=z

d¢ A dC,

which satisfies dv, = guslgs ,, in the distributional sense in C, fulfills
[vella.,. < et/ (41)

where s is any real number with s > j(j + 1) (with ¢ depending on s).
Then f. := ug. — v, is holomorphic in 2. and continuous on C. By and
[@1), || f-|lo. is uniformly bounded for all small ¢, and by and ([41)),

If = Fellima < erdyl”
Put s := 26 =: 2/, A repeated application of gives
By ()Y < by ((Ce)'t),  t> 0.
Thus, for all small ¢,
1f = felloag < erl® = e (C4hm(4)(260026))1/5
< creh ez (22 (eC) ). (42)

So Theorem ii) implies that f € S{M(k)}((fl, 1)). This ends the proof in the
Roumieu case.

For the Beurling we observe that, by assumption, we find for any (small) ¢; > 0
approximating sequences (ge), (he) such that and are satisfied. Then
follow the above proof until the end and notice that thus also in the final approxi-
mation the constant 2cy(eC)*t! gets arbitrarily small as ¢, gets small. Again
an application of Theorem completes the proof. O
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6.2. Proof of Theorem - 15[9ﬁ]. We may assume that there is a positive
integer j such that g = f7, h = f7*! are elements of the ring 15[9ﬁ]. By compos-
ing with suitable linear reparameterizations, we may further assume that they are
represented by elements of B™((—1,1)) which we denote by the same symbols.

In the Roumieu case, there exists M) e 9 such that g, h are contained in
B{M(l)}((fl,l)) (by the linear order of 9t). By R-regularity and R-moderate
growth of M, we find sequences M) € M satisfying the assumptions of Lemma
which implies that f € S{M(k)}((—L 1)).

In the Beurling case, we fix an arbitrary M € 91 and we show that f €
EM)((—=1,1)). By B-regularity and B-moderate growth of 9, we now get sequences
M® € 9 as required in Lemma where M*) = M. By assumption, g, h are
elements of BM™)((=1,1)). Thus Lcmmagivos fe&EM((~1,1)). O

6.3. Proof of Theorem - 4€ I, This is an immediate corollary of Theo-
rem [£.2] and the discussion in Section .5 O

6.4. Proof of Theorem — non-quasianalytic ;& ! We reduce the multi-
dimensional result to the one-dimensional one.
In the Roumieu case ;€ {w}, Theoremis a simple corollary of Theorem the
weight matrix & from Sectionclearly satisfies (since w is non-quasianalytic).
The Beurling case ;& ) can be reduced to the Roumieu case by means of the
following lemma (which is an adaptation of [21, Lemma 13]).

Lemma 6.2. Let w be a non-quasianalytic concave weight function. Suppose that
f:]0,00) = [0,00) is any function satisfying w(t) = o(f(t)) as t — oco. Then there
exists a non-quasianalytic concave weight function & satisfying w(t) = o(@(t)) and
w(t) =o(f(t)) ast — oo.

Proof. Tt suffices to extract some constructions from the proof of [21, Lemma 13]
(to which we refer for details). We may assume that w is of class C*. The condition
w(t) = o(t) as t — oo implies that w’(t) \ 0 as t — co.

Note that log(t) = o(w(t)) and w(t) = o(f(t)) imply f(t) — oo as t — co. We
define inductively three sequences (x,), (yn), and (z,) with 1 = y1 = 21 = 0,
9 > 0, and the following properties:

 W(t) 1
dt < — 4
/J\Jn 1+t2 N n37 3

Ty > 2yn—1 +n,
f(t) > nPw(t), forallt> x,,
wzy) > 2" w(z), 1<i<n-—1,

/ _n_l /

w(zn) = nw(yn) — (n — 1) (w(zn) + (Yn — )’ (24)).
Concavity of w guarantees well-definedness of these conditions. Then

w(t) == {(” — D (w(@n) + (t = @) (@n)) = Xif w(zin) i 2 <t <y,
nw(t) — S0 w(zign) if Y, <t < Zpy1,
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defines a non-quasianalytic concave weight function of class C! satisfying
(n—2w(t) <o(t) <nw(t), iftéec|rn, xnt1) and n > 2. (49)
(Non-quasianalyticity follows from and the second inequality in ; cf. 211,

Remark 14].) Together with this implies that w(t) = o(@(t)) and &(t) = o(f(t))
as t — oo. O

Suppose that g = f7, h = f/*1 are representatives (of the corresponding germs)
belonging to B®)(U) on some relatively compact 0-neighborhood U in R? and
consider the sequence Ly defined in . Then for each integer j > 1 there exists
C; > 1 such that

Ly < Cjexp(jyl(k/j)), forallkeN.
Defining the function £ : [0,00) — R by
0(t) :=logmax{Ly,1}, fork<t<k+1,
and performing the subsequent steps in [2I}, Section 5], we find that ¢ < ¢ + const,
where @ is the weight function provided by Lemma[6.2] This means that g, h belong
to BI“}(U). Invoking Theoremin the Roumieu case shows that f € dé'{w}. Since
w(t) = o(@(t)) as t = oo we may conclude that f € d&'(w). O

6.5. Proof of Theorem — quasianalytic dé'{M}. The following lemma is a
variant of [16, Theorem 1.6(3)].

Lemma 6.3. Let M be a quasianalytic intersectable weight sequence. Then:
(i) n,lg/k — 00 for all N € L(M).
(ii) If M has moderate growth, then for every N € L(M) there exists N' €
L(M) such that mg(N', N) < co.

Proof. (i) is obvious, since m,lc/ P 5 o0 (cf. Remark .
(ii) If M has moderate growth, then so has m. Set C' := mg(m, m) < co. For
N € L(M) we define N’ by nj, := C¥ ming< ;< n;ng_; or equivalently

I 2§22 2 2 / o 2j41, 2 2 2 2
ngj = CYvivavs---vj, ngj =0C Vilolg " VilVjq,

where v, := ngi/nk_1. Then clearly mg(N’, N) < oo. Since v, is increasing, so is
v}, :==n/n_,, thus n’ is log-convex. Moreover,
o252 M2j o )
ny; = C9nj > el > maj;
j
and analogously nb;,, = C**'njnji1 > majy1, so that N’ > M. Tt remains to
check that N is non-quasianalytic. Since N’ is log-convex, the sequence (N} )'/* is
increasing and so it suffices to show that 3 (Néj)_l/(zj) < oo. This is clear, since
20 /i
e

/ ; j 20 14
(Néj)l/@]) — ((2J)!02Jn?)1/(2]) > 7%;/] N :

p 2
and N is non-quasianalytic. (I

Let M be a quasianalytic intersectable weight sequence of moderate growth.
Suppose that g = f7, h = f7+1 are elements of dS{M}. Since M is intersectable, it
suffices to show that f € dS{N} for every N € £L(M). Fix such N. By Lemma
there exist NV, ..., N®) ¢ £(M) with N*¥) = N such that the requirements of
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Lemma are satisfied. (Note that £(M) is not a weight matrix in the sense of
Section because it is not totally ordered.)

Let U be an open 0-neighborhood in R? on which we have g,h € EMI(U)
for representatives which are denoted by the same symbols. Take any curve ¢ €
S{Nm}(R, U) with compact support. Then, by composition closedness of NGy
as n!) is log-convex, we have goc,hoc € 5{N<1)}(R). After a linear change of
variables, we may assume that goc,hoc € B{N(l)}((fl,l)). Thus Lemma
yields that foc e EV}((=1,1)). This implies that f € £V} (U), by [16, Theorem
2.7]. O
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