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ABSTRACT. We prove in a uniform way that all Denjoy—Carleman differen-
tiable function classes of Beurling type C™) and of Roumieu type C{M},
admit a convenient setting if the weight sequence M = (M) is log-convex and
of moderate growth: For C denoting either C(M) or C{M} | the category of
C-mappings is cartesian closed in the sense that C(E,C(F,G)) 2 C(E x F,G)
for convenient vector spaces. Applications to manifolds of mappings are given:
The group of C-diffeomorphisms is a regular C-Lie group if C 2 C“, but not
better.

1. INTRODUCTION

Denjoy—Carleman differentiable functions form classes of smooth functions that
are described by growth conditions on the Taylor expansion. The growth is pre-
scribed in terms of a sequence M = (My,) of positive real numbers which serves as
a weight for the iterated derivatives: for compact K the sets

f® ()
{m ceK ke N}
are required to be bounded. The positive real number p is subject to either a
universal or an existential quantifier, thereby dividing the Denjoy—Carleman classes
into those of Beurling type, denoted by C™) and those of Roumieu type, denoted
by C{M}| respectively. For the constant sequence M = (Mj) = (1), as Beurling
type we recover the real and imaginary parts of all entire functions on the one
hand, and as Roumieu type the real analytic functions on the other hand, where
1/p plays the role of a radius of convergence. Moreover, Denjoy—Carleman classes
are divided into quasianalytic and non-quasianalytic classes, depending on whether
the mapping to infinite Taylor expansions is injective on the class or not.

That a class of mappings C admits a convenient setting means essentially that
we can extend the class to mappings between admissible infinite dimensional spaces
E,F,... so that C(E, F) is again admissible and we have C(E x F,G) canonically
C-diffeomorphic to C(E,C(F,G)). This property is called the exponential law; it
includes the basic assumption of variational calculus. Usually the exponential law
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comes hand in hand with (partially nonlinear) uniform boundedness theorems which
are easy C-detection principles.

The class C*° of smooth mappings admits a convenient setting. This is due
originally to [9], [10], and [20], [21I]. For the C'*™° convenient setting one can test
smoothness along smooth curves. Also real analytic (C*) mappings admit a conve-
nient setting, due to [22]: A mapping is C* if and only if it is C*° and in addition
is weakly C¥ along weakly C“-curves (i.e., curves whose compositions with any
bounded linear functional are C*); indeed, it suffices to test along affine lines in-
stead of weakly C*-curves. See the book [23] for a comprehensive treatment, or
the three appendices in [25] for a short overview of the C* and C“ cases. We shall
use convenient calculus of C°°-mappings in this paper, and we shall reprove that
C“ admits a convenient calculus.

We now describe what was known about convenient settings for Denjoy-Carleman
classes before: In [25] we developed the convenient setting for non-quasianalytic log-
convex Denjoy-Carleman classes of Roumieu type C{M} having moderate growth,
and we showed that moderate growth and a condition that guarantees stability
under composition (like log-convexity) are necessary. There a mapping is CciM} if
and only if it is weakly CtM} along all weakly Ct™}-curves. The method of proof
relies on the existence of C1M} partitions of unity.

We succeeded in [26] to prove that some quasianalytic log-convex Denjoy—
Carleman classes of Roumieu type C1M} having moderate growth admit a con-
venient setting. The method consisted of representing CtM} as the intersection of
all larger non-quasianalytic log-convex classes C{&}. A mapping is C1M} if and
only if it is weakly C{%} along each weakly C'1F}-curve for each non-quasianalytic
log-convex L > M. We constructed countably many classes which satisfy all these
requirements, but many reasonable quasianalytic classes C1M}| like the real ana-
lytic class, are not covered by this approach.

In this paper we prove that all log-convex Denjoy—Carleman classes of moderate
growth admit a convenient setting. This is achieved through a change of philosophy:
instead of testing along curves as in our previous approaches [25] and [26] we test
along Banach plots, i.e., mappings of the respective weak class defined in open
subsets of Banach spaces. By ‘weak’ we mean: the mapping is in the class after
composing it with any bounded linear functional. In this way we are able to treat all
Denjoy—Carleman classes uniformly, no matter if quasianalytic, non-quasianalytic,
of Beurling, or of Roumieu type, including C* and real and imaginary parts of
entire functions. Furthermore, it makes the proofs shorter and more transparent.

Smooth mappings between Banach spaces are CM) or C{M} if their derivatives
satisfy the boundedness conditions alluded to above. A smooth mapping between
admissible locally convex vector spaces is CM) or CtM} if and only if it maps
Banach plots of the respective class to Banach plots of the same class. This implies
stability under composition, see Theorem

We equip the spaces of CM) or CtM} mappings between Banach spaces with
natural locally convex topologies which are just the usual ones if the involved Ba-
nach spaces are finite dimensional, see Section In order to show completeness
we need to work with Whitney jets on compact subsets of Banach spaces satisfying
growth conditions of Denjoy—Carleman type, see Proposition Having found
nothing in the literature we introduce Whitney jets on Banach spaces in Section [3]
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In Theorem we show that the Roumieu type classes of Denjoy—Carleman dif-
ferentiable mappings studied in the present paper coincide bornologically with the
classes considered previously in [25] and [26] and, most notably, with the structure
C% of real analytic mappings introduced in [22] (see also [23]). We want to stress
that thereby we provide a considerably simpler proof for the real analytic conve-
nient setting. But for the results that testing along curves suffices one still has to
rely on [22], [25], and [26].

For a class of mappings C that admits a convenient setting one can hope that
the space C(A, B) of all C-mappings between finite dimensional C-manifolds (with
A compact for simplicity) is again a C-manifold, that composition is C, and that
the group Diffc(A) of all C-diffeomorphisms of A is a regular infinite dimensional
C-Lie group. In Section [9 this is proved for all log-convex Denjoy—Carleman classes
of moderate growth CtM} and for the classes C™) containing C.

A further area of application is the perturbation theory for linear unbounded
operators; see [27] and [30].

This paper is organized as follows. In Section [2| we recall basic facts about
Denjoy-Carleman classes C™! (which stands for C1™} or C'™)) in finite dimen-
sions and discuss corresponding sequence spaces. In Section[3|we introduce Whitney
jets on Banach spaces. In Sectionwe define C™]-mappings in infinite dimensions,
first between Banach spaces with the aid of jets and then between convenient vec-
tor spaces, and we show that they form a category, if M = (M}) is log-convex. In
Section We prove that this category is cartesian closed, if M = (M},) has moderate
growth. In Section |§| we show the C™! uniform boundedness principle. In Section
we prove that the structures studied in this paper coincide bornologically with
the structures considered in our previous work [25], [26], [22], and [23]. In Section
we further study the spaces of C!™l-mappings. In Section é we apply this theory
to prove that the space of C!™l-mappings between finite dimensional (compact)
manifolds is naturally an infinite dimensional C™]-manifold, and that the group of
C™]_diffeomorphisms of a compact manifold is a CMl-regular Lie group.

Notation. We use N = N5 U {0}. For each multi-index o = (a1, ...,ay,) € N7,
we write ol = ay!- - ap,), |a] = a1 + -+ + ay, and 9% = 9ol /ox T - 9xon,

A sequence r = (1) of reals is called increasing if 7 < ri4q for all k.

We write f)(z) = d* f(z) for the k-th order Fréchet derivative of f at x; by d¥
we mean k times iterated directional derivatives in direction v.

For a convenient vector space F and a closed absolutely convex bounded subset
B C E, we denote by Ep the linear span of B equipped with the Minkowski
functional ||z||g = inf{A > 0 : x € AB}. Then Ep is a Banach space. If U C E
then Ug := igl(U), where ip : Eg — FE is the inclusion of Eg in E.

We denote by E* (resp. E') the dual space of continuous (resp. bounded) linear
functionals. L(Fy,..., E; F) is the space of k-linear bounded mappings Fy X - - - x
Ey — F;if E; = E for all i, we also write L¥(E, F). If E and F are Banach spaces,
then || ||x(g, ) denotes the operator norm on L*(E, F). By Lé“ym(E, F) we denote
the subspace of symmetric k-linear bounded mappings. We write oF for the open
unit ball in a Banach space E.

The notation C™] stands locally constantly for either CM) or C{M}; this means:
Statements that involve more than one C™! symbol must not be interpreted by
mixing CM) and C1M},
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From Section on, if not specified otherwise, a positive sequence M = (Mjy)
is agssumed to satisfy My = 1 < Mj. In Section |§| we also assume that M = (M)
is log-convex and has moderate growth, and in the Beurling case CM = C(M) we
additionally require C* C C(M),

2. DENJOY—CARLEMAN DIFFERENTIABLE FUNCTIONS IN FINITE DIMENSIONS

2.1. Denjoy—Carleman differentiable functions of Beurling and Roumieu
type in finite dimensions. Let M = (Mj)ren be a sequence of positive real
numbers. Let U C R™ be open, K C U compact, and p > 0. Consider the set

(1) { 0“f(x)

We define the Denjoy—Carleman classes
CM(U) :={f € C>®(U) : ¥ compact K C U ¥p > 0: (] is bounded},
cIMYUY = {f € C®°(U) : ¥ compact K CU 3p > 0: is bounded}.

The elements of CM)(U) are said to be of Beurling type; those of C1M}(U) of
Roumieu type. If My, = 1, for all k, then C™)(U) consists of the restrictions to
U of the real and imaginary parts of all entire functions, while C*M3}(U) coincides
with the ring C¥(U) of real analytic functions on U. We shall also write C!*] and
thereby mean that C™! stands for either C(M) or C{M},

A sequence M = (My,) is log-convex if k — log(My,) is convex, i.e.,

:xEK,aEN"}.

(2) ME < My, My, for all k.
If M = (M) is log-convex, then &k — (My/My)*/* is increasing and
(3) M; M, < My Ml+k for all I,k € N.

Let us assume My = 1 from now on. Furthermore, we have that k — k!M}, is log-
convex (since Euler’s I-function is so); if M = (M},) satisfies this weaker condition
we say that it is weakly log-convex. If M = (M) is weakly log-convex, then C!™(U))
is a ring, for all open subsets U C R™.

If M = (My) is log-convex, then (see the proof of [25] 2.9]) we have

(4)  M{ My >M;M,, - M,, forall a; € Nsgwith ag + -+ a; = k.

Condition implies that the class of CI™]-mappings is stable under composition.
This is due to [34] in the Roumieu case, see also 7] or [I], 4.7]; the same proof works
in the Beurling case. We reproof it in Theorem compare also with Lemma
For a partial converse, see [31].

If M = (M) is log-convex, then the inverse function theorem for C{M} holds
([I7); see also [T, 4.10]), and C{M} is closed under solving ODEs (due to [18]). If
additionally we have Mj1/M) — oo, then also C™M) s closed under taking the
inverse and solving ODEs (again by [I7] and [18]). See [39], [40], [32], and Section
for Banach space versions of these results.

Suppose that M = (M) and N = (Ng) are such that sup, (M /Ny)'/* < oo,
ie.

(5) 3C,p>0VkeN: M, <CpENy.

Then CM)(U) € CM(U) and CIMH(U) € CINH(U). The converse is true if
M = (M) is weakly log-convex: In the Roumieu case the inclusion C1M}(U) C
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CV}(U) implies (5)) thanks to the existence of a function f € CtM}(R) such that
|f*)(0)| > k! My, for all k (see [38, Thm. 1]; and also Section . In the Beurling
case the equivalence of CM)(U7) € CV)(U) and follows from the closed graph
theorem; see Bruna [2]. As a consequence we see that the following three conditions
are equivalent: C*(U) is contained in C{M}(T), the restrictions of entire functions
are contained in CM)(U), and liimM,i/k > 0.

CM1 is stable under derivations (alias derivation closed) if

M 1
(6) sup ( k+l)k < oo

keNso » Mg

The converse is true if M = (M) is weakly log-convex: C{M} i stable under
derivations if and only if @ holds.
A sequence M = (My) is said to have moderate growth if

Mop \ 75
7 sup ( J ) < 00.
) jkeNso N M My

Moderate growth implies (6) and thus stability under derivations. If M = (M},) is
weakly log-convex and has moderate growth, then C'!M ](U ) is stable under ultra-
differential operators, see [I5] 2.11 and 2.12].

For sequences M = (M) and N = (Nj) of positive real numbers we define

M<N & VYp>03C>0:M,<CpFN, VkeN

Mt
o Jm (5) =0

If M < N, then we have C1M}(U) € CIN)(U). If M = (My,) is weakly log-convex,

also the converse is true: CtMH(U7) € CWV)(U) implies M <1N. This follows from the

existence of a function f € C{M}(R) with |f*)(0)| > k! M}, for all k (see [38, Thm.

1]). As a consequence C*(U) is contained in C™)(U) if and only if M,i/k — 00.

Theorem 2.1 (Denjoy—Carleman [0], [3]). For a sequence M = (My) of positive
real numbers the following statements are equivalent:

(1) CcM] g quasianalytic, i.e., for open connected U C R™ and each x € U, the
Taylor series homomorphism centered at x from C[M](U, R) into the space
of formal power series is injective.

(2) v ﬁ = oo where mi,’c(l) = inf{(j! M;)*7 : j > k} is the increasing
minorant of (k! My)'/*.

(3) Z;“;I(W)l/k = oo where Mz(lc) is the log-convexr minorant of k! My,
given by M9 = inf{(j1 M;) 75 (W M) 75 j <k <1,j <I}.

0 Mb(lc)

(4) Xk—o TVIE%) = 0.

For contemporary proofs of the equivalence of (2), (3), (4) and quasianalyticity
of C{M} | see for instance [14, 1.3.8] or [35, 19.11]. For the equivalence of these
conditions to the quasianalyticity of C(*) see [15} 4.2].
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2.2. Sequence spaces. Let M = (My)ren be a sequence of positive real numbers,
and p > 0. We consider (where F stands for ‘formal power series’)

FM = {(fk)keN €RY:3C > 0Vk e N:|fi] < Cpkk!Mk},
FM = (M FM, and FM =] FN.

p>0 p>0
Lemma. Consider the following conditions for two positive sequences M* = (M}),
i=1,2, and 0 < 0 < 00:
(1) supy (ML/M2)V* = o.
For all p > 0 we have .7-';],‘41 - .7-'%2.
FiM'} ¢ p{m?}
FMY) ¢ F(M?)

FiM'} ]:(M2
e have (1) & (2) & (3) = (4) and (5) < (6).

vavvv
<
2 A
=~
N)

Then

Proof. (1) = (2) Let f = (fx) € .7:;”1, i.e., there is a C' > 0 such that |f| <
CpPkIM]} < C(po)*kIME, for all k. So f € FM'.

(2) = (3) and (2) = (4) follow by definition.

(3) = (1) Let fx := k!M{}. Then f = (fx) € FO'}Y ¢ FOM?} 5o there exists
p > 0 such that kIM} < p*T1EIM? for all k.

(5) = (6) Let f = (fx) € ]—'M1 As M <1 M2, for each o > 0 there exists C' > 0
such that |fi| < C($ VekIMy, for all k. So f € ]-'M for all o.

(6) = (5) Since (k!My) € FOMY ¢ For*), for each p > 0 there is C' > 0 such
that k!M} < Cp*k!M? for all k, i.e., M' < M2, O

Theorem 2.2. Let M = (M) be a (weakly) log-convex sequence of positive real
numbers. Then we have

(8) FOI = O FE = (| FH,
L

where the intersections are taken over all (weakly) log-conver L = (Ly) with M < L.

Proof. The inclusions F{MH € N, FE) < N, FI follow from Lemma So it
remains to prove that F1M} D (N, FUI Let f = (fi) ¢ FIM} e,

(9) lim (]J'J;\l}'k) P

We must show that there exists a (weakly) log-convex L = (Lj) with M < L such
that f ¢ Fil,

Choose a;,b; > 0 with a; /0o, b; \, 0, and a;b; — co. Now (9) implies that
there exists a strictly increasing sequence k; € N such that

| fr; |\ 55
() =
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Passing to a subsequence we may assume that ko > 0 and that

[fe,l N\ %5
1< B;:=0b, <7’ ) ’ 00
ﬁ] J (kj)!Mkj /
Passing to a subsequence again we may also get
(10) Bir1 = (B)" .

We define a piecewise affine function ¢ by setting
0 if k=0,
o(k) = kjlogB; if k=kj,
¢j +d;k  for the minimal j with & < k;,
where ¢; and d; are chosen such that ¢ is well defined and ¢(k;j_1) = ¢; + d;k;_1,
ie., for j > 1,
Cj + djkj = k‘j lOg,Bj,
Cj +djkj—1 = kj_llogﬁj_l, and
Co = O7
do = log fBo.
This implies first that ¢; < 0 and then
kjlog B; — kj—1log ;1

k.;
log Bj < dj = < J log ﬁj

kj — kj_l - kj - kj—l
log f3;
< % < log Bj+1-
j — hj—-1

Thus j — d; is increasing and so ¢ is convex. The fact that all ¢; < 0 implies that
o(k)/k is increasing.
Now let
Lk = 6¢(k) . Mk
Then L = (L) is (weakly) log-convex, since so is M = (My). As ¢(k)/k is
increasing and e?(*i)/ki = Bj — oo, we find M < L. Finally, f ¢ FL} since we
have

(yze)” = (i)™ " = (i)™ 4 =4 e

The proof is complete. U
Remark. (1) If My =1 < M; we also have Ly =1 < L.
(2) The proof also shows that, if M = (M}) is just any positive sequence, then

still holds if the intersections are taken over all positive sequences L = (L)
with M < L.

Lemma 2.3. Let M = (My) and L = (Ly) be sequences of positive real numbers.
Then for the composition of formal power series we have

(11) FiMl ol c FiMoL]
where (M o L) := max{M;Lq, ... Lo, : & € Nyg,a1 +--- +a; = k}.
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Here f[>]:()] is the space of formal power series in F1 with vanishing constant

term.

Proof. Let f € FM) and g € F&) (resp. f € FIM} and g € FIE), For k > 0 we
have (inspired by []])

k
(fog)k L & Ja, Yo

O‘ENj>o
o¢1+-~+a_,>:k
k
\'(fog)k\ SZ .|'fj| Z |g'o¢1| |9'ozj|
ENMoL) j:1=7'Mj werd, a1!Ly, a;!Lq,
041+~‘-+Cvj=k:
k k b1
) kg Jj - kg
S TS SIe S o (e e
i=1 aeN =1
ar+-+a;=k

k

(k-1 _

= thosCsCy Yoo (5 ) = shorCrCya 4 i)t
i=1

csC
(pg(L+prCy)) 1+ psC,
This implies in the Roumieu case. For the Beurling case, let 7 > 0 be arbitrary,
and choose o > 0 such that 7 = /o + 0. If we set p; = /o and py = \/o/Cy, then
foge FMeL, O

2.3. Convention. For a positive sequence M = (Mj) € (Rso)" consider the fol-
lowing properties:

(1) M = (My,) is weakly log-convex, i.e., k — log(k! M}) is convex.

(2) M = (My,) is log-convex, i.e., k — log(M},) is convex.

(3) M = (My,) is derivation closed, i.e., k — (MM’“—:I)% is bounded.

(4) M = (Mjy) has moderate growth, i.e., (j,k) — (%)ﬁ is bounded.
(5) 25 — o0

(6) M,i/k — 00, or equivalently, C* C C(M),

Henceforth, if not specified otherwise, we assume that M = (M), N = (Ng),
L = (Ly), etc., satisfy condition (0). It will be explicitly stated when some of the
other properties (1)—(6) are assumed.

Remarks. Let M = (My) be a positive sequence. We may replace (My)r by
(Cp* My with C, p > 0 without changing FIM! (see Section . In particular, it
is no loss of generality to assume that M; > 1 (put Cp > 1/M;) and My =1 (put
C :=1/M,). Each one of the properties (1)—(6) is preserved by this modification.
Furthermore M = (M},) is quasianalytic if and only if the modified sequence is so,
since (M, z(lc)) % (see Theorem ) is modified in the same way.

Conditions (0) and (1) together imply that k +— k! M), is monotone increasing,
while (0) and (2) together imply that k& — M}, is monotone increasing,.
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3. WHITNEY JETS ON BANACH SPACES

3.1. Whitney jets. Let F and F' be Banach spaces. For open U C F consider the
space C°(U, F) of arbitrarily often Fréchet differentiable mappings f : U — F. For
such f we have the derivatives f®) : U — Lgym(E,F ), where LE  (E, F) denotes
the space of symmetric k-linear bounded mappings E x --- x . — F. We also have

the iterated uni-directional derivatives d¥ f(z) € F defined by

08 f(2) = (C‘ft)kﬂxm)h_o.

Let j> : C®(U,F) — J®(U,F) := [[,en C(U, LE,,(E, F)) be the jet mapping

sym
— (f%))ken. On LE (E, F) we consider the operator norm
f (f € P

sym
16128, ) 2= sup{ (o, 0) e ¢ ol < 1 for all € {1......k} .
Note that by the polarization equality (see [23] 7.13.1])
sup{[[£(v, ..., 0)l[F  lvlle <1} < [[€llLe, .p)

< (20)" sup{[|¢(v,...,v)|F : lv]lp < 1}

For an infinite jet f = (f*)ren € [Tpen LEm(E, F)* on a subset X C E let the
Taylor polynomial (Ty”f) : X — LF (E,F) of order n at y be

sym
(T;Lf)k(‘r)(vlﬂv Z fj+k xiya"'a'riyvvla"'vk)

and the remainder

(Ry f)* (@) = f*(2) = (T ))*(x) = (T3 /) (2) = (T (@) € L (B, F).
Let

£l i= sup{ /4 (@)l (i, 7 € X} € [0, +00]  and
IRy (@), (e, ") |
151l = sop] o+ D=2 yeX,a#y} e, +odl.
By Taylor’s theorem, for f € C*°(U, F) and [:v y] C U we have
k‘+J J
(R @) = fP ) - 3 =
i<n
1
1-1¢
- / % FERED (e — ) - ) e
and hence for convex X C U:
7% Flx Mk ==
[(Ry f)*(@) (o1, .. vp) | P
= sup{ (n + 1)1 e Moslls < 1y € Xz #y)

{||f(k+n+1)(1‘)(1}17...,Uk,x—y,_,,’x _y)”F

gl < Lo £y
fo—yl™" :

< sup

(12) <77 flxllntrs-
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We supply C*°(U, F) with the semi-norms
f=l7flglln for all compact K CU and all n € N.

For compact convex K C FE the space C*°(E 2 K, F) of Whitney jets on K is
defined by

C=®(EDK,F):=
= {1 = (f*)en € [] CUK, L (B, F)) }
keN
and is supplied with the seminorms || ||, for n € N together with ||| |||nx for
n,k €N.

Lemma 3.1. For Banach spaces E and F and compact conver K C E the space
C>*(E D K, F) is a Fréchet space.

Proof. The injection of C*°(E 2 K, F) into [, .y C(K, L% (E, F)) is continuous

sym
by definition and C(K, L, (E, F)) is a Banach space, so a Cauchy sequence (fp),
in C*(E 2 K,F) has an infinite jet fo, = (f%)r as component-wise limit in
[Iren C(K, Lgym(E, F)) with respect to the seminorms || ||,. This is the limit also
with respect to the finer structure of C*°(E D K, F') with the additional seminorms
|| [||n.% as follows: For given n, k € N and € > 0 there exists by the Cauchy condition
a po such that |||fp — fylllnk < €/3 for all p,q > pg. By the convergence f;, — fxo
in [J,enC(K, Lfym(E, F')) there exists for given z,y € K with z # y a ¢ > pg such

that for all m < k+n

oz —y[I"t! e . =yl
”fq_foonSngln{LE Y }
and hence
Ty )" () = (Ty foo)* (@)l s, (B.F) <
|z =yl
< Z £ () = FEP O st () T

n
lz —y|l’
<Y g = follbrs ——
i=0 S

oyl e ey gnllo—alP e —alt e
=+ 1)! 3 e U VI
So
R™ k z) — (R™ - k T
(1)1 [(Ry fp)" (x) — (Ry [ )1( e (B _
|z — ylI"*
1(Ry fo)* (x) = (R foo)* ()| Lk, (52.5)
< — ! :
— |||fp fq|||n,]€+ (n+1) ||x_y||n+1
€ 1fg (@) = fo(@)Lx,, e.r)
S 7+ n+1 ! sym
e

(T f)* () = (T3 foo)* ()|

[l =yl +t

Lk (E,F)

sym

+ (n+1)!
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§3§:6
and finally
[ fp — foollln,e < € for all p > po.
Consequently,
I oolllne < M foo = Foplllng + [ fplllnk < o0,
ie., foo € C*(ED K, F). O

4. THE CATEGORY OF DENJOY—CARLEMAN DIFFERENTIABLE MAPPINGS

4.1. Spaces of Denjoy—Carleman jets and mappings between Banach
spaces. Let F and F be Banach spaces, K C E compact, and p > 0. Let

CM(E 2 K, F): = {(f"m € [] CU LG (B F)) : ], < oo},
meN

where

[/ llm

N fllp:= max{sup{m!pmMm tm € N},
11l

n,k
* -k, N} ,
U-p{ (n +k+ 1)!pn+k+1 Mn+k+1 n e }

cf. [ 11], [B, 11] and [37, 3], and, for an open neighborhood U of K in E, let
CY (UF): = {f € C®(U,F): j°flx € CM(E 2 K,F)}

supplied with the semi-norm f + ||7°° f|k||,. This space is not Hausdorff and for
infinite dimensional F it(s Hausdorff quotient) will not always be complete. This
is the reason for considering the jet spaces C)/(E 2 K, F) instead. Note that for
convex K we have |||7%° flx||lnk < 17 f|x |lntr+1 by and hence the seminorm
f= 7= flkll, on C%p(U, F') coincides with

(n)
Fis Sup{ 11 ()]

L2 (B.F)
it ive Kone N} =|flk,

Thus
CH U, F) = {f € C=W, F) : (17 flicllm)m € '}
and the bounded subsets B C C%p(U, F) are exactly those B C C*°(U, F) for which
(bm)m € .7-";”, where by, := sup{||7°flx|lm : [ € B}.
For open convex U C E and compact convex K C U let
CM(EDK,F):=()CM(EDK,F),
p>0
CMYED K, F):=]JC)(E2K,F), and
p>0

dW@Fy:Ue@ﬂamwmammmedmw;Kf&.
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That means, we consider the projective limit

CM(E 2 K,F):=1mC)(E 2 K, F),
p>0

the inductive limit

CMHE D K, F) = 1lim C) (E 2 K, F),
p>0

and the projective limits

c™M (U, F):= lim CM(E D K, F),
KCU

where K runs through all compact convex subsets of U.
Furthermore, we consider the projective limit

CROWU, F) = 1im CY (U, F),
p>0

and the inductive limit

W, F) = 1im O} (U, F).
p>0

Thus

O, F) = {f € (U F) : (15 flicllm)m € FM}.

Furthermore, the bounded subsets B C C’%M] (U, F) are exactly those B C C*(U, F)
for which (b, )m € FIM, where b, := sup{ |7 flxllm : f € B}.

Finally, the projective limits
lim RO, F) = {f € Co(0, F) : VE (157 f 1 lm)m € FM,

H
KCU

where K runs through all compact convex subsets of U, are for E = R"™ and F =R
exactly the vector spaces of Section 2.1 and the topology is the usual one.
For the inductive limits with respect to p > 0 it suffices to take p € N only.

Proposition 4.1. We have the following completeness properties:

(1) The spaces C)(E 2 K, F) are Banach spaces.

(2) The spaces CM)(E D K, F) are Fréchet spaces.

(3) The spaces CIMY(E D K, F) are compactly regular (i.e., compact subsets
are contained and compact in some step) (LB)-spaces hence (¢ -)complete,
webbed and (ultra-)bornological.

(4) The spaces CIM(U, F) are complete spaces.

(5) As locally convex spaces

CM(U, F) := lim CM(E D K, F) = lim C(U, F).
KCU KCU
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Proof. (1) The injection C’éV[(E 2 K, F) = [en C(K, Lfym(E,F)) is by defi-
nition continuous and C(K, L%, (E, F)) is a Banach space, so a Cauchy sequence
(fp)p in C)'(E 2 K, F) has an infinite jet fo, = (f% )x as component-wise limit in
[Tren C(K, L, (E, F)). This is the limit also with respect to the finer structure of
C’,ﬁ‘/[(E D K, F) as follows: For fixed n,k and x # y we have that (Rpr)k(x) con-
verges to (RZfoo)k(ac) So we choose for € > 0 a py € N such that || f, — fyll, < €/2

for all p,q > po and given x,y,n, and k we can choose ¢ > py such that
\ 1(Ry fo)* (x) = (Ry foo)* ()| Lk, (2.5

@)

(n+1) (n—i—k+1)!p”+’“+1Mn+k+1||a:iy||"+1 2
and
||f;($) - fgo(‘r)HLgfym(E,F) €
n!p® M, 2
Thus
o 1y N ) = (R o) ()
(n+k+ DM g |l — g
Uy = follo 4 (5 1)1 (R fo)* (x) = (B foo)* ()| L, 2.) .
(n 4k + 1)lp" tF My g [ — g
and hence

o= olllas  _
(n+k+D)pntetIM, oy —

and similarly for ”T{’,’;nifj\‘ﬂ" Thus || fp — fooll, < € for all p > po.

(2) This is obvious; they are countable projective limits of Banach spaces.

(3) For finite dimensional E and F it is shown in [37] that the connecting
mappings are nuclear. For infinite dimensional E the connecting mappings in
CctMYEF D K, F) = lim o CM(E 2 K,F) cannot be compact, since the set
{{ € E' : ||¢|| £ 1} is bounded in Céw(E D K,R) for each p > 1. In fact,
[€llo = sup{|¢(x)| : x € K} < sup{[|z| : z € K}, [|€]1 = |[¢]| <1 and |[£[|; = O for
m > 2, moreover, (Rp)* = 0 for n+k > 1 and (R)()°(z) = £(x — y). It is not
relatively compact in any of the spaces C/],” (E 2 K,R), p > 1, since it is not even
pointwise relatively compact in C(K, L(E,R)).

In order to show that the (LB)-space in (3) is compactly regular it suffices by
[29, Satz 1] to verify condition (M) of [33]: There exists a sequence of increasing
0-neighborhoods U,, C Cfl‘/[ (F 2 K, F), such that for each n there exists an m > n
for which the topologies of C/(E 2 K, F) and of CX(E D K, F) coincide on U,
for all £ > m.

For p' > pwe have || f||,» < ||f]l,- So consider the e-balls UP(f) := {g : [[g—fl, <
€} in C},V[(E D K, F). It suffices to show that for p > 0, p1 := 2p, p2 > p1, € > 0,
and f € U} := U{(0) there exists a 6 > 0 such that U{*(f) N U{ C UP*(f). Since
[ € U{ we have

| £lln < nlp™ M, and ||| f]|lnr < (n 4k + D" M, 4y for all n, k.

N-1
Letz%,<§and(5:=€(%> - Let g € Ug*(f) N UY, ie.,

lglln < nlp™ M, for all n,
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llg = flln < 0nlps M, for all n,
Wgllnk < (n+ K+ D" M, oy for all n, k,
g = Flllng <0 (n4k+ )i tEIA o for all n, k.

Then
n 3 1
lg = Flln < llglin +[1flln < 201p" My = 2nlpy My o
<enlp'M, forn>N
and
llg — flln < dnlpfM, <enlpiM, forn < N.
Moreover,
g = Ml < Mgl + LAl < 204k + 1" Mgy
1
n+k
=2(n+k+ 1) M, on+k+1l
<en+k+Dpr My forn+k+1>N
and

Mg — Flllng <8 (n+k+ 1) a0,
<en+k4+Dp M, 0y forn+k+1<N.

(4) This is obvious; they are projective limits of complete spaces.

(5) Since j*°|k : C’%’p(U, F) — CM(E 2 K, F) is by definition a well-defined
continuous linear mapping, it induces such mappings C%M](M F) - ¢M(E D
K,F) and lim  C\(U, F) - lim CIM)(E O K, F). The last mapping is obvi-
ously injective (use K := {z} for the points x € U).

Conversely, let f£ € O(K, L’;ym(E7F)) be given, such that for each K there
exists p > 0 (resp. each p > 0) we have (ff)ren € CM(E 2 K, F) and such
that f&|kr = fE,. They define an infinite jet (f*)ren € J°(U,F) by setting
F(z) = fﬁ}(z) which satisfies f¥| = fE for all k € N and all K.

We claim that f0 € C®(U, F) and (f°)*) = f* for all k, i.e., |k = (fE )
for all k € N and all K.

By [23] 5.20] it is enough to show by induction that d* fO(x) = f*(x)(v,...,v). For
k = 0 this is obvious, so let £ > 0. Then

d¥fO(z) : = lim dy ' fO(z +tv) —dy ' fO()

t—0 t
g I ) @) - S @) (08
t—0 t
1 k—1 T v vk—l
= Jim ) tﬂ W) L ) h) = FR@) ).

Finally, f° defines an element in Hm C’%M}(U, F), since VK we have f0 €
C’}‘(/{p(U,F) = {g € C=(U,F) : j~glxk € CM(E 2 K,F)} for some (resp. all)
p > 0.
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That this bijection is an isomorphism follows, since the seminorm || |k , on
C’%p(U, F) is the pull-back of the seminorm || ||, on C}(E 2 K, F). O

4.2. Spaces of Denjoy—Carleman differentiable mappings between conve-
nient vector spaces. For convenient vector spaces E and F, and ¢>*-open U C F,
we define:

C’IEM)(U,F) = {f € C*(U,F) :VYBY compact K CUpg Vp>0:
f(k)(x)(vl,...,vk)
= {fE C*®(U,F) :VBVY compact K CUgVp>0:

k
{,m :keN,z € K, |v||p <1} is bounded in F} and

oMU, F) = {f € C®(U, F) : YBY compact K CUp 3p> 0 :
F® () (vg,. .., v8)

k‘!pk Mk
- {feC‘X’(U7F) VB Y compact K C Up 3p> 0 :

& /(@) | |
{m :keN,zeK,|vl|lp <1} is bounded in F}

:ke N,z € K, |v||p <1} is bounded in F}

:k €N,z € K, |v;||p <1} is bounded in F}

Here B runs through all closed absolutely convex bounded subsets in E, Ep is the
vector space generated by B with the Minkowski functional ||v]|g = inf{A > 0:v €
AB} as complete norm, and Ug = U N Ep. For Banach spaces F and F' obviously

cMw, F) = cM(U, F).

Now we define the spaces of main interest in this paper:

cMyy, Fy = {f €C®(U,F): Yl € F*VB : lofoipe C[M](UB,R)},

where B again runs through all closed absolutely convex bounded subsets in F,
the mapping ip : Ep — E denotes the inclusion of Eg in E, and Up = iz" (U) =
UnN Eg. It will follow from Lemmas and that for Banach spaces E and F
this definition coincides with the one given earlier in Section 4.1

We equip C’[M}(U, F) with the initial locally convex structure induced by all
linear mappings

oMy, py CMGs0 , oMy R), s fofoip.

Then CM] (U, F) is a convenient vector space as ¢*-closed subspace in the product
Hz, 5C [M](Ug,R), since smoothness can be tested by composing with the inclusions
Ep — E and with the ¢ € F*, see [23, 2.14.4 and 1.8]. This shows at the same
time, that

oMU, F) = {f € FU Yl e F*YB :lofoipc C[W(UB,R)}.
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Lemma 4.2 (CM) = CISM)). Let E, I be convenient vector spaces, and let U C F

be ¢>®-open. Then a mapping f : U — F is CM) (i.e., is in CM)(U, F)) if and
p e (M)

only if f is C;77.

Proof. Let f: U — F be C*°. We have the following equivalences, where B runs
through all closed absolutely convex bounded subsets in E:

fec™(U,F)
<= W e F*VBYK C Upg compact Vp>0:

(Lo )P (@) (1, ..., vk) _ .
: illB <
{ oF kM, z € K,k €N, |[jvillp 1} is bounded in R

<= VB VK C Up compact Vp>0Vle F*:

f(k)(x)(vlv--ka) . )
: Nn <
E({ oF kUM, v € K,k eN,|uvlp < 1}) is bounded in R

<= VB VK C Up compact Vp>0:
{f(k)(x)(vh...,vk)
pkk’!Mk
— fe OZSM)(U,F) O

rx € K ke N, |jvi]|g < 1} is bounded in F

In the Roumieu case C{M} the corresponding equality holds only under addi-
tional assumptions:

Lemma 4.3 (C’{M} = Cl;{M}). Let E, F be convenient vector spaces, and let U C E
be ¢ -open. Assume that there exists a Baire vector space topology on the dual F™*
for which the point evaluations ev, are continuous for all x € F'. Then a mapping

f:U— Fis CYM} 4f and only if f is CZ;{M}.

Proof. (=) Let B be a closed absolutely convex bounded subset of E. Let K be
compact in Ug. We consider the sets

|(Lo £Y®) (z)(vy,. .., v
pk k! Mk

which are closed subsets in F™* for the given Baire topology. We have | p.C Apc =

F*. By the Baire property there exist p and C such that the interior int(A, ¢) of

A, c is non-empty. If ¢y € int(A, ¢), then for each £ € F* there is a § > 0 such
that §¢ € int(A, c) — Lo, and, hence, for all k € N, z € K, and ||v;||g < 1, we have

(o )P (@)(vr,...)] < %(I((5f+ to) o (@) (v, ) + (Lo o /) (@) (v, ... )I)

< 22 pF |l M.

Ay = {EEF*: < C for allxéK,kEN,HviHBgl}

So the set

f(k)(:c)(vl, Cey Vk)
. i <
{ YT xGK,kGN,HvHB_l}

is weakly bounded in F' and hence bounded. Since B and K were arbitrary, we
obtain f € C’l;{M}(U7 F).
(<) is obvious. O
The following example shows that the additional assumption in Lemma [4-3] can-
not be dropped.
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Example 4.4. By [38, Thm. 1], for each weakly log-convex sequence M = (Mjy)
there exists f € CIM}(R,R) such that |f*)(0)] > k! My for all k € N. Then
g : R? = R given by g(s,t) = f(st) is CM}, whereas there is no reasonable
topology on CIMY(R,R) such that the associated mapping g¥ : R — C{M}(R, R)
is Cl;{M} . For a topology on C1M}(R,R) to be reasonable we require only that all
evaluations ev; : C{M}(R,R) — R are bounded linear functionals.

Proof. The mapping g is obviously C{M3}. If gV were C,;{M}, for s = 0 there existed
p such that
(g")™(0) |
{ kL ok M, 'keN}
was bounded in C1M} (R,R). We apply the bounded linear functional ev; for t = 2p
and then get

(g™ @p)| _ @)1 P0)] ok
k‘!pk M, k‘!pk M, =

a contradiction. O

This example shows that for C’ZfM} one cannot expect cartesian closedness. Using
cartesian closedness, i.e., Theorem and Lemma this also shows (for F' =
CM}(R,R) and U = R = E) that

¢, F) 2 N e (U, Fy),
B,V

where Fy, is the completion of F//py;' (0) with respect to the seminorm py induced
by the absolutely convex closed 0-neighborhood V.

If we compose gV with the restriction mapping (incly)* : C{MY(R,R) — RV :=
[I;en R, then we get a CtM}_curve, since the continuous linear functionals on RY
are linear combinations of coordinate projections ev; with ¢ € N. However, this
curve cannot be C;M} as the argument above for ¢ > p shows.

In the following Lemmas and we find projective descriptions for
CM)(U, F) and C{M}(U, F), if E, F are Banach spaces, and U C E is open. This
is of vital importance for the development of the convenient setting of C{M }(U ,F).
The spaces CM) (U, F), however, already are projective by definition, and thus
Lemma just gives a further projective description; see also Theorem [8:5] We
include and use Lemma in order to treat the Beurling and Roumieu case in a
uniform and efficient way.

Lemma 4.5. Let E, F be Banach spaces, U C E open, and f : U — F a C*°-
mapping. The following are equivalent:
(1) fis D = M),
(2) For each sequence (ry) with ry p* — 0 for some p > 0 and each compact
K CU, the set

{f(k)(a)(vl, cey Uk
kM,

reia€ K keN, ol <1}

1s bounded in F'.
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(3) For each sequence (ry,) satisfying v > 0, rprg > ray, and ri p* — 0 for
some p > 0, each compact K C U, and each 6 > 0, the set

f® @) (v, )
: <
{ i - aeK,keN,Hu,H_l}

1s bounded in F'.

Proof. (1) = (2) For () and K, and p > 0 such that 7 p* — 0,
f*)(q f®)(q
‘ ‘ ( ),r, _ ' k( ) "Tkpk|
KMy e ey ITRPY Ml Loy

is bounded uniformly in £ € N and a € K (by Lemma .

(2) = (3) Apply (2) to the sequence (r;6%).
(3) = (1) Let ay, := sup,c || k(,k;m | x(&,F)- By the following lemma, the ay, are

the coefficients of a power series with infinite radius of convergence. Thus ay,/p"
bounded for every p > 0. D

Lemma. For a formal power series Y, aipth with real coefficients the following
are equivalent:
(4) The radius of convergence is infinite.
(5) For each sequence (r1,) satisfying ri > 0, Tre > Thae, and v p* — 0 for
some p >0, and each § > 0, the sequence (ayryd®) is bounded.

Proof. (4) = (5) The series Y aprpd® = Z(ak(%)k)rkpk converges absolutely for
each 0. Hence (ayry6*) is bounded.

(5) = (4) Suppose that the radius of convergence p is finite. So >, |ax|n* = co
for n > p. Set r,, = 1/nk. Then, by (5),
2kok

apn®2F = aprin = apri(2n?)F < C,

for some C' > 0 and all k. Consequently, 3, |ax|n* < C'Y", 5%, a contradiction. [

Lemma 4.6. Let E, F be Banach spaces, U C E open, and f : U — F a C*-
mapping. The following are equivalent:
(1) fis CM} = M,
(2) For each sequence (ry) with v, p* — 0 for all p > 0, and each compact
K CU, the set

f(k)(a)(vl, cey k)
. i <
{ i - aEK,keN,HvH_l}

is bounded in F.
(3) For each sequence (r1,) satisfying v > 0, rprg > ryg, and vy p* — 0 for
all p > 0, and each compact K C U, there exists § > 0 such that

f(k)(a)(vlv"'7vk) k
: il <
{ W, rpd" ta€ K, keN, ||v,|\_1}

s bounded in F'.

Proof. (1) = (2) For K, there exists p > 0 such that

e
k:‘M;.C Lee,F) k! p* M,

k
B 7"
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is bounded uniformly in k£ € N and a € K (by Lemma [4.3).
(2) = (3) Use § = 1.
(k
(3) = (1) Let ay :=sup,ex ”%}\%:)HL’“(E,F)' Using [23] 9.2(4=-1)] these are the
coefficients of a power series with positive radius of convergence. Thus ay/ pF is
bounded for some p > 0. (]

Definition 4.7 (Banach plots). Let E be a convenient vector space. A C!M]
(Banach) plot in E is a mapping ¢ : D — F of class C™], where D is an open set
in some Banach space F. It suffices to only consider the open unit ball D = oF'.

Theorem 4.8. Let M = (M) be log-conver. Let U C E be ¢™-open in a conve-
nient vector space E, let F' be a Banach space, and let f : U — F be a mapping.
Then:

fec™M(UF) = foceCM for all C™)_plots c.

Note that the converse (<) holds by Section

Proof. We treat first the Beurling case C™): We have to show that foc is C(M)
for each CM)_plot ¢: G O D — E. By Lemma (3), it suffices to show that, for
each sequence (1) satisfying rp > 0, rpry > rriy, and rp t* — 0 for some t > 0,
each compact K C D, and each ¢ > 0, the set

{(fOC)(k)(a)(vlﬂ o 7vk)
k! My,

(13) re® i a€ K k€N, ||vi||(;§1}

is bounded in F.
So let ¢, the sequence (ry), and a compact (and without loss of generality convex)
subset K C D be fixed. For each ¢ € E* the set

(k)
(14) {(EOC) (13)1\(40,: ) o8 a e Kok e N, Jullg < 1}

is bounded in R, by Lemma 2) applied to the sequence (r(26)%). Thus, the set

(15)

{c<k><a><v1,...,vk>
kM,

is contained in some closed absolutely convex bounded subset B of E and hence

P20 ra € Kok e N, Juillg <1}

1) (@) |y T 8 1
k'M;, 2k

IN

Furthermore ¢ : K — Ep is Lipschitzian, since

M, ||z —ylle B

) —er) = [ ¢+ tla—y) e -yt e I B,

and hence ¢(K) is compact in Ep. By Faa di Bruno’s formula for Banach spaces
(see [8] for the 1-dimensional version), for k > 1,

% Zsym(z Z 1 (j)(c(a))(c(ozl)(a),“.’C(O‘ﬂ')(a)))7

- / j' (11! ij!
j=21 aeNL
a+-taj=k
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where sym denotes symmetrization. Using (@) and f € C*) (U, F), we find that
for each p > 0 there is C' > 0 so that, for all a € K and k € N+,

e
kM, L*(G,F)
j [ fD (e ( ||L7 Ep,F [ (a)|| o (G, Ep) Tar 0%
SE :Mf } : (Ep H '( B) o
- . a;'M,,
P21 s, 1
a1+ fa;=k <C p <1/2%0
-1 o1 C
1 <y M/ — = Mp(l1+ M p)ltCc—=
a9 <3 (F21)ew e =Mp+an o g < .

as required, where in the last inequality we set p := 1/Mj.

Let us now consider the Roumieu case C1M}: Let now ¢ : G D D — F be a
CtM}_plot. We have to show that focis C1M}, By Lemma [4.6{3), it suffices to
show that for each sequence (r) satisfying i > 0, rpry > 7y, and rp tF — 0 for
all t > 0, and each compact K C D, there exists § > 0 such that the set is
bounded in F'.

By Lemma 2) (applied to (ry2%) instead of (r})), for each ¢ € E*, each
sequence (1) with 7, t* — 0 for all t > 0, and each compact K C D, the set
with 6 = 1 is bounded in R, and, thus, the set with 6 = 1 is contained in some
closed absolutely convex bounded subset B of E. Using that f € C{M}(U, F) and

computing as above we find that, for some p > 0 and C' > 0 and § := %, the
. . cM
left-hand side of ([16)) is bounded by 1+Mll[;' O

Theorem 4.9 (CM is a category). Let M = (My,) be log-convex. Let E,F,G be
convenient vector spaces, U C E, V C F be c®-open, and f:U - F, g:V — G,
and f(U) C V. Then:

frge ™M — gofe ™M,

Proof. By Section[4.2] we must show that for all closed absolutely convex bounded
B C E and for all £ € G* the composite fogo foig: Ug — R belongs to CM].

U ! vV— 2 ¢

ZBT % M\ le

Ugp R
By assumption, foig and £og are CIMl. So the assertion follows from Theorem
48] (I

5. THE EXPONENTIAL LAW

Lemma 5.1. Let E be a Banach space, and U C E be open. Let F' be a convenient
vector space, and let S be a family of bounded linear functionals on F' which together
detect bounded sets (i.e., B C F is bounded if and only if £(B) is bounded for all
teS). Then:

feCM(U F) < tofeCM(UR), foraliles.
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Proof. For C*°-curves this follows from [23] 2.1 and 2.11], and, by composing with
such, it follows for C*°-mappings f : U — F.

In the Beurling case C(*): By Lemma for £ € F*, the function £ o f is CM)
if and only if the set

o )
(17) {(f ne gjﬁl’“"”’“) re:ac K keN, |l < 1}

is bounded, for each sequence (1) with 4, p* — 0 for some p > 0 and each compact

K C U. So the smooth mapping f : U — F is C™) if and only if the set

{f(k)(a’)(vla R avk)
kM,

is bounded in F, for each such (1) and K. This is in turn equivalent to £o f € C(

for all £ € S, since S detects bounded sets.

The same proof works in the Roumieu case C1M} if we use Lemma and
demand that 73 p* — 0 for all p > 0. (]

(18)

rr:a € K keN, | < 1}

M)

Theorem 5.2 (Cartesian closedness). We have:
(1) Let M = (My) be weakly log-convex and have moderate growth. Then, for
convenient vector spaces Fi, Fo, and F and c>*-open sets Uy C Ey and
Us C Ey, we have the exponential law:

feCM(Uy x Uy, F) <= f¥ e cM(Uy, c™M(Uy, F)).
The direction (<) holds without the assumption that M = (My,) has moder-
ate growth. The direction (=) holds without the assumption that M = (M)
18 weakly log-convex.
(2) Let M = (My,) be log-conver and have moderate growth. Then the category

of CM_mappings between convenient real vector spaces is cartesian closed,
i.e., satisfies the exponential law.

Note that C™] is not necessarily a category if M = (M) is just weakly log-
convex.

Proof. (2) is a direct consequence of (1) and Theorem Let us prove (1). We
have C®(Uy x Us, F) & C*(Uy,C>*(Uy, F)), by [23, 3.12]; thus, in the following
all mappings are assumed to be smooth. We have the following equivalences, where
B C Fy x FEy and B; C E; run through all closed absolutely convex bounded subsets,
respectively:

fec™(U, x Uy, F)
= Vle F*VYB:lofoigec CM((U, x Uy)p,R)
= Vle F*VBy,By: lofolip, xip,) € CM((Uy)p, x (Us)p,,R)

For the second equivalence we use that every bounded B C E; x Fs is contained
in By x By for some bounded B; C F;, and, thus, the inclusion (E; X E3)p —
(E1)B, X (E1)B, is bounded.

On the other hand, we have:

Ve c™uy, c™(u,, F))
VB : fYoip, € CM((U})p,,CM(U,, F))
eVl e F*VBy, By : CMl(ig, )0 f¥ oip, € CM((Uy)p,, C™M((Us)p,,R))
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For the second equivalence we use Lemmal5.1] and the fact that the linear mappings
CMl(ip,, ¢) generate the bornology.

These considerations imply that in order to prove cartesian closedness we may
restrict to the case that U; C FE; are open in Banach spaces E; and F' = R.

(Direction =) We assume that M = (Mj) has moderate growth. Let f €
CMI(Uy x Uy, R). Tt is clear that f¥ takes values in C!M(Us, R).

Claim. [V :U; — CM(Uy, R) is C> with d/ f¥ = (91 f)V.

Since CMI(Uy,R) is a convenient vector space, by [23, 5.20] it is enough to show
that the iterated unidirectional derivatives dJ fV(z) exist, equal & f(z, )(v?), and
are separately bounded for z, resp. v, in compact subsets. For j = 1 and fixed z, v,
and y consider the smooth curve ¢ : t — f(x + tv,y). By the fundamental theorem

[+ tv) = f¥(z) c(t) — ¢(0)
t

(y) = (011)" () (y)(v) =

t
11
:t/ s/ " (tsr)drds
o Jo

11
:t/ s/ O f(x + tsrv,y)(v,v) drds.
o Jo

—c(0)

Since (07 f)V (K1)(0E?) is obviously bounded in C™](Uy, R) for each compact sub-
set K7 C Ui, this expression is Mackey convergent to 0 in C[M](UQ,R) ast — 0.
Thus d, f¥(z) exists and equals 0y f(xz, )(v).

Now we proceed by induction, applying the same arguments as before to
(A f)  (2,y) = 0] fz,y)(07) instead of f. Again (9F(d]fY)")"(K1)(0E}) =
(8{+2f)V(K1)(0E1, oF1,v,...,v) is bounded, and also the separated boundedness
of dJ fV(z) follows. So the claim is proved.

We have to show that f¥ : U; — CIMI(Uy, R) is CIM],
In the Beurling case C'M):

Y . . ¢
Uy ——> O Uy, R) —lim,_ m,_ O} (% 2 Kz, R) ——~R
(19) lim C)(E; 2 Ky, R)

Kl >CIA<427PQ(U2,R)—>C£;[(E2 QKQ,R)

By Lemma it suffices to show that fY : Uy — C%(EQ D K5, R) is Cb(M) =
cM) (see Lemma for each compact Ky C U and each py > 0, since every
¢ € CM)(Uy, R)* factors over some CM(Ey 2 K3, R). Thus it suffices to prove
that, for all compact K; C Uy, Ky C Uy and all py, p2 > 0, the set

{dklfv(xl)(via s 7’U]£1)
k‘llplfl Mk1

(20) cxy € Ky,k1 €N, ||U31||E1 < 1}
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is bounded in CF,

2O f(ar, w2 (0L, vh 502, 02)

ko kex! p? pi* My, My,

(Uz, R), or, equivalently, for all K, K, p1, p2 the set

ey {

is bounded in R.
Since M = (M}) has moderate growth, i.e., My, 1x, < o*1F*2 M My, for some
o > 0, we obtain, for 1 € K1, k1 € N, and Hv;HE1 <1,

X € Kl,kl S N, H’U;|

Eiﬁl}

(22)
Hdklfv(:rl)(v%,...,v,%l) ‘
kllp]fl Mk1 Ka,p2
|8k28k1f('r17x2)(vla"'arUl ;U2a-~-ar02 )|

—su { — Tl o |pk21pk1Mk1M1 B ag € Kavka € N[0, < 1}
2:- M- Py P1 ko Mk
k2 gk , 17...; 2,...

< Sup{(2a)k1+k2‘ 2 Y1 f(l'l ?221(7)1@ V1 )‘ 29 € Ko, ks €N, ||'UJ2||E2 < 1}

(k1+k2)'p1 P2 Mk1+k2

If for given p1, pa > 0 we set p := 5= min{py, po}, then is bounded by

(23) su{l3§2851f<m1,x2><v%,...;U%,...
P (k1 + k2)! phatks My, 1,

which is finite, since f is C™). Thus, fY is C(M),
In the Roumieu case C'{M}:

) txp € K ki €N, ||v;||E < 1}

rY . . ¢
U14>C{M}(U23R) sz hﬂpz O%(EQ QKQaR)ﬁR

|

(24) liy ~Cpl(E» 2 K2,R)

T

K1 >OIA<427/J2(U2,R)4>CIJ)\;[(EQ 2K27R)

By Lemma it suffices to show that fY : U; — lignp2 C%(Eg D K3, R) is

C’;M} C M} for each compact Ko C Us, since every £ € C{M}(UQ,R)* factors
over some li_r>np2 ng (E2 D Ko, R). Thus it suffices to prove that, for all compact
K, C Uy and Ky C U, there exists p; > 0, such that the set is bounded in
liﬂp2 Cé‘f (E2 D K,R). For that it suffices to show that for all Ky, Ko there are
p1, p2 so that the set is bounded in R.

Since f is C1M} | there exists p > 0 so that is finite, by Proposition ).
If we set p; := 20p, then is bounded by . It follows that fY is CtM},

(Direction <) Let fY : Uy — CM{(U,R) be CMI. Clearly, f¥ : U; —
CM(Uy,R) — C*®(Usy,R) is C*°, see Proposition and so it remains to show
that f € CIMI(U, x Uy, R).

In the Beurling case CM). Consider diagram . For each compact Ko C Us
and each py > 0, the mapping Y : U; — C%(EQ D Ky, R) is CM) = C’[EM). That
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means that, for all compact K1 C Uy, Ky C Uy and all p1,ps > 0, the set
is bounded in C)/(Ey 2 Kj,R). Since it is contained in C},  (Us,R) = {g €
C%(Uz,R) : jglx, € CH(Ey 2 Ka,R)} and llgliap = 17911 s it s also
bounded in this space, and hence the set is bounded.

Since M = (M},) is weakly log-convex, thus, k1! ko! My, My, < (k1 +k2)! My, 4k,
we have, for 1 € K1, k; € N, and Hv}HEl <1,

(25)
Hdklfv(xl)(v%,...,vil)
kq! plfl Mk1 Ka,p2
Ok k1 £y o) (W), ... vk 02, . 02
zsup{| 2 Y1 f( 1 2)(k1 . koY1 ’ kz)‘ o GKQ,]’CQEN, ||U]2||E2 § 1}
kol k1! pg® pyt My, Mg,

> sup { |52 f(, xgg(v%k, T
(kl + k2>' p1t P2” Mgy 11y

This implies that f is CM).

In the Roumieu case C1M}: Consider diagram . For each compact Ko C Us,
the mapping f¥ : Uy — lignp C%(Eg D K9,R) is C{M} . The inductive limit is

2
regular, by Proposition 3). So the dual space (ligp2 C’ll,\f (Ey D Ko, R))* can be
equipped with the Baire topology of the countable limit I'&np C/ﬂ\g (E2 O K9, R)* of
2

Loy € Karko € N 02, < 1.

Banach spaces. Thus, the mapping fV : Uy — hénp C%(Ez D Ky, R) is C’I;{M}, by
2

Lemmal[4.3] By regularity, for each compact Ky C U; there exists p; > 0 so that the

set (20) is contained and bounded in C’[J)\;[(Eg D K5, R) for some py > 0. Since this

set is contained in CIA(/[M)Q(UQ,R) ={g € C>®(U,R) : j¥g|k, € C)1(E; 2 K2,R)}

and |\ gl x,,p. = [17°°9| K2l ps» it is also bounded in this space, and hence the set

is bounded. Then implies that f is C{M}. The proof is complete. O

Remarks 5.3. Theorem [8.2|below states that, if M = (M}) is (weakly) log-convex,
E, F are convenient vector spaces, and U C F is ¢*°-open, then

(26) MU, F) = lim CP(U, F)
L

as vector spaces with bornology, where the projective limits are taken over all
(weakly) log-convex L = (Lj) with M < L. Using this equality we can give an
alternative proof of the direction

v ect™Myu, MUy, F)) = fe MY (U, x Uy, F)

in Theorem as follows: If fV ¢ CMiU,CtM}(U,, F)) then fY €
C B (U, CB)(Uy, F)) for all L = (Ly,) with M <L, by (26)). By cartesian closedness
of (L) (i.e., Theorem the implication which holds without moderate growth),
we have f € OV (U, x Uy, F) for all L, and, by again, f € CYMY (U x U, F).

The proof of in Theoremuses the CIM} yniform boundedness principle,
i.e., Theorem and the proof of the latter uses completeness of the inductive
limit @p C[ﬁ‘/[(E D K, F), where E, F are Banach spaces and K C F is compact,
see Proposition Here is a direct proof of , where we only assume that
M = (M) is positive:
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The spaces coincide as vector spaces by Sections [£:1] [£:2] and by Theorem [2.2]

For K compact in a Banach space E and p > 0, the inclusion C’F])W (F2K,R)—
CL(E D K,R) is continuous for all ¢ > 0 if M < L. It follows that the inclusion
hﬂp CM(E 2 K,R) — lim CL(E D K,R) is continuous. This implies that the
inclusion C*M} (U, F) — CF)(U, F) is continuous (by definition of the structure in
Section .

Conversely, let B be a bounded set in l'glL CE)(U, F), ie., bounded in each
CE)(U, F). We claim that B is bounded in CtM}(U, F). We may assume with-
out loss of generality that E is a Banach space and F = R (by composing with
CiM}(ip,¢)). Let K C U be compact and by := sup{|[j>®f|x|x : f € B}. For
all L = (L) with M < L the set B is bounded in C")(U, F) by assumption, i.e.,
(bi)k € Ny, FE = FIM} by Theorem From this follows that B is bounded in
C’}{(M}(U, F) and by Proposition (5) also in C1MH(U, F).

Note that this independently proves that C'{M} (U, F) is ¢>-complete since so is
@L C(L)(U, F). Moreover, it provides an independent proof of the regularity of
the inductive limit involved in the definition of C{M}(U, F) if E and F are Banach
spaces (cf. Proposition and the remark after Theorem .

Example 5.4 (Cartesian closedness fails without moderate growth). Let us assume
that M = (My) is weakly log-convex and has non-moderate growth (for instance,

My, = qu, q>1, see [38, 2.1.3]). Then:
(1) There exists f € CYMY(R? C) such that f¥ : R — CIMY(R, C) is not C{M},
(2) There exists a weakly log-convex N = (Ng) with M < N and an f €
CWN)(R?,C) such that f¥ : R — CN)(R,C) is not CN),

Proof. (1) There is a function g € C{M}(R,C) such that ¢g®)(0) = i*h; and
hy > k! My, for all k; see [38, Thm. 1]. Defining f(s,t) := g(s + t), we obtain a
function f € C1M}(R?,C) with

0°f(0,0) = il*lhy, Ry > |a|! M| forall a € N2
Since M = (M}) has non-moderate growth, there exist j, /' oo and k, > 0 such
that
( My, 4. )ﬁ -
Manj"’- o
Consider the linear functional ¢ : C{M}(R,C) — C given by

7;3jn g(ﬂn) (0)
1) =250 i

This functional is continuous, since

g ()]
<X, < GO ol <,

Bjng(]n)

| i

for suitable p, where

Clp)=7) (g)jn < o0,

n
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for all p. But £o f¥ is not C1M} since
€0 fYll[-1,11,0, =  sup ICFatdOl
T emiel-11) PV R M,
1 Zsjnf(]nvk)(o’o)
> :

Ajn+kp
¢ h(]Tuk)

o7
plf k'Mk " jn!Mjnnj"

= sup
k

1 hjn )
= su -
e Py k! M, Z Jn! Mj, min

n

> sup PG en)
T on Py k! My, Gt M, nin
i k) M Jntkn
> sup (Jn + kn) Jn+kn _ > sup n " — o,
ko ko Vi VM. M nd ko i
n P1 Kot Jn: Mg, Mg, 7" no Py nn

for all p; > 0.

(2) By Theorem [8.2) we have, for convenient vector spaces E, F and ¢™-open
subsets U C F,

MU, F) = c™M(U, F),
N

where the intersection is taken over all weakly log-convex N = (Nj) with M < N.
Let f be the function in (1). Then there exist weakly log-convex sequences N® =
(N}), i = 1,2, with M < N’ such that f¥ : R — CN)(R,C) is not CV). By
the lemma below there exists a weakly log-convex sequence N = (i) such that
M <N < N fori =1,2. Since f € C1M}(R2,C) € CN)(R?,C), the mapping
fY has values in C™¥)(R,C) and thus factors over the inclusion C™V)(R,C) —
C’(Nz)(R, C) which is obviously continuous. It follows that f¥ : R — CN)(R,C) is

not CV") and consequently not CV).
v (N1 R
R cW)(R,C)
fVQC(N1>QC(N>
CM(R,C)
By Theorem N = (Nj) has non-moderate growth. O

Lemma. Let M = (M), N* = (N}), i = 1,2, be weakly log-convex with M <t N*
for i = 1,2. Then there exists a weakly log-conver sequence N = (Ny) such that
M <N <N fori=1,2.

Proof. Set N = (N;) := (min{N}, N2}) and N = (Ny), where (k!Nj) is the

log-convex minorant of (k!NVy). Note that No = 1 < N;. We have N < N < N?,
and M <1 N* implies M <t N. It remains to show that M < N.

We claim that C’éﬁ%al(R, R) = Cg(fgk))al(]R,R), where for a sequence L = (L) €
(R<o)N we set

C[L]

slobal (B R) = {f € C*(R,R) : (sup [f*(z)|)x € ]:[L]}.

z€R
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In the Roumieu case this a theorem due to Cartan and Gorny, see [I9, IV EJ; the
same proof with obvious modifications yields the Beurling version, i.e., the claim.

Now M <1 N implies C lobal(R R) C Céfzt))al( R) = Céfzg)al(]R, R). The function

g = Reg + Img, where g is the function from the proof of (1), is actually an

element of C’;lob}dl(R R) and satisfies [§*)(0)| > k! My, for all k; see [38, Thm. 1].

Thus § € C! lobal(R R) and therefore M <1 N. O

Corollary 5.5 (Canonical mappings). Let M = (M) be log-convex and have
moderate growth. Let E, F, etc., be convenient vector spaces and let U and V
be c>*-open subsets of such. Then we have:

(1) The exponential law holds:

cMw,cMv,q)) = cM(U x v,G)

is a linear CM1_diffeomorphism of convenient vector spaces.
The following canonical mappings are C™M].

(2) ev:CM(U,FYxU = F, ev(f,z)=f(x)

(3) ins: E— CMU(F ExF), ins(z)(y) = (z,y)

@) ()M, c™M(v,a) - MU x V,a)

(5) () :CMUxV.6) = cMu,cM(v.a))

(6) comp : CMI(F,G) x MU, F) - ¢™MI(U, G)

(7) P,y MR R x CMI(By, B) - M (B, ), cM(By, F))
(f,9) = (h— fohog)

®) [[:T[c™ &, F) —>C[M1(HE,,HF)

Proof. This is a direct consequence of cartesian closedness, i.e., Theorem See
[25, 5.5] or [23], 3.13] for the detailed arguments. O

7

6. UNIFORM BOUNDEDNESS PRINCIPLES

Theorem 6.1 (C™!] uniform boundedness principle). Let E, F, G be convenient
vector spaces and let U C F be ¢>®-open. A linear mapping T : E — CIM(U, Q) is
bounded if and only if ev,oT : E — G is bounded for every x € U.

Proof. (=) For z € U and ¢ € G*, the linear mapping foev, = CM(z ¢) :
C’[M}(U, G) — R is continuous, thus ev, is bounded. Therefore, if T' is bounded
then so is ev,oT.

(<) Suppose that ev,oT is bounded for all x € U. By the definition of
CM(U,G) in Sectionit is enough to show that T is bounded in the case that E
and F are Banach spaces and G = R. By Section CMI(U,R) = lim CMI(F D
K,R), by Proposition 2), C(M)(F D K,R) is a Fréchet space, and by Proposi-
tion 3), CIMY(F D K,R) is an (LB)-space, so CIMI(F D K, R) is webbed and
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hence the closed graph theorem [23] 52.10] gives the desired result.

T Vg

E CM(U,R)
(27) T@Vm)v

lim, CM(F 2 K,R) — CM(F 2 K, R)

R

O

Remark 6.2. Alternatively, the C{™} uniform boundedness principle follows from
the C) uniform boundedness principle and from the remark after Theorem
since the structure of CtM}(U, F) = lim CE)(U, F) is initial with respect to the
inclusions lim - CENU,F) — C)(U,F) for all L. This is no circular argument,
since the first identity in Theorem [8:2] was proved in Remark [5.3] without using the
C1M} yniform boundedness principle, i.e., Theorem

7. RELATION TO PREVIOUSLY CONSIDERED STRUCTURES

In [25] and [26] we have developed the convenient setting for all reasonable
non-quasianalytic and some quasianalytic (namely, L-intersectable, see Section
Denjoy—Carleman classes of Roumieu type. We have worked with a definition which
is based on testing along curves. The resulting structures were denoted by C™ in
[25] and [26] and will be denoted by CEMY, in this section; this notation does not ap-
pear elsewhere in this paper. We shall now show that they coincide bornologically
with the structure C{™} studied in the present paper. Furthermore, we prove that
the bornologies induced by C{!} and the structure C* of real analytic mappings
introduced in [22] are isomorphic; here 1 denotes the constant sequence (1);. Note
that C{} is not L-intersectable (see [26, 1.8]).

7.1. Testing along curves. Let M = (Mj) be log-convex, E and F' convenient
vector spaces, and U a ¢™-open subset in E. If M = (M) is non-quasianalytic we
set

oM} (U, F) = {f e FU Ve F*vee CIMYR,U) : €o foce C{M}(R,R)}.

curve

If M = (M) is quasianalytic and L-intersectable, i.e., FiM} = Nrecon FiL},
where

L(M):= {L = (Lg) : L > M, L is non-quasianalytic log—convex},

we define
CC{IJI\I‘lve n C(;{Lﬁ"ve )
LeL(M)
Note that non-quasianalytic log-convex sequences are trivially L-intersectable. For
non-quasianalytic M = (M}) we supply C;{d\;{,}e(U, F) with the initial locally convex
structure induced by all linear mappings:

CiM) (U, F) Chklel, GOV RR), fsbofoce, e F'ce CMI(R,D),

curve

and for quasianalytic and L-intersectable M = (M}) by all inclusions

ciMy (U, Fy — il (U F),  LeL(M).

curve curve
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In both cases Célﬁf\}e(U, F) is a convenient vector space.
Let C¥(R,R) denote the real analytic functions f : R — R and set

C¥(U,F) = {f € C®(U,F):Vl e F* Ve e C*(R,U) : {o foce C‘“(R,R)},

where C¥ (R, U) is the space of all weakly C*-curves in U. We equip C* (U, R) with
the initial locally convex structure induced by the family of mappings

C“(U,R) == C“(R,R), f+ foc, ceC¥R,U),
C¥(U,R) == C®(R,R), f+ foc, c€CR,U),

where C°(R,R) carries the topology of compact convergence in each derivative
separately, and where C*¥ (R, R) is equipped with the final locally convex topology
with respect to the embeddings (restriction mappings) of all spaces of holomor-
phic mappings from a neighborhood V of R in C mapping R to R, and each of
these spaces carries the topology of compact convergence. The space C¥ (U, F) is
equipped with the initial locally convex structure induced by all mappings

C¥(U,F) -t C“(U,R), frslof,  (€F*
This is again a convenient vector space.

Theorem 7.1. Let M = (My,) be log-convex, E and F convenient vector spaces,
and U a c>®-open subset in E. We have:

(1) If M = (My,) is L-intersectable, then
oMy, Fy=ciM} (U, F)

curve

as vector spaces with bornology.
(2) If 1 denotes the constant sequence, then

cB(U, F) = C¥(U, F)

as vector spaces with bornology.

Proof. (1) If M = (M) is non-quasianalytic, then C1™}(U, F) and Cg{lﬁ\f\}e(U, F)
coincide as vector spaces, by [26, 2.8]. If M = (M) is quasianalytic and L-
intersectable, then the non-quasianalytic case implies that

ciMiwr = (| cd.ur= () c™wrF) =c™U,F)
LeL(M) Lel(M)

as vector spaces, where the last equality is a consequence of the definition of
CMI(U, F) (see Section and of [26, 1.6] (applied to CtM}(Ug,R)). The fact
that both spaces C{M}(U, F) and C’é{é\fve(u F') are convenient and satisfy the uni-
form boundedness principle with respect to the set of point evaluations, see Theorem
and [26] 2.9], implies that the identity is a bornological isomorphism.

(2) We show first that C11} (U, F) = C¥(U, F) as vector spaces. By Section
and [23], 10.6], it suffices to consider the case that U is open in a Banach space E
and F' = R.

Let f € C¥(U,R). By [22, 2.4 and 2.7] or [23] 10.1 and 10.4], this is equivalent to
f being smooth and being locally given by its convergent Taylor series. Let K C U
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be compact. Since the Taylor series of f converges locally, there exist constants
C, p > 0 such that

Hf(k)(a) HLk(E,R)

i < Cpk, forallae K, keN,

that is, f € CUH(U,R).
Conversely, the above estimate for compact subsets K of affine lines in F implies
that the restriction of f to each affine line is real analytic and hence f € C*¥(U,R)
by [23, 10.1].

The bornologies coincide, since both spaces are convenient and satisfy the uni-

form boundedness principle with respect to the set of point evaluations, see Theorem
[6.1) and [22] 5.6] or [23 11.12]. O

8. MORE ON FUNCTION SPACES

Proposition 8.1 (Inclusions). Let M = (M), N = (Ny) be positive sequences,
E, F convenient vector spaces, and U C E a c*°-open subset. We have:

(1) CM(U, F) C CIMI(U,F) C C>=(U, F).

(2) If there exist C,p > 0 so that M, < Cp*Ny, for all k, then

cMu,Fycc™ W, F) and MU F)c NN U, F).
(3) If for each p > 0 there exists C > 0 so that My < Cp*Ny for all k, i.e.,
M < N, then
ctMy(u, Fy c cN(U, F).
(4) For U # 0 and F # {0} we have:

C¥(U,F) C CM(U, F) <= M}* - o0, and
Ce(U,F) C C™MN U, F) <= lim M/* > 0.

All these inclusions are bounded.

Proof. The inclusions in (1), (2), and (3) follow immediately from the definitions
in Sections and and Lemma Here we use that C13 (U, F) = C¥(U, F)
as vector spaces with bornology, see Theorem

The directions (<) in (4) are direct consequences of (2) and (3). The directions
(=) follow, since they have been shown in Section for E =F =R.

All inclusions are bounded, since all spaces are convenient and satisfy the uniform
boundedness principle, cf. Theorem [6.1] and [23] 5.26] for C°°. O

Theorem 8.2. Let M = (My,) be (weakly) log-convezr, E and F convenient vector

spaces, and U a c>*-open subset in E. We have

CMH U, F) = lim CP(U, F) = lim Y (U, F)
L L

as wvector spaces with bornology, where the projective limits are taken over all
(weakly) log-convex sequences L = (Ly) with M < L.

Proof. The three spaces coincide as vector spaces: By Section [£.2] it suffices to
assume that E and F' are Banach spaces, and by Section and Proposition 5)
it suffices to apply Theorem [2.2|to the sequence (][5 f|x|lm)-
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Each space is convenient (see Section projective limits preserve c>°-
completeness) and each space satisfies the uniform boundedness principle with
respect to the set of point evaluations (see Theorem the structure of
lim CM(U, F) is initial with respect to the inclusions lim CW(U,F) - CUH(U, F)
for all L). Thus the identity between any two of the three spaces is a bornological
isomorphism. (Il

Remark. By the remark after Theorem [2.2] the statement of the theorem still
holds, if M = (M) is just any positive sequence, where the projective limits are
now taken over all positive sequences L = (Lj) with M < L.

Proposition 8.3 (Derivatives). Let M = (My) be a positive sequence and set
M1 = (Mg41). Let E and F be convenient vector spaces, and U C E a ¢ -open
subset. Then we have:

(1) Multilinear mappings between convenient vector spaces are C™I if and only
if they are bounded.

(2) If f : ED U — F is C™M] then the derivative df : U — L(E, F) is C[M+1],
where the space L(E, F) of all bounded linear mappings is considered with
the topology of uniform convergence on bounded sets. If My, = (Mgy1)
is weakly log-convex (which is the case if M = (My) is weakly log-convez),
also (df) : U x E — F is CM+1l],

(3) The chain rule holds.

Proof. (1) If f is CIM then it is smooth and hence bounded by [23 5.5]. Con-
versely, if f is multilinear and bounded then it is smooth, again by [23] 5.5]. Further-
more, foipg is multilinear and continuous and all derivatives of high order vanish.
Thus f is CIM], by Section

(2) Since f is smooth, by [23 3.18] the mapping df : U — L(E, F) exists and
is smooth. We have to show that (df)oip : Ugp — L(E,F) is CIM+1l for all
closed absolutely convex bounded subsets B C E. By the uniform boundedness
principle [23] 5.18] and by Lemma it suffices to show that the mapping Up >
x> (df (ip(z))(v)) € R is CM+1 for each £ € F* and v € E.

Since Lo f is CM) (resp. CtM}), for each closed absolutely convex bounded
B C E, each compact K C Ug, and each p > 0 (resp. some p > 0) the set

{ (¢ f oip)(a)llx(Em.r)
k! ,OlC Mk

is bounded, say by C' > 0. The assertion follows in both cases from the following
computation. For v € E and those B containing v we then have:

|d*(L(¢,v) odf) 0 ig)(a)l| i (s m) = d°(d(€o F)( ) (V) 0in) (@)l Lr(Es m)
= |\dk+1(£°f°i3)(a)(v>-~~)\|Lk(EB,R)
< [ d* (Lo foip)(@)llLri gy mllvlle < C (k+ 1! Myys
= Cp((k+1D)Y*p)* k! My 1 < Cp (20)* k! (M1 ).

:aeK,keN}

By Proposition [8.4] below also (df)" is CIM+1l if M = (M) is weakly log-convex.
(3) This is valid even for all smooth f by [23] 3.18]. O

Proposition 8.4. We have:
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(1) For convenient vector spaces E and F, the following topologies have the
same bounded subsets in L(E, F):

e The topology of uniform convergence on bounded subsets of E.
e The topology of pointwise convergence.

e The trace topology of C*°(E, F).

e The trace topology of CM(E, F).

(2) Let M = (My,) be weakly log-convex, E, F, and G convenient vector spaces,
and U C E a c*™-open subset. A mapping f : U X F — G which is linear in
the second variable is C™1 if and only if f¥ : U — L(F,G) is well defined
and CM],

Analogous results hold for spaces of multilinear mappings.

Proof. (1) That the first three topologies on L(E, F') have the same bounded sets
has been shown in [23, 5.3 and 5.18]. The inclusion CIMI(E, F) — C®(E, F) is
bounded by Proposition Conversely, the inclusion L(E,F) — CMI(E F) is
bounded by the uniform boundedness principle, i.e., Theorem

(2) The assertion for C*° is true by [23] 3.12] since L(E, F') is closed in C*(E, F).

Suppose that f is CIM]. We have to show that fY oip is CIMl into L(F,G), for
all closed absolutely convex bounded subsets B C E. By the uniform boundedness
principle [23] 5.18] and by Lemma it suffices to show that the mapping Ug >
x> L(fV(ip(2))(v)) = €(f(ip(z),v)) € Ris C™M for each £ € G* and v € F; this
is obviously true.

Conversely, let fV : U — L(F,G) be CIM. By (1) the inclusion L(F,G) —
CMI(F,G) is bounded linear, and so f¥ : U — CIMI(F,G) is CIM]. By cartesian
closedness, i.e., Theorem (the direction which holds without moderate growth),
f:U x F — G is C™! and linearity in the second variable is obvious. O

Remark. We may prove f¥ € CIM(U, L(F,G)) = f € CIM(U x F,G) without
using cartesian closedness: By composing with £ € G* we may assume that G = R.
By induction we have:

d* f(z, wo)((vk,wk)7 R (vl,wl)) =d*(fV)(x)(vk, ..., v1)(wo)+

k
+) ) @) (ks T 1) (w5)
i=1
Thus for B, B’ closed absolutely convex bounded subsets of E, F, respectively,
K C Up compact, and z € K we have:
||dkf(33»wO)HLk(EBxFB,,R) <

k
< ||dk(fv)(37)(- . )(WO)HM(EB,R) + Z ”dk_l(f\/)(‘r)”L’“*l(EB,L(FB/,]R))

=1
< ||dk(fv)(m)HL’“(EBL(FB/,R))H“’OHB’ +k ”dk_l(fv)(m)HLk’l(EB,L(FB/,R))

< O p* K Millwollpr + 1 o1 (k= 1)! Myy = © p i My Jlwoll -+ 2552 ),

for all p > 0 and some C' = C(p) (resp. for some C,p > 0), since the mapping
L(ip/,R)o fYoipg : Ug — L(Fp/,R) is C™]. Since k — k! M}, is increasing (see
the remarks in Section , we have M#;l < k < 2%, and we may conclude that f
is M1,
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Let 7 = (rk) be a positive sequence, E and F Banach spaces, and K C F
compact convex. Consider

CUNED K F) i ={(/™)m € T COK, L (B F)) 5 |l < 0
meN

where
Il = = maX{SUP{”fM ‘m € N},

m!r, M,
1S }
: ck,neNyp 5.

Sup{ (7?, + k —+ 1)' Tn+k+1 Mn+k+1 " }

If (1) = (p*) for some p > 0 we just write p instead of (r}) as indices and recover
the spaces introduced in Section Similarly as in Proposition 1) one shows
that the spaces C%)(E D K, F) are Banach spaces.

Theorem 8.5. Let ¥ and F' be Banach spaces and let U C E be open and convex.
Then we have
MU, F) = lim Cll\(E2K,F)
K,(rk)
as vector spaces with bornology. Here K runs through all compact convex subsets of
U ordered by inclusion and (ry) runs through all sequences of positive real numbers
for which p* /r, — 0 for some p > 0.

Proof. Note first that the elements of the space @K’(%) C(]‘fk)(E D K,F) are
smooth functions f : U — F which can be seen as in the proof of Proposition
(5). By Lemma it coincides with C™)(U, F) as vector space.

Obviously the identity is continuous from left to right. The space on the right-
hand side is as a projective limit of Banach spaces convenient and C™)(U, F)
satisfies the uniform boundedness principle, i.e., Theorem [6.1} with respect to the

set of point evaluations. Thus the identity from right to left is bounded. ]

Theorem 8.6. Let E and F' be Banach spaces and let U C E be open and convezx.
Then we have
U, F) = lm Cf} (E2K,F)
K(re)
as vector spaces with bornology. Here K runs through all compact convex subsets of
U ordered by inclusion and (ry) runs through all sequences of positive real numbers
for which p* /ri, — 0 for all p > 0.

Proof. The proof is literally identical with the proof of Theorem where we
replace C) with C1M} and use Lemma [4.6 instead of Lemma [4.5] O

. . . M M
Remark. Let us prove that the identity @K,(rk) Con(E2 K, F) — ciMi (U, F)

is bounded without using the C{™3} uniform boundedness principle, i.e., Theorem
Let B be a bounded set in @K (i) (rk)(E D K, F), ie., for each compact K

and each (ry) with p*/ry — 0 for all p > 0 the set B is bounded in C’(I‘fk)(E DO K,F),
i.e.,
sup{If |l : f € B} < .
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Since the elements of lim (rs) C’(Afk)(E D K, F) are the infinite jets of smooth
functions, we may estimate ||| f|x|||n,x by || f|i|ln+r+1 by (I2), and so the sequence

[/ |l
k! M,
satisfies supy, ar /71, < oo for each (ry) as above. By [23] 9.2], these are the coeffi-
cients of a power series with positive radius of convergence. Thus ay/p* is bounded
for some p > 0. That means that B is contained and bounded in Cz)w(E D K,F).
This also provides an independent proof of the completeness of C1M} (U, F') and
of the regularity of the involved inductive limit (cf. Proposition and Remark
53).
Lemma 8.7. For convenient vector spaces E, F, G, and ¢*-open V C F the flip of
variables induces an isomorphism L(E,CM(V,G)) = CM(V,L(E,G)) as vector
spaces.

ak::sup{ :f68}<oo

Proof. For f € CM(V, L(E, G)) consider f(x) :=ev, o f € CIM(V,Q) for z € E.
By the uniform boundedness principle, i.e., Theorem the linear mapping f is
bounded, since ev, o f = f(y) € L(E,G) for y € V.

If conversely ¢ € L(E,C™M(V,@Q)), we consider {(y) = ev,of € L(E,G) for
y € V. Since the bornology of L(F,G) (see Proposition is generated by S :=
{ev, : x € E} and since ev, ol = {(z) € CM(V,G), it follows that £ : V — L(E, Q)
is CIM1 by Lemma (and by composing with all i : Vg — V). O

Lemma 8.8. Let E be a convenient vector space and let U C E be c>-open. By
MMUT) we denote the ¢>-closure of the linear subspace generated by {ev, : x € U}
in CMI(U,R) and let § : U — NMI(U) be given by x — ev,. Then \MI(U) is the
free convenient vector space over CIM1 j.e.. for every convenient vector space G
the C™_mapping & induces a bornological isomorphism

LMY, q) = c™(U,@).

Proof. The proof goes along the same lines as in [I1], 5.1.1] and [23] 23.6]. Note
first that )\[M](U) is a convenient vector space, since it is ¢*°-closed in the con-
venient vector space CIMI(U,R). Moreover, § is C!™] by Lemma (and by
composing with all ig : Ug — U), since ev, 08 = h for all h € CM/(U,R). So
5 LOMI(U), G) — CMI(U, G) is a well-defined linear mapping. This mapping is
injective, since each bounded linear mapping AIM(U) — G is uniquely determined
on §(U) = {ev, : x € U}. Let now f € CIM(U,G). Then fo f € CIM(U,R) for
every ¢ € G*, and hence f : CIM(U,R)" — [],. R given by f(#) = (¢(£o f))eec
is a well-defined bounded linear mapping. Since it maps ev, to f (evy) = 0(f(x)),
where ¢ : G — [[ 4. R denotes the bornological embedding given by y — (£(y))rea-,
it induces a bounded linear mapping f : MMI(U) — @ satisfying fod = f. Thus 6*
is a linear bijection. That it is a bornological isomorphism follows from the uniform
boundedness principle, i.e., Theorem [6.1] and from Proposition [

Theorem 8.9 (Canonical isomorphisms). Let M = (My) and N = (Ny) be positive
sequences. Let E, F be convenient vector spaces and let W; be ¢ -open subsets in
such. We have the following natural bornological isomorphisms:

(1) C(M)(lec(N)(WQ’F)) = C(N)(W27C(M)(W17F));
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(2) CMY (W, CINY (W, F)) = OV (W, CIMI (W, F)),
(3) C<M>(W1 CWNY Wy, F)) = ¢V Wy, CM (W, F)),
(4) C ](thoo(W% )) = COO(WQaC[M](leF))

(5) CIMI(Wy, C (W, F)) = C¥(Ws, CIMI(W7, F)).

(6) C™MY(Wy, L(E, F)) = L(E,CM(W, F)).

(7) C™MI(Wy, e (X F)) = =(X,CM(Wy, F)).

(8) MWy, Liph(X, F)) = Lip" (X, CM (W4, F)).

In (7) the space X is an £*-space, i.e., a sel together with a bornology induced
by a family of real valued functions on X, cf. [I1l, 1.2.4]. In (8) the space X is a
Lip*-space, cf. 11, 1.4.1]. The spaces £°(X, F) and Lip"(X, F) are defined in [11],
3.6.1 and 4.4.1].

Proof. Let C' and C? denote any of the functions spaces mentioned above and X;
and X5 the corresponding domains. In order to show that the flip of coordinates
f = f, C{(X1,C3(Xa, F)) — C%(X,,CY(X,, F)) is a well-defined bounded linear
mapping we have to show:

e f(zy) € CY(X,,F), which is obvious, since f(z2) = evg,of : X; —
C*(Xy, F) = F.

e f € C%X,,CH(X,,F)), which we will show below.

o f— f is bounded and linear, which follows by applying the appropriate
uniform boundedness theorems for C? and C!, since f ~ ev,, oev,, o f=
evy, 0evy, o f is bounded and linear.

All occurring function spaces are convenient and satisfy the uniform S-boundedness
theorem, where S is the set of point evaluations:

C™] by Section and Theorem
C> by [23, 2.14.3 and 5.26]
C* by [23, 11.11 and 11.12] or by Theorems [6.1] and
L by [23, 2.14.3 and 5.18]
(> by [23] 2.15, 5.24, and 5.25] or [I1}, 3.6.1 and 3.6.6]
Lip" by [I1} 4.4.2 and 4.4.7]

It remains to check that f is of the appropriate class:

(1)—(4) For a € {(M),{M}} and B8 € {(N),{N}, 00} we have

C*(Wy,CP(Wa, F)) = L(A*(W1),C%(W,, F)) - by Lemma
=~ CP(Wa, L(A\*(W1), F)) by Lemmal[8.7] [23, 3.13.4 and 5.3]
=~ CP(Wy, CY(W1, F)) by Lemma [3.§]

(5) follows from (2), (3), and Theorem [7.1]

(6) is exactly Lemma

(7) follows from (6), using the free convenient vector spaces ¢!(X) over the
¢>=-space X, see [11} 5.1.24 or 5.2.3], satisfying ¢>°(X, F) = L(¢}(X), F).

(8) follows from (6), using the free convenient vector spaces AF(X) over
the Lip*-space X, see 11, 5.1.24 or 5.2.3], satisfying Lip"(X,F) =
LK(X), F). O
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9. MantrFoLDs oF CMl_maPPINGS

9.1. Hypothesis. In this section we assume that M = (M) is log-convex and
has moderate growth. In the Beurling case CIM = C(M) we also require that
cv € CM) | equivalently, M;/k — 00 or My41/Mjy — 0.

For the equivalence of C% C C™) and M,i/k — 00, see Proposition 4). More-
over, M;/k — oo implies My41 /My — oo, since M; is increasing, by log-convexity
(see Section, and thus My41 /M > M,i/k. Conversely, if My1/Mj, — oo then
for each n € N there is k,, so that My /M1 > n for all k > k,. It follows that
My /My, —1 > nF=kn+1 and thus M,i/k — 00. This is needed for the C™) inverse
function theorem (see Sections and .

9.2. Tools for C!Ml-analysis. We collect here results which are needed below (see

also Section :
(1) On open sets in R™, CMl-vector fields have C!M-flows, see [I8] and [40].
(2) Between Banach spaces, the C™] implicit function theorem holds. This is
essentially due to [39], but in [39] only the Roumieu case is treated and the
C{M}_conditions are global. So we shall indicate briefly how to obtain the
result we need (cf. [32]):

Theorem. Let M = (M) be log-convex. In the Beurling case CM = CM) ye
also assume My /My, — oo. Let E, F be Banach spaces, U C E, V C F open,
and f:U — 'V a C®-diffeomorphism. We have:

(3) Let K C U be compact. If f € C’E/[](U, F) then f~' € C’][c](vi]()(V, E).
(4) If f € CMI(U, F) then f~!' € CIMI(V, E).

Proof. By Proposition [1.1[5), (3) implies (4). The proof of [39, Thm. 2] with
small obvious modifications provides a proof of (3) in the Roumieu case (see also
[36], 3.4.5]).

For the Beurling case let f € C%M)(U, F) and

1
Ly := T :g}g Hf(k)(-r)iiL’“(EF)-
Then L<aM and since My11/Mjy — oo there exists a log-convex sequence N = (Ny)
satisfying Ny11/N; — oo and such that L < N < M, by [16, Lemma 6]. Thus,

fe CI{(N}(U, F) and, by the Roumieu case, f~! € C’}é\;{})(v, E). Since N < M, we

have f~! € C}J(\Q)(M E), by Proposition a

The C™! implicit function theorem follows in the standard way.

9.3. CMl-manifolds. A C!™l-manifold is a smooth manifold such that all chart
changings are C!™l-mappings. They will be considered with the topology induced
by the ¢>-topology on the charts. Likewise for C[™]-bundles and C™! Lie groups.

A mapping between C™]-manifolds is C[M! if and only if it maps C™I-plots (i.e.,
C™]_mappings from open sets (or unit balls) of Banach spaces into the domain
manifold) to such.

Note that any finite dimensional (always assumed paracompact) C°°-manifold
admits a C*-diffeomorphic real analytic structure thus also a C!™l-structure.
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Maybe, any finite dimensional C!™]-manifold admits a C'!™I-diffeomorphic real
analytic structure. This would follow from:

Conjecture. Let X be a finite dimensional real analytic manifold. Consider the
space CIMI(X,R) of all C™M]-functions on X, equipped with the (obvious) Whitney
C™] _topology. Then C¥(X,R) is dense in CM(X,R).

This conjecture is the analogue of [I3, Proposition 8]. It was proved in the
non-quasianalytic Beurling case C™) for X open in R” by [28].

The proofs of the following results are similar to the proofs given in [26], Section
5], using other analytical tools. For the convenience of the reader, we give full
proofs here, sometimes with more details.

9.4. Spaces of C!Ml-sections. Let p : E — B be a CM] vector bundle (possibly
infinite dimensional). The space C!M](B < E) of all C!M]-sections is a convenient
vector space with the structure induced by

CM(B « E) = [[ ™ (ua(Ua), V)

S prQOwaosou;1

where B D U, —*— u,(Uy) € Wiis a CM]_atlas for B which we assume to be
modeled on a convenient vector space W, and where 9, : E|y, — Uy X V form a
vector bundle atlas over charts U, of B.

Lemma. Assume Hypothesis[9.1 Let D be the open unit ball in a Banach space.
A mapping ¢ : D — CMI(B < E) is a C™™_plot if and only if ¢ : D x B — E is
cM],

Proof. By the description of the structure on C™!(B « E) we may assume by
Lemma [5.I] that B is ¢>-open in a convenient vector space W and that E = Bx V.
Then we have CIM(B < B x V) = CIM(B, V). Thus the statement follows from
the exponential law, i.e., Theorem [5.2 [l

Let U C FE be an open neighborhood of s(B) for a section s and let ¢ : FF — B
be another vector bundle. The set CIM(B <« U) of all CMl-sections s’ : B — F
with s/(B) C U is ¢™-open in the convenient vector space CIM(B « E) if B is
compact and thus finite dimensional, since then it is open in the coarser compact-
open topology. An immediate consequence of the lemma is the following: If U C F
is an open neighborhood of s(B) for a section s and if f : U — F'is a fiber respecting
C™M]_mapping where F' — B is another vector bundle, then f, : CIM(B « U) —
CMI(B + F) is C™! on the open neighborhood CMI(B < U) of s in CM(B «+
E). We have (d(f.)(s)v)e = d(flung, )(s(x))(v(x)).

Theorem 9.1. Assume Hypothesis . Let A and B be finite dimensional C!M]-
manifolds with A compact and B equipped with a C™] Riemann metric. Then
the space CM] (A, B) of all C™M]_mappings A — B is a C™-manifold modeled on
convenient vector spaces CIM(A « f*TB) of CMl_sections of pullback bundles
along f : A — B. Moreover, a mapping ¢ : D — CM] (A,B) is a C™Ml_plot if and
only if ¢ : D x A — B is CM],

If the C™Ml_structure on B is induced by a real analytic structure, then there
exists a real analytic Riemann metric which in turn is C1M],
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Proof. CMl_yector fields have C™M-flows by Section applying this to the
geodesic spray we get the C!™!] exponential mapping exp : TB D U — B of the
Riemann metric, defined on a suitable open neighborhood of the zero section. We
may assume that U is chosen in such a way that (7p,exp) : U — B X B is a
C™]_diffeomorphism onto an open neighborhood V of the diagonal, by the C[M]
inverse function theorem, see Section [9.2

For f € CIMI(A, B) we consider the pullback vector bundle

AxTB<—9AxsTB—— f*TB ' 1B
T
A—t .

Then the convenient space of sections C'™l(A « f*TB) is canonically isomorphic
to the space CIMI(A, TB); := {h € CM(A,TB) : tpoh = f} via s = (75f)0s
and (Ida, h) <=+ h. Now let

Us:={g e C™M(A,B): (f(z), g(x)) € V for all z € A},
ug: Up — CM(A « f*TB),
ug(9)(@) = (x,exp}, (9(2))) = (z, (75, exp) ' o(f, 9)) ().

Then uy : Uy — {s € CMI(A + f*TB): s(A) C f*U = (75 f)~*(U)} is a bijection
with inverse u;l(s) =expo(mif)os, where we view U — B as a fiber bundle. The
set up(Uy) is c®-open in CIMI(A « f*TB) for the topology described above in
Section since A is compact and the push forward u; is CM] gince it respects
C™]_plots, by the lemma in Section

Now we consider the atlas (Uy,uf) recimna,p) for CMI(A, B). Tts chart change

mappings are given for s € u,(U; NU,) C CMI(A <+ ¢*TB) by
(ugouy")(s) = (Ida, (7p,exp) " o f,expo(mrpg) o s))
= (17 omy)u(s),

where 7,4(z, Yy(2)) = (2, expy(4)(Yy(z))) 18 a CM]_diffeomorphism 7, : g*TB D
g*U — (g x1dg)~1(V) C A x B which is fiber respecting over A. The chart change
upouy ! = (7']71 07,)« is defined on an open subset and it is also CM] since it

respects CM]-plots, by the lemma in Section
Finally for the topology on CIMI(A, B) we take the identification topology from
this atlas (with the c®-topologies on the modeling spaces CMI(A « f*TB)), which

is obviously finer than the compact-open topology and thus Hausdorff.

The equation ugou,' = (7']71 07,4)« shows that the C™Ml-structure does not

depend on the choice of the C™] Riemannian metric on B.
The statement on C™-plots follows from the lemma in Section O

Corollary 9.2. Assume Hypothesis[9-1l Let Ay, A2 and B be finite dimensional
C™M]_manifolds with Ay and Ay compact. Then composition

C™Ml(A,y, B) x CMI(A;, Ay) — CMI(Ay,B), (f.g)+ fog
is C'M],
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Proof. Composition maps C™MI-plots to C™M]-plots, so it is CM]. O

Example 9.3. The result in Corollary is best possible in the following sense:
If N = (Ng) is another weakly log-convex sequence such that CN ¢ CM] (or
equivalently, inf(Ny, /M;,)'/* = 0 and sup(Ny,/M;,)'/* < c0), then composition
CRI(S!R) x CMI(8Y, 8) — CMI(SL,R), - (f,9) = fog
is not C!N! with respect to the canonical real analytic manifold structures.
Namely, there exists f € CIMI(S' R)\ CINI(S1 R). We consider f as a periodic
function R — R. The universal covering space of C[MI(S' ') consists of all 277Z-
equivariant mappings in C[MJ(R, R), namely the space of all g+ Idg for 27-periodic
g € CIMI Thus CIMI(S1,S) is a real analytic manifold and t ~— (z +— 2 +t)
induces a real analytic curve ¢ in CM(S, S1). But f, ocis not CY) (resp. C{V})
since:

Ofle=o(fro0)t))(@) _ OfFliof(z+1t) _ fP(x)
k'pka k!pka k!pka
which is unbounded in k for z in a suitable compact set and for some (resp. all)
p >0, since f ¢ CN) (resp. f ¢ C1V}),

Theorem 9.4. Assume Hypothesis . Let A be a compact (thus finite dimen-
sional) CM)-manifold. Then the group Diff ™1(A) of all CM-diffeomorphisms of
A is an open subset of the C™M1-manifold C'™] (A, A). Moreover, it is a CM] _regular
C™]I Lie group: Inversion and composition are C'™M!. Its Lie algebra consists of all
CMl_yector fields on A, with the negative of the usual bracket as Lie bracket. The
exponential mapping is C™M. It is not surjective onto any neighborhood of Id 4.

Following [24], see also [23} 38.4], a C!M]-Lie group G with Lie algebra g = T.G
is called CMl_regular if the following holds:

e For each CMlcurve X € CIMI(R,g) there exists a CMl-curve g €
CMI(R, G) whose right logarithmic derivative is X, i.e.,

g(0) =e
Dg(t) =To(nD)X(t) = X(t).g(t)

The curve g is uniquely determined by its initial value g(0), if it exists.
e Put evoly(X) = g(1), where g is the unique solution required above. Then
evoly, : CIMI(R, g) — G is required to be C™] also.

Proof. The group Diff ™ (A) is ¢>®-open in CM(A, A), since the C°°-diffeomor-
phism group Diff (4) is ¢*-open in C*° (A4, A), by [23] 43.1], and since Diff!M] (A) =
Diff(A) NCIMI(A, A), by Section So Diff™)(4) is a C[M]-manifold and compo-
sition is C™!, by Theorem and Corollary To show that inversion is C!M]
let ¢ be a CM-plot in Diff™!(4). By Theorem the mapping ¢ : D x A — A
is C!Ml and (invo ¢)" : D x A — A satisfies the Banach manifold implicit equation
Mt (invo ¢)\(t,x)) = x for x € A. By the Banach C!™] implicit function theorem,
see Section the mapping (inv o ¢)” is locally C[M] and thus C™]. By Theorem
again, invo ¢ is a C™Ml-plot in Diff™)(4). So inv : Diff™(4) — DiffM(4)
is CIM], The Lie algebra of Diff™)(A) is the convenient vector space of all C[MI-
vector fields on A, with the negative of the usual Lie bracket (compare with the
proof of [23] 43.1]).
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To show that Diff™1(A) is a CM-regular Lie group, we choose a C'™-plot in
the space of CMl_curves in the Lie algebra of all C!™! vector fields on A, that
isc: D — CM(R, CIM(A < TA)). By the lemma in Section the plot ¢
corresponds to a (D x R)-time-dependent O™ vector field ¢ : D x R x A — TA.
Since CMl_vector fields have C!™l-flows and since A is compact, evol” (¢ (s))(t) =
FIEA(S) is CIM] in all variables, by Section M Thus Diff™(A) is a CM-regular
C™] Lie group.

The exponential mapping is evol” applied to constant curves in the Lie algebra,
i.e., it consists of flows of autonomous C™! vector fields. That the exponential
mapping is not surjective onto any C!™l-neighborhood of the identity follows from
[23, 43.5] for A = S'. This example can be embedded into any compact manifold,
see [12]. O
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