COMPOSITION IN ULTRADIFFERENTIABLE CLASSES

ARMIN RAINER AND GERHARD SCHINDL

ABSTRACT. We characterize stability under composition of ultradifferentiable
classes defined by weight sequences M, by weight functions w, and, more
generally, by weight matrices 9, and investigate continuity of composition
(9,f) — fog. In addition, we represent the Beurling space £W) and the
Roumieu space £{¢} as intersection and union of spaces €M) and £{M} for
associated weight sequences, respectively.

1. INTRODUCTION

This paper arose from our wish to characterize stability under composition of
Denjoy-Carleman classes EM} and €M), For these classes we have developed
a calculus in infinite dimensions beyond Banach spaces in [24] 26] 25] which is
heavily based on composition: A smooth mapping f is of class E{M} if and only if
fope &M} for all £4M} Banach plots (i.e., mappings defined in open subsets of
Banach spaces); accordingly for £M). Sometimes curves suffice.

Denjoy—Carleman differentiable functions form classes of smooth functions that
are described by growth conditions on the Taylor expansion. The growth is pre-
scribed in terms of a sequence M = (M},) of positive real numbers which serves as
a weight for the iterated derivatives: for compact K the sets

f®) ()
{m x e K, ke N}
are required to be bounded. The positive real number p is subject to either a
universal or an existential quantifier, thereby dividing the Denjoy—Carleman classes
into those of Beurling type €M) and those of Roumieu type M} respectively.
We write EIM! for either £M) or 1M}

It is well-known that £ is stable under composition, if M is log-convex, see
[34], [20], [13], and usually in the literature log-convexity is assumed in order to
have stability under composition; but is log-convexity also necessary? Actually,
when proving stability under composition with Fad di Bruno’s formula one needs a
weaker condition that we call (FdB)-property. We prove that the (FdB)-property
(for the weakly log-convex minorant M”(¢)) is also a necessary condition for stabil-
ity under composition, if £IM! is stable under derivation, see Theorem More
precisely, if £M] is stable under derivation, then stability under composition is in
turn equivalent to being holomorphically closed, being inverse closed, (M z(c))% be-
ing almost increasing, and M°(©) having the (FdB)-property. For further equivalent
stability properties we refer to [33]. Inverse closedness has been studied intensively,
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e.g. [35], [10], [39]. In this context we prove that, as in the Roumieu case [I1], one
has M) = g9 jf cw C EM) see Theorem m Finally, we demonstrate
that log-convexity is not necessary for stability under composition: We construct
classes M which are stable under composition and such that there is no log-convex
N = (N;) with M) = €N see Example

Another common way to define ultradifferentiable classes is by means of a weight
function w which controls the decay of the Fourier transform, see [5] and [6]; we
shall use the following equivalent description due to [9]: for compact K the sets

{F® (@) exp(~16"(ph)) : 2 € K,k € N},

where * is the Young conjugate of ¢(t) = w(e?), are required to be bounded
either for all p > 0 in the Beurling case £¢) or for some p > 0 in the Roumieu
case £19}. Again £ stands for either £«) or £{¢}. For these classes stability
under composition was characterized in [16] under the additional assumption of
non-quasianalyticity. Note that the sets {EM] : M weight sequence} and {£[] :
w weight function} have a large intersection but neither of them contains the other,
see [8]. We want to stress the fact that the usual requirements on the weight
function w ensure that the spaces £ come with incorporated stability properties,
for instance stability under derivation, see Corollary

We prove that £« and £1“} can be represented (as locally convex spaces
with their natural topologies) as intersections and unions of ultradifferentiable
classes defined by means of associated weight sequences, see Theorem For
each open subset U C R", compact K C U, and for Q” = (QF) defined by
Q=4 exp(lgo*(pk)) we have

(1) W) =eU) and eNU)= () K
p>0 KCU p>0

We use this representation for characterizing stability under composition, and be-
lieve that it is also of independent interest.

In fact, inspired by , we characterize stability under composition for more
general ultradifferentiable classes defined by weight matrices 9 = {M?* € R§0 :
A € A}, where A is an ordered subset of R:

EMW) = N M) and €M)= () |J WMk

AEA KCU XeA

endowed with their natural topologies. Among the spaces €™ and £{™} com-
monly denoted by £ are all the spaces defined by means of weight sequences and
weight functions, but not exclusively, see Theorem [5.22] For instance, the inter-
section, resp. the union, of all non-quasianalytic Gevrey classes is an autonomous
EM)_gpace, resp. £ -space, with suitable 9. Intersections of non-quasianalytic
ultradifferentiable classes have been studied by Rudin [35], Boman [7], Chaumat
and Chollet [12], Beaugendre [3, 4], and Schmets and Valdivia [37, [38] (among
others). It seems, however, that unions of ultradifferentiable classes have not been
investigated before.

Given that £ is stable under composition, the nonlinear composition operators

comp!™ : ET(RP RY) x EM(RL,R") — ETV(RP,R") : (g, f) = fog
5{m}(RP, f): EPHRPRY) — ETHRP,R) g fog, feETHRYLRY,
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turn out to be continuous. This is proved in Theorem The special case £
was treated in [16], see also [I]. Under suitable assumptions we expect comp™ to
be of class £ see Remark

The paper is structured as follows: We first treat the weight sequence case in
Sectionland Section[Bl In Section M we introduce ultradifferentiable classes defined
by weight matrices 90, characterize their stability under composition, and show that
composition is continuous. We discuss classes defined by weight functions w and
identify them as classes defined by weight matrices 91 in Section[5] and characterize
their stability under composition in Section [f]

Notation and conventions. The notation £ for x € {M, w, 9} stands for either
E® or £4+} with the following restriction: Statements that involve more than one
&M symbol must not be interpreted by mixing £*) and £}, This convention
will be used broadly, but self-evidently: For example, M[<|N & & M c eM i
Proposition 4.6/ means M ()N < £ C £OV and M{<IN < £ C g0,

Let N = N5oU{0}. For @ = (a1,...,a4) € N? and z = (21,...,24) € R? we
write ! = a1l !, |af = a1+ +ay, and 2® = 2§ 207 We use 9; = 0/0;,
0% = 9 - 0y and write d¥ f or f (%) for the kth order Fréchet derivative of f, and
d, f for the directional derivative in direction v. For sequences of reals M = (M)
and N = (Ny) we write M < N if My, < Ny, for all k.

L(Ey,...,Ey; F) is the space of k-linear bounded mappings Ey X --- X By, — F
(between topological vector spaces); if F; = E for all 4, we also write L*(E, F).

Let F and G denote classes of mappings. We write F C G if F(U,R™) C
G(U,R™) for all open subsets U C R™ and all n,m € N5o. We say that F is stable
under composition if g € F(U,V) and f € F(V,W) implies f o g € F(U,W), for
all open subsets U C RP, V C RY, W C R", and all p,q,7 € N5g. A class F is
called holomorphically closed if f o g € F(U,C) for each g € F(U) = F(U,R) and
each f which is holomorphic in a complex neighborhood of the range of g, and
F is inverse closed if 1/f € F(U) for each non-vanishing f € F(U). That F is
derivation closed means that f € F(U) implies 9;f € F(U) for all open U C R",
n € Ny, and 1 <i <n. A class F of smooth mappings is quasianalytic if for each
open connected U C R™ and each x € U the Borel mapping F(U) 3 f — (0%f(2))a
is injective.

2. WEIGHT SEQUENCES AND [M]-ULTRADIFFERENTIABLE FUNCTIONS

2.1. Weight sequences. A sequence M = (My) € RI§O of positive real numbers

is said to

M)  be log-convez if k — log M, is convex, i.e., Vk : M2 < My_q Myi1;

Myic) be weakly log-convex if (k! My) is log-convex;

Myg) be of moderate growth if 3C' > 0 Vj, k> 1: My < Cj+ij My;

Mye be derivation closed if 3C > 0 Vk > 1: My 1 < C*My;

M,;)  be almost increasing if 3C' > 0Vj < k: M; < CMj;

Mpqg) have the (FdB)-property if 3C > 0 Vo, € Nsg, o + -+ = k :
MjMa1 t Maj < CkMk;

(Mga)  be quasianalytic it 252, (k!My) ™% = co.

Obviously (M) implies (Muwic) and (M) implies Mdci- If M is log-convex, we
further have M; M, < MoM,y, for all j, k and (My/Mp)* is increasing. Moreover:

(
(
(
(
(
(
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2.2. Lemma. For M € RY having the (FdB)-property, each of the following con-
ditions is sufficient:

(1) M is log-convez.
1

(2) M is derivation closed and (M} )y, is almost increasing.
(3) M]Mk S MleJrk,l fO?" all j,k‘ 2 1.

Proof. (1) We show (Mpqp|) with C := max{M;,1} by induction on k. The
assertion is trivial for k = j. Assume that j < k. Then o} := a; — 1 > 1 for some
i, and we have

Mo, M
MjMal"'Maj:MjMal"'Ma;"'M <Ck lel k

e} <CkMa
7M/ My, = ¥

by induction hypothesis and by (M,.].
(2) This is proved in more general terms in [£.9[(3) = (4)] and [L.1T[(3) = (4)]
(3) This is readily seen by iteration. O

For M, N € RY we define:

M=<N & 3Cp>0Yk: M, <Cp"N, & sup(—k)z<oo
M~N :& MIANandNIM

M4aN & Vp>03C>0Vk: My <CpFNy &  lim (M’f)%zo
The following lemma is a variant of [2I, Lemma 6].

1
2.3. Lemma. Let L,M € RY satisfy L << M and M} — oo. Then there exist
sequences N* € RY . i = 1,2, satisfying (N,i)% — 00 such that L < N' < N2 <M.

Proof. It suffices to show that there exists N! € RIEO with L < N!' < M and
(N1)* — oo; for N2 = (N?) we may then choose N2 := /NI Mj,.

The sequence N!' = (N}) defined by N} := max{y/Mg, Ly} is as required: We
have L < N' <1 M, since

Niy® ~r Lg%
()" =max{an . (55) T} =0
as Mk — oo and L <1 M. Moreover, N} > /M, implies (Nk)% — 00. O

2.4. Remark. The lemma remains true if we replace M% — 00 by (kIMj)% — oo
and (Nj)% — oo by (kINji)¥ — oo; set N1 = max{«/ My [k, Lk} in the above

proof. But in this case it is unclear if lim M} F S0 implies lim(V}) % > 0 which we
need in Theorem 2,15

2.5. Regularizations. Cf. [2], [27], or [22]. For M € RY with (k!M})* — oo set

tk b(c) 1 tk
Ty (t sup -———, t >0, and M, sup ———
(t) = ke k!My’ T K o Ta(t)
Then Thy = Tyvey. The sequence (k!MZ(C))k is the largest log-convex minorant
of (k!My)y; in particular, M is weakly log-convex if and only if M = M"(). The
condition (k!Mk)% — 0o guarantees that My = M,i(c) for infinitely many k.
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We shall also use

tk b(o) 1 tk
— M = —sup ——
max o 4 M Kl oy Sar(t)’

Sy(t) :=
and again have Sy = Syvo).
2.6. Lemma. Let M,N € RY| satisfy (k'M;)* — 0o and (k!Nj)t — oco. Then
M = N implies M"©) < N°(©) and M < N implies M°(©) q N°(©),

Proof. For p > 0 set N* = (Nf) := (p*Ny). Easy computations show Ty, (t) =
TN(%) and thus (N?)*(®) = (N*(9))?. Both assertions follow immediately. O

2.7. [M]-ultradifferentiable functions. Let M € RY and let U C R™ be open.
Define

EM(U) = {f € C*(U,R) : YK C U compact ¥p > 0: ||f||%p < oo}
sy = {f € C®(U,R) : VK C U compact 3p > 0: || f| 1, < oo}

(k)
M ._ 1™ @) s e r)
718, = sup { P iy s € Kok € N

and endow £M)(U) with its natural Fréchet space topology and E{M}(U) with
the projective limit topology over K of the inductive limit topology over p; note
that it suffices to take countable limits. We write EM! for either £M) or £{M},
The elements of EM(U) are called [M]-ultradifferentiable functions; an (M)/{M}-
ultradifferentiable function is said to be of Beurling/Roumieu type, respectively.
For compact K C U with smooth boundary,

EY(K) = {f € C%(K) : || fII¥, < o0}
is a Banach space, and we have

EM(U) = lim lim £Y(K) and EMIU) = lim lim £ (K);

KCUmeN ™ KCU meN
we also set
0D () = {f € C®(K) :Vp>0: | fI[Y, < oo} = lim £Y(K)
meN "

EMN (K = {f €C¥(K):3p>0:|fI¥, < oo} = lim £X(K).

meN

The definitions work as well for mappings f : U — R™, and so we shall use also
EMI(U,v), EMI(K,V), and EM(K,V), for open subsets V C R™.

By the Denjoy—Carleman theorem, M is quasianalytic if and only if ()
satisfies ; this is in turn equivalent to

b

N Vi > Jog T (t
Z ﬁ =00 and / Lév[()dt =
im0 (B + 1M E t

For contemporary proofs see for instance [18, 1.3.8], [36, 19.11], and [20] 4.2].
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2.8. Examples. For s € R>¢ the sequence G* = (G3) = ((k!)*) is log-convex
and has moderate growth; it is quasianalytic if and only if s = 0. The elements
of E1G°}(U) are exactly the real analytic functions C¥(U) and the elements of
E(GO)(U) are exactly the restrictions of entire functions H(C"). The class £}
coincides with the Gevrey class G+,

2.9. Lemma. Let M € R§O be weakly log-convex. Then there exists a function
Fe &t i(R) = {f € C®([R):3p>0: | fIA, < oo} such that |f*)(0)] > KkIM,

global
for all k.

Such a function is called a characteristic €M} -function.
Proof. The complex valued function

o0

kMg o (k+1)Mg4a
2.10 t) := e?rt - where =
210 90=3 g = B

{M} :

belongs to & o, (R, C) and satisfies
(2.11) g(0)=ihj, where h; > jIM;,
thus

197(0)] = jtM;,

for all j; see [40, Thm. 1]. Setting f := Re g+ Im g we obtain a real valued function
with the required properties. ([l

2.12. Proposition. Let L,M,N € Rﬁo, let U C R™ be open, and let K C U be

compact. We have:

(1) M X N = EM C N gnd M < N = EMY € W) with continuous inclu-
sions. If M is weakly log-convex, then also the converse implications hold; more
precisely, EMI(R) C ENI(R) = M < N and EMH(R) C EM(R) = M < N.

(2) We have

eM@Rr™) = (| EMWR™ = () M TUR™).
M<JAN M<JN

If M is (weakly) log-convex, then the intersections may be taken over all
(weakly) log-convex M <1 N.
1

(3) If MF — oo then

MR = | MK RY) = | V(KR
li<]M li<]M
LF —o0 LF —o0
If (K'Mj,)* — oo then the unions may be taken over all L <A M with (k!Ly)% —

My
My,

log-convex L < M with Lz—:l — 0.

oco. If M is log-convex and — oo then the unions may be taken over all

Proof. (1) The directions “=" are clear by definition, see also [24], 2.3]. If M is
weakly log-convex, then the implications MY C N} = M < N and M} C
EMN) = M <« N follow from the existence of a characteristic £{M}-function, see
Lemma [2.9] That €M) C &™) implies M < N is shown in [I0, Thm. 2.2] and in
more general terms in Proposition 4.6
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(2) See [24, 2.4 and 8.2].

(3) follows from (1), Lemma [2.3] Remark 2.4] and [2I, Lemma 6]. O

As the elements of £11}(U) are exactly the real analytic functions C¥(U) and
the elements of £ (U) are exactly the restrictions of entire functions #(C"), we
may conclude:

(4) 0¥ C EMY & H(CM) C EMD(U) YU C R™ & lim M} > 0
1
(5) C* C £M) if and only if lim M;* = cc.
(6) £MI is derivation closed if M satisfies (Mg)). If M is weakly log-convex, then
(Mgc) is also necessary for £IM] being derivation closed; indeed for M*+! =
1
(MFY) == (My41) we have EMTIR) = {f": f € EMI(R)}.

In particular, if L <« M with liimLk% > 0 then necessarily lim Mk% = o0, by (1), (4),
and (5).

1
Note that lim]‘/[ML;rl = oo implies lim M;* = oo and thus C¥ C gM), Indeed,

there exists ko with My, > 1, and for every C' > 0 there exists k; > ko so that
1 1 3 1
My, > CMj,_; for all k > ki, whence M} > Mk";C’l_kTp > C? as k > 2ky. If M}

1
- . . : s M
is increasing, we have also the converse: lim M,* = oo implies lim ]V’}:l =00

2.13. Lemma ([T, Lemme 3]). Let M € RY; and A > 0. If My < A\*Mj, for all k
and

lF® @) < kM), forall te[-\M,keN,
then
|F*(0)] < Qekk!Mz(c) forall EkeN.

2.14. Proposition. Let M € Rgo satisfy hika% >0 and My =1, let K CR" be
compact, and let Ky := U,cx Ba(z), X > 0, be a A-neighborhood of K. Then we
have EM}(K,) C S{Mb(c)}(K) via restriction.

Proof. By the assumption hika% > 0 there exists 7 > 0 so that M}, > 7* for all k.
If f € EIMI(Ky), then C := ||f||1[\é’p < 00, where we may assume that p is such that
pAT > 1. The function f, ,(t) := f(z + tv) satisfies ||fa:’v||f‘f&)\]’p < Hf||}é7p =C
for all z € K and v € S"!. By Lemma [2.13] we have

df@)| = [FB(0)] < 2C(ep) kMY forall =z e K,veS" 1 keN,
v x,v k

since (Cp¥M,,)"©) = C’pkMz(C) (see [2.6). Thus f|x € E{Mb(c)}(K), see e.g. [23
7.13.1]. -
2.15. Theorem. Let M € Rgo and let U CR™ be open. We have:

(1) Iflim M} > 0 then EMY(U) = £ (),

(2) If lim M = oo then EAD(U) = €M) ().

Under these assumptions EMV(U) is an algebra.

(1) is due to [II}, Thm. I & Appendix].
Proof. (1) Apply Proposition 1) and Proposition [2.14]
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(2) Proposition M(l) implies E(Mb(c))(U) C EM(U). Conversely, let K C U
be compact and let K := (J,cx Ba(z) € U be a A-neighborhood of K in U. By
Proposition 3), Proposition and Lemma [2.6]

5(M)(K)\) — Ug{L}(K)\) C Ug{Lb(c)}(K) C ((:(Mb(c))(l()7

1
where the unions are taken over all L < M with L} — co. As K was arbitrary, we
have EM)(U) € €M7 ().
The supplement is a well-known consequence of weak log-convexity. ([l

As a consequence C* C EIM} = £(N) g impossible. Assume the contrary. Then,
by [2.12(4)&(5) and Theorem we may assume that M and N are weakly
log-convex, and by Proposition 1), we have M < N. Setting L = (Lj) with
Ly := /My N;, we obtain M <« L < N, and, by Lemma we may assume that
L is weakly log-convex. But then My c glL) c gll} C ¢WV) = £IM} and thus
M =~ L ~ N, a contradiction.

3. STABILITY UNDER COMPOSITION OF &I
For M € RY, we define M° = (My) by setting
My :=max{M;M,, ... My, : 0 € Nsg, 00 4+ =k}, Mg :=1.
Clearly, M < M°. We have M° < M if and only if M has the (FdB)-property.
3.1. Proposition. Let M € RI§O and let U CRP, V CRY, and W C R" be open.
(1) If g € EMNU, V) and f € EM(V, W), then fog e EMIU,W)
(2) If M has the (FdB)-property, then EM] is stable under composition.

Proof. (1) Let K C U be compact. There exist C,, p, > 0 (resp. for each py > 0
there exists Cy > 0) such that

||9(k) (x)”Lk(RPJR‘I)
k!
and there exist Cy, ps > 0 (resp. for each p;y > 0 there exists Cy > 0) such that

< CyphM;,  forallw € K,k €N,

IF®E @) Lk ra )
k!
By Faa di Bruno’s formula ([I5] for the 1-dimensional version; the second sum is
over all @ € NLj with aq + -+ oj = k)

< C'fp’}Mk for all y € g(K),k € N.

1 0 9™ (@)l12+ oz 1@ @z 190 @lze gz
| <22 11

F i>1 a gt =1 a;!
. 4 k-1 ‘
<> CrpCopM; [ Ma, < Cfpf;(z <j B 1) (Pfcg)J>Mz§
g i=1 j>1

< CyCopspg(1+ pyCy))* M.
This implies the assertion in the Roumieu case. For the Beurling case, let 7 > 0

be arbitrary, and choose ¢ > 0 such that 7 = /o + 0. If we set p, = /o and

py=/3/Cy, then || f o g[|} < co.
(2) follows immediately from (1) and Proposition ). O
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We get a nice characterization of stability under composition if we assume that
EM] ig stable under derivation.

3.2. Theorem. Let M € RY and assume that EM is stable under derivation.
Consider the following conditions:

1) EMI s stable under composition.

6) M*©) has the (FdB)-property.
7) M°©) has the (FdB)-property.

1
Iflim M} > 0 then all conditions are equivalent in the Roumieu case EM] — g{M}

1
If lim M}? = oo then all conditions are equivalent in any case.

Proof. Under the assumption hika% > 0 we have £1M} = S{Mb(c)}, by The-
orem [2.15] The equivalences (4) < (5) and and (6) < (7) follow from the fact
that EIMH(1) = E{Mb(o>}(1) for open intervals I, see [27, 6.5.1], which implies
M*(©) =~ M°©) | by [39, Lemma II]. Lemma and 6) imply (4) = (6).

Let us prove the remaining implications in the Roumieu case M) = £1M}: Since
cw C g1M} by 4), we clearly have (1) = (2) = (3). The implication (3) = (5)
follows from [39], and (6) = (1) follows from Proposition [3.1] Note that (3) = (4)
is shown in greater generality in the proof of Theorem [£.9] below.

Now let us assume the stronger condition lim M, k% = oo and show the remaining
implications in the Beurling case EM = £M). Since C¥ C M) by 5),
we have (1) = (2) = (3). The implication (3) = (4) follows from [10] since
EM(R) = S(Mb(c))(]R) is a Fréchet algebra, by Theorem and (6) = (1)
follows from Proposition [3.1} O

3.3. Log-convexity is not necessary for stability under composition. There
exist classes £[M] (containing C*) which are closed under composition and there is
no log-convex N € RY such that £ [M] — gINl We need the following lemma.

1

3.4. Lemma. Let M € RY be such that C* C EMI (ie., lim M;" > 0 in the
1

Roumieu case and lim MF = oo in the Beurling case). If there exists a log-convex

N € RIEO such that EM = EIN1 then the sequence kit1/ki is bounded, where the

k; are precisely those k with My = MZ(C).

Proof. This is a special case of [T1], Appendix Prop. 3]. For the reader’s convenience

we give a short proof. By Theorem , we have EMM"1 = €[N and thus M(©) ~
N, by Proposition [2.12(1). Since N is weakly log-convex, we have N < M*(©) < M.

Set ,
(N =k )
" \ 400 otherwise '

For M € RY, consider the graph I'y; := {(k,log(k!M})) : k € N}. Then Iy
and I'z, lie on piecewise linear curves with vertices {(k;,log(k;!Mg,)) : ¢ € N} and
{(ki,log(k;!Ny,)) : i € N}, respectively. Since N is weakly log-convex and since
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'z lies below Iy, we have N < L < M”(©) ~ N and hence L ~ N. As N is
log-convex, we have, for k; < k < k;1,

log(k!Ly) = £ log(k; Nk)+ b log (ki1 !N,

> :1:11 ,f log k;! + k - log kiy1! + log Ny,
and therefore
E'Lp\ %
(3.5) log (k'Nz) f > %k:: ,f log ki! + ¢ k wlog kil — ¢ +log k!.

By Stirling’s formula, for k;11/k; =: a; and k := 2k; the right-hand side of (3.5) is
greater than

—2(logk; — 1) + =%~ (log a; + log k; — 1) — log(2k;) = %a?il

la
la —log2 -1,

and so L ~ N implies that a; is bounded. [

3.6. Example. Choose r € R>4. Set k; := k;_1[log(i + 1)], ¢ > 2, k1 := 3, where
[2] denotes the smallest integer n > z, and define

1 k=12 '
pe=p(r) =t k=k ; MkZM(T)kIZEHMT
rki—l ki <k< ki+1 =

Then M = (M) is derivation closed, since 4t < r* for all k, and M is not
weakly log-convex, since u = (ug) is not increasing. By construction we have
Mij S Mle+k_1 for all j, k 2 1, i.e.,

&.' S,ul,u’j-‘rl.."ﬂj-‘rk—l’ ],kz]“
177k S 1j+1 jtk—1

Hk;+1 Ww+2
ki+1 S k‘

Indeed, since “7" is decreasing for k; < k < k; 41 and since for all 4,

it suffices to check that, for all 4,

Mki+1—1 luk'i+1 < ,u’kq‘,+2—2 /‘Lki+2—1
kivi =1 ki1 = kigo —2kipo — 1

which is a straightforward computation. By Lemma (3) and Proposition
EM] is stable under composition.

Consider the graph 'y := {Py := (k,log(k!M})) : k € N}. The subset {Py :
k; <k < k;y1} lies on an affine line with slope (k; — 1) logr. The line that connects
the two points Pj,_; and Py, has slope k;logr, and the line that connects the
two points Py,—1 and Py, , 1 has slope (k; — 1+ (kiy1 — k;)~")logr. All these
slopes are strictly increasing to infinity in ¢. We may conclude that the graph
T = {(k, log(k!Mz(c))) : k € N} lies on the piecewise linear curve with vertices
{Py,—1 : 1 € N} and that {k; — 1} is precisely the set of k with M}, = M.

1
As % = Bk — oo we have M;F — oo (see the remarks after [2.12]), and, by
Lemma there is no log-convex N € RY such that M = £INV]. Tt is easy to

see that the mapping 7 — EM] is injective.
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4. MORE GENERAL SPACES OF ULTRADIFFERENTIABLE FUNCTIONS

4.1. Weight matrices. A weight matriz 9 = {M* € RY; : A € A} is a family of
weakly log-convex sequences M» = (M) satisfying M3 = 1, limy(kIM}) % = oo,
and M* < M* if A < u, where A is a directed partially ordered set. Let .# = . (A)
be the set of all weight matrices 90t parameterized by the same set A. Consider the

following conditions:
1

(M) VA€ A lim(M))% > 0.

(Mcwy) VAEA: hm(MA)% = 0.

(Mycwy) A€ A:Lim(M)F > 0.

(Muey) YAEAIWeAIC>0VkeN: M k+1 < CRM.
(Mygey) YAEAILeAIC>0VEeN: My, <CFMY.
(Mmg)) VAEAIuEAIC>0Vj,keN: M, < CJ+kMJ<\M,j.
(Mimg}) VAEA HMEAHC>OVj,I<;GI\I:Mj§r,C < CIHF MY MY
(M) YAEAIueA3IC>0Vj,keN: MM <CITFMN,
(Miatgy) YAE€A e A3IC>0Vj,keN: MPMy < /MY,
(M(FdB)) V)\EAH,U/EAZ(MH)OjM)‘.

(mt{FdB}) V)\GAE'/LEAZ(MA)OjMM.

(M) VYAEAVp>03IpeAIC>0VkeN: pPM} <CM.
(M) VYAEAVp>03peAIC>0VkeN: p"M} < CM/.
(M@pr)) YA€AIueA: MH M.

(m{BR}) V)\GAH/J/EAMA MH.

Obviously, = () = (Ntycwy) and (M) = (Mag). Both conditions
(M (a1g))) and li are trivially satisfied since all M* are weakly log-convex, but
see Remarks [4.5]

Henceforth we assume that A is R or any ordered subset of R. This will enable
us to assume that the limits over A € A in the definition of [9]-ultradifferentiable
functions in are countable. Then 9 is in fact an infinite matrix, and the name
weight matriz is justified. On the other hand it is convenient to admit uncountable
index sets A.

4.2. [M]-ultradifferentiable functions. Let 9 be a weight matrix, let U C R™
be open, and let K C U be compact. We define

EMNK) = [ &M and £M(K) = ] M (K
A€A A€A
EMW) = (N eMIW) and W)= () |J Mk
AEA KCU XeA
and endow these spaces with their natural topologies:
EMU) = lim EMIW) and EM(U) = Jim lim EMH(K).
XA KCU XeA

It is no loss of generality to assume that the limits are countable. We write &Y
for either £™) or £{™}. The elements of EP(U) are called [M]-ultradifferentiable
functions. Note that E™(U) forms an algebra, since all M* are weakly log-convex.

We shall use also £

(U, V) and EM(K, V), for open subsets V' C R™.
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The inductive limit

£ (), R™) = limy lim £37° (K, R™) = lig £)'° (K, R™),
AEA p>D (p)

where (A, p) < (u,0) if and only if A < p and p < o, is a Silva space. Indeed, if
A < p and p < o then the inclusion

N m H m » m
(K, R™) — & (K, R™) — X (K, R™)

is compact, since the first inclusion is bounded and the second inclusion is compact,
by [20, Prop. 2.2].

If M satisfies (M (1)), respectively (Myr,), we have

EM(K,R™) = lim Séw (K,R™) = 1}'m51MA (K,R™), respectively
A
(4.3)

as locally convex spaces, where the latter is a Silva space. Indeed, for 1 < p and by

(M;1,) the inclusion
M (K, R™) — M (K, R™) — £M" (K, R™)

is compact. If (1, then for each A € A and each p > 0 we find p € A such that
EM(K,R™) C 5"])\/[A (K,R™) with continuous inclusion.

If M satisfies (M pr)|), respectively (Myipry|), we have

EM(U,R™) =1

=

£ (U,R™) = mE{MA}(U R™), respectively

T <—
(44) AEA R AEA R
EMHEK,R™) = lim EMHK,R™) = lim M) (K,R™)
AEA AEA

as locally convex spaces.

Among the spaces £ we recover the spaces EIM! defined by weight sequences,
if M = {M} consists just of a single M € Rﬁo, and the spaces £ defined by
weight functions, see Corollary below. We shall see in Theorem that in
general EM is different from £M) and from £+,

4.5. Remarks. (1) One can replace the condition that the M* € 9 are weakly log-
convex by the condition (resp. )7 and work with the log-convex mi-
norants (M*)*(®) without changing the space E{™}(U) (resp. £ (U)), see Propo-
sition and Theorem Alternatively, assuming makes £ (U) into
an algebra as well. The condition M* < M*if A < 1 may be relaxed to M> < M*,

(2) Assuming that (M,;\/M,’:)% is (ultimately) monotonic in k for all A, u, we
have either M* ~ M* for all A\, or M* <t M* for all A < pu. That is either
EPM = gIM™ for all X or we have the representations in .
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For MM, N € .4 we define

M=N e VAeAIucA: M* <N
MM e VAEAIucA: M < NV
MN e M[=<]9N and N[<|M

M=<IN e INeAIpeA: M < NH

M<N e VYAeAVueA: M aNH

4.6. Proposition. For M, N € .# we have:

(1) MM = P C PV and EPN(R) C EMN(R) = M[=]N.

(2) M{<)N = £ C £V gnd EMHR) € EOV(R) = M{<)N.
(3) M(=IN = £ C £ gnd EM(R) C £MN(R) = M(ZIN.

All inclusions are continuous.

Proof. (1) That 9[<]N implies £ C €M is clear by definition. If EPH(R) C
EN(R) then M{ <IN follows from the existence of characteristic €M *}-functions,
by Lemma If EM(R) € £OV(R) then this inclusion is continuous, by the closed
graph theorem since convergence in &™) (R) implies pointwise convergence; here
we follow [10, Thm. 2.2]. Thus for each A € A, each compact I C R, and each 7 > 0
there exist p € A, J C R compact, and constants C, p > 0 such that

A ©
£ < ClfFIYS  for  fe EPV(R).

In particular, for f;(z) = €¥® and 7 = 1, we obtain

th tk
Ty (t) = sup —— < Csup ———5 = CTyu (L),
(1) ken kIN ren klpk M )
and thus
+k h o
k!N = sup > sup = k= M],

>0 Tna(t) 150 CTwu() C
that is M(=<X)91.

(2) That 9{<)N implies £P C £V is clear by definition. The converse
follows from the existence of characteristic £{M"}-functions.

(3) That M (=N implies £ C £ is clear by definition. Conversely, if
EM(R) C E1™(R) then the closed graph theorem (cf. [I9} 5.4.1]) implies that this
inclusion is continuous. Indeed £™)(R) is a Fréchet space, £1™(R) is projective
limit of Silva spaces, hence webbed, and convergence implies pointwise convergence.
This and Grothendieck’s factorization theorem (e.g. [28, 24.33]) imply that for each
compact I C R there exist A € A, 7 > 0, p € A, J C R compact, and constants
C, p > 0 such that

A "
IFI77 <CIfIY,  for  fec™R).
Applying this to f;(x) = e** we obtain, similarly as in (1),
M < C(T)FNR,
that is 9(=<}91. U
We may conclude:

(4) H(C™) C E(U), for all open U C R™, if and only if (0Tz]).
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(5) €@ C €M if and only if (0Tcw).
(6) ™ is derivation closed if and only if (DN aq))-

Note that for L € RY) we have L(<}9 if and only if L{=}90; in particular,
H(C™) € EH(U) if and only if O« (U) C EH(U), for all open U C R™. Moreover:

4.7. Corollary. Let M € RY with lim Mk% = 0o. Then there is no N € RY, such
that EM(R) € ENVI(R) ¢ EIMI(R).

Proof. This follows from Proposition [.6] and Theorem 2:15 O

4.8. Remark. It is easy to see that £™} is non-quasianalytic if and only if
there is some A € A such that M* is non-quasianalytic. Likewise if €™ is non-
quasianalytic then M? is non-quasianalytic for all A € A. Intersections ) m€ [M]
where M runs through a large family of non-quasianalytic weakly log-convex weight
sequences, can be quasianalytic, see [26] and references therein. But we do not
know whether €™ can be quasianalytic if all M* are non-quasianalytic and A is
restricted to a 1-parameter family (as assumed in this paper).

4.9. Theorem. For a weight matriv M satisfying (Macy) and (Mycwy) the fol-

lowing are equivalent:

(1) &M s stable under composition.
EM s holomorphically closed.

(2)

1 1 ...
(3) For all A € A there are p € A and C > 0 so that (Mj\)j < CM)* if j < k.
(4)

M satisfies (Mipapy)-

(MM cwy) is only needed for (1) = (2); (Myqcy) is only needed for (3) = (4).
Proof. (1) = (2) This is obvious, by [4.6(5).

(2) = (3) We prove that (3) holds if £{™} is inverse closed and follow the idea
of [39. Let A € A be fixed and let g be the function in 1M }(R,C) defined by
(2.10) (with M = (M) replaced by M* = (MQ)). Choose H > 0 such that
H > 1+ sup,cp lg(t)]. We have H — g € £ }(R,C), and thus f := (H —g)~! €
EMMHR,C), as EH(R,C) is inverse closed, by assumption. Thus, there exist
i € A and constants C, p > 0 so that

(4.10) 1A%y, < C-

By Fad di Bruno’s formula and using (2.11)), for & > 1,

M) 1 I g(e0) (0)
TP DY <H—g<o>>j+1g !

P31 ant-ta;=k
ag>0

1 J h

— -k Qg

H — +1 |

J>1ontta =k (H = g(0))7+1 ;) al
ap,>0
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By (4.10),
®)(0)] 1 o
CpFM* > f = : —x
e Z > (H — g(0))i+1 II !
j>1lar++a;j=k =1
ap>0
1 .
> ———— || M
R N el
- ag>0
1 J
>—— M)
= gy L
In particular, for oy = --- = a; = p, p € N5, we have
Cipf? MY > (M)

and hence, for all j and p,
1 1
Co(M})77 > (M)7.
For arbitrary p < k choose j so that jp < k < (§ + 1)p. Then

! i35 )
arpyt > ey 90 5 o OB 5 ooy,
Lk %
since (K!M}')'/* is non-decreasing.

(3) = (4) By , for A € A there exist 4 € A and D > 0 so that
M,g‘ﬂ < DkM,’: for all £ > 1. The assumption implies that there is v € A so that
Mgl ng < C*MY for all B; € Nog with 81 +-+-+B; = k. Let I := {i: a; > 2}
and set o := o; — 1. Then, as u > A,

Mj)\MOAél...M)\ MA MA II\HMA < Dk gM,\ M/\ IIIHMH
el i€l
< DMy ek vy < CR My,
which shows (4).

(4) = (1) Let g € EMHU, V) and f € E(V, W), for open subsets U C R?,
V CRI W CR", and let K C U be compact. By definition, there exist \; € A,
1 = 1,2, such that g € E{MM}(K, V) and f € €{MA2}(g(K),W), and there exists
A > N, i =1,2. By (Dpapy)), there exists p € A such that (M*)° < M*, and thus,
by Proposition we have fog e EM"}(K, W) which implies the assertion. [

4.11. Theorem. For a weight matriz M satisfying (Mac)) and (My)) the following
are equivalent:

(1) €™ s stable under composition.
EM) is holomorphically closed.

(2)
(3) For all A € A there are p € A and C' > 0 so that (M}’ )% C(M,i‘)% if j < k.
(4) M satisfies (Mpap))-

is only needed for (1) = (2); (Mqc))) is only needed for (3) = (4).
Proof. (1) = (2) This is obvious, by [4.6{(4).

(2) = (3) We follow [10]. Since all M> are weakly log-convex, £™)(R) is a
Fréchet algebra which is locally m-convex, by [29], i.e., £™)(R) has an equivalent
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seminorm system {p} such that p(fg) < p(f)p(g) for all f,g € EM(R). So for
each A € A, compact K C R, and p > 0 there exist p, 4 € A, compact L C R, o >0
and constants C, D > 0 such that

1718 < Co(f™) < Co(f)™ < CO™(IF1¥e)™,  f € EPV(R),m € N,
in particular, for fi(z) = €** and p = 1, we find
Typx (mt) < CD™(Tarn (£))™
Let j < k and suppose that k = jl with [ € N. We have, for some constant C,

1

(Taps () F = (Tapr (1) F < CHDT (Tage(4))7 < C(Thn(5))7,

ol ol
thus
t ol 1
EIMMF =sup ———— >sup ————— = — (jIMH)7.
(M) >0 (Thya (£)% >0 C(TMM(ﬁ)ﬁ C(j ;)
In general choose | € N such that Ij <k < (I+1)j. Then, as (k:!M,i‘)% is increasing,
Ay L . NE 1 _o(l+1),. 1
(KIME)*x > (M) > E(J!Mf)] 2 T(J!Mf)]7
and, by Stirling’s formula, there is a constant C' > 0 such that (Mj“)% < C’(M,ﬁ‘)%
for all j < k.

(3) = (4) The assumption implies that Mf ng < C*M for all B; € N5
with 81 + -+ + B85 = k. By (M), there exist v € A and D > 0 so that M} ;| <
DkM,’; for all k> 1. Let I := {i: a; > 2} and set o := a; — 1. Then, as v < p,

MJL'/M51 a 'M:X/j = MJy(Mf)j7|I| HM; < DkijMJI’)(Mf)jim HMSQ
i€l iel
< DFI(My ek My < CF M,
which shows (4).

(4) = (1) Let g € E™(U,V) and f € £ (V, W), for open subsets U C RP,
V CRY W CR", and let K C U be compact. By definition, for each p € A we have
g€ EMINK, V) and f € EM)(g(K),W). By (M (ran)) and by Proposition

we obtain fog € S(MA)(K, W) for each A € A which implies the assertion. O
4.12. Composition operators. Let 9t be a weight matrix. If 9t satisfies
, we may consider the nonlinear composition operators
comp™ : e (RP R?) x EPN(RI,R") — EPNRP R") : (g, )+ fog
EP(RP, ) : EPNRP,RY) — EPNRP R) : g fog, feEP(RYR),
by Theorem and Theorem

4.13. Theorem. We have:

(1) If M satisfies (Mpap))), then comp™) is continuous.
(2) If M satisfies (M pagy)), then ETH(RP, ), for f € EPH(RI,RT), is continuous

and comp™} is sequentially continuous.

Proof. We follow [I] and subdivide the proof into several claims.

4.14. Claim. If 9 satisfies (Mpap)), then comp™ is bounded.
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We treat the cases €™ and 1™ separately.
(EM = £} Let By € EM(RP,RY) and By C (R4, R") be bounded sub-
sets. Let K C RP be an arbitrary, but fixed, compact subset. Then B; is bounded

in EM(K,RY). Since the inductive limit 1M} (K, RY) = lim ) EM (K, RY) is
regular, see B; is contained and bounded in some step E%M (K,R?), i.e., there

exist Ay € A and p; > 0 such that sup cp, ||g||%;11 < o0. In particular, the closure

(4.15) L:= | g(K)
geEB
is a compact subset of R, and By is bounded in E™} (L, R") = li_II;(A ») 5,];W (L,R").

So there exist Ay € A and p > 0 such that sup ¢z, Hf||%4;22 < oo. For A := max \;,
we have

A A
(4.16) C1 := sup HgH%m <oo and Cs:= sup ||f||ﬁ/{p2 < 00.
gEB feBs

By the proof of Proposition [3.1] we find that

Ayo
(4.17) sup  ||f og||(lév,la) < C1Csp2 < 00,  with o := p1(1+ p2Ch),
(9,f)€B1XB2

and by (M pqpy) there exist € A and C' > 0 such that

m Ayo
(4.18) sup foglfeo < s [foglil,) <o
(9,f)€EB1X B2 (9,f)EB1X B2
Since K was arbitrary, comp{™} (B, x By) is bounded in (™} (RP, R").
(EP = €M) Let By € EM(RP,RY) and By € £ (R, R") be bounded. Let
uw e A let K CRP be compact, and let 7 > 0. By , we find A € A and
C > 0 such that (M*); < C*M} for all k. Choose p > 0 so that 7/C = \/p+ p

and set p; = \/p. Let C1 be defined by (4.16)); B; is bounded in S%A (K,R?). Set
p2 = /p/C1 and let O3 be defined by (4.16)); By is bounded in SIA (L,R"™), where L
is defined by (4.15)). As before we may conclude (4.17)) and (4.18)), where 0 = 7/C,

which completes the proof of the claim.

4.19. Claim. If 9 satisfies (Mpap)), then comp!™ is sequentially continuous.

(EM = &M Let (g, fn) — (g, f) in EHRP,RY) x EMH(RI,R™). Then
the sets By = {g, : n € N}, By := {fn, : n € N}, and {f, 09, : n € N} C
comp!™} (B, x By) are bounded, by Claim Let K C RP be an arbitrary,
but fixed, compact subset, and let L be given by . By regularity of the
inductive limit £ (K, R") = @(A 5 SyA(K,RT), the set {f, o gn : n € N}

is contained and bounded in some step &M * (K,R") and hence is precompact in

EM"(K,R"), where A < p and p < o, see and so it has an accumulation point
he &M . (K,R"). Tt is well-known that composition of continuous mappings, i.e.,
comp? : CO(K, L) x C°(L,R") — CY(K,R"), is continuous, see e.g. [I4, Thm. 3.4.2],
and thus f,0g, — fogin C°(K,R"). It follows that fog = h. As K was arbitrary
the assertion follows.

(M = £ The proof is analogous; note that here {f, o g, : n € N} is
precompact in every step EM" (K, R").
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4.20. Claim. If 9 satisfies (Mpap))), then comp™) is continuous.
This follows from Claim since £ (RP, R?) x £ (R, R") is metrizable.

4.21. Claim. If 0 satisfies (Mipapy)), then EMH(RP, f) is continuous.

Arguments similar as in the proof of Claim [£.19]show that the restricted mapping
EMMHEK, f) : MK, RY) — MK, R") is sequentially continuous, thus contin-
uous, for each compact subset K C R?, since £{™ (K,R7) is sequential, by and
e.g. [31, 8.5.28]. The projective structure of £{™M}(RP RY) = Jm EM (K RY)
implies that the mapping E{m}(RP7 f): D (Rr RY) — g7 (RP,R") is continu-
ous. ([l

4.22. Corollary. Let M € RY satisfy (Mgag). Then comp™) is continuous,
EWMIRP f), for f € EMIRI,R"), is continuous, and comp!™} is sequentially
continuous.

Proof. This is a special case of Theorem weak log-convexity of M is not
needed here. O

4.23. Remark. If M additionally has moderate growth, then the mapping comp!*!
is even £M] which is a consequence of the £[Ml-exponential law, see |25, 5.5]. We
expect that more generally comp!™ is £ if M satisfies (M pap)) and (D[ ng])-
This is work in progress and will appear in a forthcoming paper.

5. WEIGHT FUNCTIONS AND [OJ}—ULTRADIFFERENTIABLE FUNCTIONS

5.1. Weight functions. Let % be the set of all continuous increasing functions
w : [0,00) = [0,00) with wljo,;) = 0, lim;_,oc w(t) = 00, and so that the following
assumptions , , and are satisfied:

(w1) w(2t) = O(w(t)) as t — 0.

(we) log(t) = o(w(t)) as t — cc.

(w3) ¢t w(e) is convex on [0, 00).

Occasionally, we shall also consider the following conditions:

(wq) w(t) =O0(t) as t — oco.

(ws) w(t) =o0(t) as t — o.

(we) IH>1Vt>0:2w(t) <w(Ht)+ H.

(wr) 3C>03tg>0VA> 1Vt >ty : w(At) < Chwl(t).

(wg) 3C >03H >0Vt >0:w(t?) < Cw(Ht)+C.

Then # forms an abelian semigroup with respect to pointwise addition, which also

preserves all conditions f.

For w € # the Young conjugate of ¢, given by
©*(t) :=sup{st —p(s): s >0}, t>0,

is convex, increasing, and satisfies ¢*(0) = 0, p** = ¢, and lim;_, so%(t) = 0.
Moreover, the functions ¢t — @ and t — @ are increasing. Cf. [9]. Convexity
of ¢* and ¢*(0) = 0 implies

(5.2) PI(t) +¢"(s) <@ (t+s) < 597(2) + 597(25), 1,5 20,

Note that w(t) := max{0, (logt)*}, s > 1, belongs to # and satisfies all listed
conditions except .
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For w,o € # we define:
w=o & o(t)=0w(t) ast— oo
wro & w=ocando<w
wdo & o(t) =o(w(t)) ast — oo

5.3. |w]-ultradifferentiable functions. Let w € # and let U C R™ be open.
Define

EWNU) = {f € C*(U,R) : VK C U compact Vp > 0: [ f||% , < oo}
el = {f € C*(U,R) : VK C U compact 3p > 0: || f[|% , < oo}

1715, = sup {179 @) e 2 exp(—L"(ok)) s 2 € K.k € N}

and endow £@)(U) with its natural Fréchet space topology and £1}(U) with the
projective limit topology over K of the inductive limit topology over p; note that it
suffices to take countable limits. We write £/ for either £) or £{¢}. The elements
of EWN(U) are called [w]-ultradifferentiable functions; an (w)/{w}-ultradifferentiable
function is said to be of Beurling/Roumieu type, respectively. For compact K C U
with smooth boundary, set

g2 (K) = {1 € C=(K) : ]I, < o0}

E@(K) = {f € C®(K):Yp>0: | fl%, < oo} = lim &% (K)

W K) = {f €C¥(K):3p>0: %, < oo} = lig £ (K).

We shall also use £41(U, V), E&(K, V), and EF(K, V) for open subsets V' C R™.
Note that £! is quasianalytic if and only if
< w(t
/ ﬂdt =00
12

1
(e.g., by Corollary and Theorem below), and in this case we say that w is
quasianalytic.

5.4. Examples. For s € R> the weight function *(t) = tﬁ has all properties
listed in except and if s = 0; it is quasianalytic if and only if s = 0.
The elements of £V} (U) are exactly the real analytic functions C*(U) and the
elements of £0")(U) are exactly the restrictions of entire functions H(C™). The
class E17°} coincides with the Gevrey class G115,

5.5. Associated sequences. For w € # and each p > 0 consider the sequence
Qr € RY) defined by

0 = g exp(59" (k).
By the properties of p*, each Q7 is weakly log-convex, (k!Qi)% oo, and QP < Q°
if p <o. By (5.2),
(5.6) JIQCRIQY < ( + k)IQY, < IR, k€N

In particular, Qf 1 < CQip for all k, where C > 0 is a constant depending on p.
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With Q” we may associate the function w, := log oTg,, cf. [20, (3.1)]; then

w(t).

w,(t) = sup(klogt — 1" (pk)) < sup(slogt — 1" (ps)) = +
keN s>0

5.7. Lemma. For w € # we have w = w, for all p > 0.

Proof. It suffices to show that w =~ wy; for arbitrary p > 0 replace w by %w. By
[27, 1.8.I11],

wi(t) = :ug(klogt — " (k) = kilogt — " (kt),
€

where k; € N is such that wy, <t < wy,+1 and wy, := kQ}/Q)_, 7 oco. Consider
the function f; : [0,00) — R given by fi(s) = slogt — ¢*(s), which is concave (for
t > 1) since ¢* is convex. Concavity of f; shows that w(t) = supgsq fi(s) = fi(st)
for a point s; € (ks — 1,k + 1). B

Assume that s; € (k¢, ke + 1). By concavity of f; and since f;(0) = 0, we find

folse) < L sy < L8 (y 41) < 2, (e)
and hence w(t) < 2wq(t) for sufficiently large t. The case s; € (ki — 1,kt) is

similar. O

5.8. Corollary. For w € # we have:

(1) w is quasianalytic if and only if each (equivalently, some) QF is quasianalytic.
(2) w satisfies if and only if each (equivalently, some) QP has moderate growth.

Proof. This follows from Lemma[5.7] [20, Lemma 4.1], and [20, Prop. 3.6]. O
5.9. Lemma. Forw € # we have

(5.10) Yo >03H>1Yp>03C>1VkeN:o"Ql <CQ”.

Moreover, w € W satisfies if and only if

(5.11) Vp>0Vr>0: Q"= Q.

If w € W satisfies then

(5.12) 3C>1p>0:0C 907,

It follows that is an obstruction for .
Proof. The following inequality is well-known (see e.g. [16, p. 404]):

(5.13) AL > 1Vt > 0Vs € N: L¥*(t) + sL°t < o*(L*t) + » L',

i=1
For the reader’s convenience we give a short proof. By , there exists L1 > 1
such that w(2t) < Liw(t) + Ly for all ¢ > 0 and hence there exists L > 1 such that
o(t+1) < Ly(t) + L for all t > 0. Thus, for t > 0,

©*(Lt)+ L = s;qg(Lts — (p(s) = L)) > Slill)(Lts —Lp(s—1)) = Le*(t) + Lt,

and (5.13)) follows by iteration.
By choosing s such that e® > ¢ and by setting t := pk, H := L® and C :=

exp(Hip i1 LY), we see that (5.13)) implies (5.10).
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Let us prove that (we)) implies (5.11)). By there exists a constant H > 1
such that 2w(t) < w(Ht) + H for all £ > 0, and, consequently, as w|jo,1) = 0,

©*(t) = sup(ts — w(e®)) = sup(ts — w(e®)) = sup(tlogu — w(u))
s>0 seR u>0

> sup(tlogu — sw(Hu)) — $H = $¢*(2t) — tlog H — H.

u>0
By setting t := pk, we may conclude that
3H >1Vp>0Vk € N: Q¥ < e% H*Q!

which implies 227 < Q° for all p > 0. Iteration and the fact that Q* < Q27 yield
Q2"P 2~ O for all p >0 and all n € N, and (5.11)) follows.
Conversely assume ({5.11) which means that

Vp>0Vr>03C>0VkeN: Lp*(pk) < Ck+ 1" (k).
By (5.2), we may conclude that
Yp>0Vr>03dD >0Vt>0: %cp*(pt) < Dt + D + 3=¢*(271).

Thus
Lo(t) = sup(ts — 5=¢* (2rs)) < sup(ts + Ds — 2" (ps)) + D = Lo(t + D) + D,
s>0 s>0
and, hence,
Sw(t) < %w(eDt) +D.

Setting p = 4 and 7 = 1 implies .
Let us prove (5.12). By there exist constants C, H > 0 such that

Co* (%) = SI;IS(Zt logu — Cw(u)) = sgpg(% logu — Cw(Hu)) + 2tlog H
< sup(2tlogu — w(u?)) + 2tlog H + C = ¢*(t) + 2tlog H + C.
u>0

By setting ¢ := pk we find that for all p > 0 and all k € N

e}
(26)105, < er HRIO.

2 2
Thus the sequence L = (Lj) defined by k!Ly = (2k)!1Q5 > (kIQF)? satisfies
p
QC < L % QP which implies (5.12]). O

5.14. Theorem. Let w € #, let U C R™ be open, and let K C U be compact.
Then:

(1) For each p > 0 we have E'NU) C £WHU) and EW)(U) € EX)(U) with
continuous inclusion.
(2) We have as locally convex spaces

g(w)(U) — @g(ﬂp)(U) and g{w}(K) _ hgg{ﬂp}(f().

p>0 p>0

(3) w satisfies if and only if E'N(U) = EWNU), for each p > 0, as locally
convex spaces.
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(4) If w satisfies (wg)), then also
ELNU) =lm EPNU) = lm EPHU)  and

p>0 p>0
£l (K) = lim £19) (K) = limg £ (K)
p>0 p>0

as locally conver spaces.

Proof. (1) Let p > 0 be fixed. If f € E{?"}(U) then for each compact K C U there
exists o > 0 such that ||fHK » < 0. By (5.10)), there exist constants H,C' > 1 such
that
00 > ClfI¥s > 1F1%1 = 1115 00

whence f € £H(U).

Assume that f € £@)(U). Let p > 0 and o > 0 be fixed. By (5.10), there exist
constants H,C > 1 such that Qf < CakaHp for all k. Since f € £&)(U), for each
compact K C U we have ||f||“I’<% < 00, and, thus,

00> CIIfl%, 4 = CUFIRE 2 A1
Since o > 0 was arbitrary, we may conclude that f € £€")(U).
(2) follows from (1), since the inclusions £« (U) D r&lp>0 E)N(U) and
EWHK) C 13 S{Qp}(K) are clear and continuous by definition.

(K
(3) follows from (2), (5-11)), and Proposition 1).
(4) is a direct consequence of (2), (5.12), and Proposition 1). O

5.15. Corollary. Let w € # and let U C R™ be open. Then EXN(U) = EXN(U) as
locally convex spaces, where the weight matriz 20 := {QP : p > 0} satisfies

* Memg)) and (Mymg)

o (M) and (Maigy

° fmm} and 19)7@1 .
If w satisfies ., respectively ., then 20 satisfies (9 , respectively (9 (ce) m
If w satisfies ., then 2 satisfies (| and ( m

Proof. This is an immediate consequence of Theorem u ., and -

For w(t) = max{0,t — 1} ~ ¢t we find p*( —tlogt—t+1 fort > 1, ¢*|j0,1) =
0, and it is easy to see that 1.) implies (M) and (ws) implies (N(cw)), by
Lemma, That (ws)) implies (M pr)|) and (DMpry) follows from (5.12)). O

~

5.16. Lemma. For w,c € # we have:
(1) Ifw =0 then 3H > 1V¥p>03C >0:Q < OxnHr.
(2) Ifw<to then VH >0 Vp>03C >0:0° < OXHr.

Here X are the sequences associated with o.

Proof. (1) If w < o then there exists H > 1 such that o(t) < Hw ( )+ H for
all ¢ > 0, and thus also ¢, (t) < He,(t) + H and finally Hp¥ (t) < % (Ht) + H.
Setting t = pk gives the assertion.

(2) If w <t o then for all H > 0 there exists D > 0 such that o(t) < Hw(t) + D
for all ¢ > 0, and thus Hy} (1) < @i (Ht) + D as in (1). Setting t = pk gives the
assertion. 0
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5.17. Corollary. For w,o € # we have:

(1) w=0= & C &l and EXI(R) C EFIR) = w < 0.

(2) wxo= W CEE and EWHR) CEDR) = w<o.

(3) There is no o € # such that £« (R) € EFN(R) ¢ £1“H(R).

Proof. (1) If 20 := {Q” : p > 0} and & := {X° : p > 0}, where X are the
sequences associated with o, then in view of Proposition and Corollary it
suffices to show

(1) w =< o if and only if W[<]E.
If w < o then Lemma implies 2(=<)S as well as W{=<}6.
Conversely, assume 20{=<}6, i.e., using ([5.10)),

Vo>03r>03C >0VkeN: %@Z(pk;) < Lor(tk) +C,

and, by (5.2),
¥p>03r>03D>0Vt>0: 05 (pt) < 5295 (27t) + D.

Thus

3 ¢o(t) = sup(ts — 3:95(275)) < sup(ts — 205(ps)) + D = Spu(t) + D,
and, hence,
(5.18) 3:0(t) < tw(t) + D,

which implies o(t) = O(w(t)) as t — o0, i.e., w X 0.
If 25(=X)S, then the same arguments yield (5.18)), but with swapped quantifiers:

Y7 >03p>03D >0Vt >0: 5-0(t) < Jw(t) + D.
Again this implies w < 0.

(2) If w <t o then Lemma implies £« C £0). Conversely, if £{“H(R) C
E£)(R), then £} admits a characteristic function and is contained in £(°), thus
Vp>0Vr >03C>0VkeN: Lok (pk) < 2o} (Tk) + C.

As in (1) we may derive that for all p,7 > 0 there is D > 0 such that (5.18) for all
t >0, hence o(t) = o(w(t)) as t — o0, i.e,, w < 0.

(3) If E@I(R) C £1H(R), then W(=<}&, by Corollary and Proposition
Similarly as in (1) we may derive that there exist p, 7 > 0 such that (5.18)), and so
w = 0. This and (1) imply the assertion. O

As EWNU) = C¥(U) and EW(U) = H(C™) (via restriction), condition is
equivalent to C¥ C &£ {@} and condition is equivalent to C¥ C & (@),

5.19. Intersection and union of all non-quasianalytic Gevrey classes. For
the weight matrix & = {G*® : s > 0} with G* = (G3) = ((k!)*)

(5.20) £@(U)=(6""*(U), U CR" open,
s>0
is the intersection and

(5.21) ENK) = U G'**(K), K CR" compact,
s>0
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is the union of all non-quasianalytic Gevrey classes G'+* = £{¢"} (as locally convex
spaces). Indeed G* < G* for all s < & (so & satisfies (Mgr)) and (Npry)), and

hence we get (5.20] m
£OWU) = N eW) = N9 W) = g+ W),

s>0 s>0 s>0
while is evident by definition. Note that £(®), and hence also £{®}, is non-
quasianalytic; in fact, the sequence L = (L) defined by k!Lj := k*(log(k + €))?*
non-quasianalytic and satisfies L <t G® for all s > 0, and, as (k!Lk)% is increasing,
£ is non-quasianalytic, by the Denjoy—Carleman theorem.
The following theorem shows that there exist spaces ™ that are different from
EMI a5 well as from £

5.22. Theorem. Neither £®)(R) nor E{®}(R) coincides (as vector space) with
EM(R), EIMH(R), E@(R), or EHR) for any weight sequence M or weight func-
tion w.

Proof. We show first that, given a weight matrix M = {M* : A € A} with
M?* 3 M* for all A\ # p, there cannot exist a weakly log-convex M € Rﬁo such that
EMI(R) = EIMI(R). Indeed, if there is such M, Proposition implies M ~ M*
for some A. Then, by Proposition 1),

gD (R) = ﬂé‘ c EM(R),

and, for compact K C R,

£ (R) = M (R ﬂgm} ﬂUg{MA}(K
S5 Umg{M VK Ug{M HR) D £MHR),

which contradicts the assumption in both cases.

As £®)(R) contains C*(R) it cannot coincide with M) (R) for any weight
sequence M, by Theoremand the first paragraph; neither can £{%} (R) coincide
with EIMH(R).

If there exists w € # such that £(®)(R) = £«)(R), then Proposition 4.6/ implies
that for each p > 0 there exist s, p’ > 0 such that

(5.23) QO <G =Q”,
and thus, by Proposition 1),
oy C glits c glor},

1
Since G1+* = £17} with ~(t) = tT+s, using the fact that there exist characteristic
E}and £} -functions (where ' are the sequences associated with +), and by

(5.10)), we may conclude that, for all &,

S95(0'k) < 2o (th)+C and ¢4 (Tk) < 595 (Hpk) + D,
for suitable constants 7,C, D, H. As in the derivation of (5.18)) this implies w = ~
and hence £(®)(R) = £@)(R) = EO(R) = £(E)(R), a contradiction. Thus there
is no w € # with £(®)(R) = £)(R).
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If there exists w € # such that {8} (R) = £1“}(R), then Propositionimplies
that for each p’ > 0 there exist s, p > 0 such that @ Then the same arguments
show w =~ 7 and hence £18}(R) = £{«}(R) = £1}(R) = G'*5(R), a contradiction.
Thus there is no w € # with E{®}(R) = £{«}(R).

For the remaining cases note that DM(=X}N{<)M as well as M{<)N(=<}M is
impossible for any two weight matrices 9,9 € #. This fact together with
Proposition (and Theorem implies that there is no weight sequence
M and no weight function w so that £(®)(R) = £IMI(R), £@)(R) = £{“}(R),
EBHR) = EM(R), or £18}(R) = £&)(R). The proof is complete. O

5.24. Corollary. Composition is continuous on the intersection of all non-
quasianalytic Gevrey classes. More precisely, comp(®) is continuous, 5{6}(Rp,f),
for f € 8{6}(R‘1,RT), is continuous, and compl®} is sequentially continuous.

Proof. This follows from Theorem .13 and Theorem [5.221 [
We expect that compl®! is even £[®], see Remark

5.25. Remark. More autonomous spaces £ can be produced by choosing the

weight matrix 9 = {M* : X > 0} such that each M?* has moderate growth,

satisfies lim(MQ)*% > 0 and lim i}, /up > 1 for some n € N with pp = kM) /M|,

and M* % M* for A # pu. Here we may use the comparison theorems in [8] and

argue as above.

6. STABILITY UNDER COMPOSITION OF £

Stability under composition of £1“! was characterized in [16] for non-quasianalytic
weights w. In this section we apply the characterization obtained by means of the
associated weight matrix 20 = {Q” : p > 0} and relate it to the results of [16].

6.1. Lemma. Ifw € ¥ is sub-additive, then for each p > 0 we have (2°)° < Q2F.

Then the weight matrix 20 satisfies (M (pgp)) and (N rapy)).-

Proof. Sub-additivity of w implies

(6.2) VO <, jkeN,

see [I7, Lemma 3.3]. Indeed, we have exp(%cp*(pk)) = sup,s; s* exp(—%w(s)) and
hence, using sub-additivity of w,
STtk (s+t)Itk

0°0° < sup —— exp(—tw(s+ 1)) < sup ———
J k _s,tzpl ]'k' p( P ( )) _s,tzpl (j+k)'

By (5.6), (6-2) and since Q¥ < Q27 we get, for ; € Nog with ag + -+ +a; =k,
QY -0 < IR Q2 < CI0Y

a;—1"

exp(—%w(s +1) <.

which implies the assertion. ([

6.3. Theorem. For w € # satisfying the following are equivalent:

(1) &t is stable under composition.

(2) For each p > 0 there is T > 0 so that (2°)° X Q7, i.e., W satisfies (Mpany)-
(3) There exists a sub-additive 0 € # so that w = &.
(4)

w satisfies .
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Proof. (1) < (2) follows from Theorem [4.9) and Corollary
(3) & (4) See [32, Prop. 1.1] and ﬂBIIL Lemma 1].
(3) = (2) follows from Lemma [6.1}

(2) = (3) The proof is inspired by [16, Prop. 2.3] which treats the non-
quasianalytic case. We do not assume non-quasianalyticity (or quasianalyticity)
and use Claim m to remedy the lack of £{“}-functions of compact support.
If w does not satisfy , then there exist increasing sequences (k,) € NN and
(tn) € RY, so that

(6.4) W(kntn) > n?kpw(ty,).
Set a,, := e ") and f,(z) := ane’*, x € R. Then

1£2l1% » = an sup(t], exp(= 5" (p]))) = an expsup(jlogt, — £¢"(pj))
JjeEN JjEN

— g~ nw(tn) gwp(tn) < e—(n—%)W(tn)

and so {f, : n € N} is bounded in £{“}(R,C) (even in £ (R,C)). The set
{C 3> 2+ 2¥: k € N} forms a bounded subset of £{«}(D,C), where D C C is the
unit disk and where we identify C =2 R?). Indeed, for |z| < r < 1 choose p > 0 such
that r + % < 1, and thus

|09 2% <k> o 1 1\
sup ——— <sup | . |7 J—.g(r+7).
jen pj! i<k \J P’ P
So {z + 2* : k € N} is bounded in C*(D, C) and, by (w4), in £{“}(D, C). Since W

satisfies (M rpqpy|) by assumption (2), we may conclude, from Claim that the
set {f¥ :n,k € N} is bounded in £{«}(R,C). Thus there exists p > 0 such that

oo > sup |(f¥)V(0)|exp(—L¢"(pf)) = sup_ay(tnk)’ exp(—2¢"(pj))

n,k,jEN n,k,jEN

= sup afertk) > D sup afbe%“’(t"k) =D sup e Ml Ewltnk)
n,keN n,keN n,keN
for constants C, D > 0, by Lemma which contradicts (6.4]). O

6.5. Theorem. For w € # satisfying the following are equivalent:

(1) €@ is stable under composition.

(2) £ is holomorphically closed.

(3) For each p > 0 there exists T > 0 so that (Q27)° = QP i.e., W satisfies .
(4) There exists H > 1 so that for each p > 0 we have (Q°)° < QHr.

(5) There exists a sub-additive 0 € # so that w = &.

(6)

w satisfies (wr|).
Note that is needed only for (1) = (2).

Proof. (1) < (2) & (3) follows from Theorem and Corollary
(2) = (6) follows from an argument due to [10], see [16] p. 405].

(5) < (6) See [32, Prop. 1.1] and [30, Lemma 1].

(5) = (4) follows from Lemma [6.1] and Lemma [5.16

(4) = (3) is evident. O

6.6. Corollary. For w € W satisfying the following are equivalent:
(1) For each p > 0 there exists T > 0 such that (2°)° < Q7.

Py
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(2) For each p > 0 there exists T > 0 such that (27)° < QP.
(3) There exists H > 1 so that for each p > 0 we have (2°)° < QHr,

Proof. Combine Theorem [6.3] and Theorem [6.5] O

Special cases of Theorem were proven in [I6 4.2 and 4.4]:

6.7. Corollary. Let w € ¥ satisfy . Then comp™) is continuous, E1} (RP, f),
for f € S{w}(Rq,RT), is continuous, and compi®} is sequentially continuous.

Proof. This is a special case of Theorem [£.13] by Corollary [5.15] Theorem @
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