ON THE BOREL MAPPING
IN THE QUASIANALYTIC SETTING

ARMIN RAINER AND GERHARD SCHINDL

ABSTRACT. The Borel mapping takes germs at 0 of smooth functions to the
sequence of iterated partial derivatives at 0. We prove that the Borel mapping
restricted to the germs of any quasianalytic ultradifferentiable class strictly
larger than the real analytic class is never onto the corresponding sequence
space.

1. INTRODUCTION

It is a classical result due to Carleman [10], [T1] that the Borel mapping that
takes germs at 0 of functions in a quasianalytic Denjoy—Carleman class E{M} to the
sequence of iterated partial derivatives at 0 is never onto the corresponding sequence
space A{M} unless £{M} is contained in the real analytic class. Here M = (M) is
a weight sequence that dominates the growth of the iterated partial derivatives of
the functions in 1M}, and quasianalytic means that the Borel mapping is injective
on M} (precise definitions will be given below). Carleman’s proof is based on his
formula for reconstructing the function f € E{M} from the sequence of its iterated
derivatives at 0 (due to quasianalyticity f is unique); see also [I9] for a modern
account of the proof.

In the recent paper [6] Bonet and Meise prove this result (non-surjectivity of the
Borel mapping) for proper quasianalytic classes £1“} (and £)); the brackets { }
and () refer to classes of Roumieu and Beurling type, respectively (see definitions
below). These classes were introduced by Beurling [3] and Bjorck [4], by imposing
decay conditions at infinity for the Fourier transform in terms of a weight function
w, and they were equivalently described by Braun, Meise, and Taylor [8]. We
shall refer to these classes as Braun—Meise-Taylor classes. In [6] the problem is
transferred to weighted spaces of entire functions via the Fourier—Laplace transform
and functional-analytic methods are applied.

Sometimes £} = £IM} (and £@) = €M) for a suitable sequence M, but
in general the families of classes described by weight functions w and those de-
scribed by weight sequences M are mutually distinct; see [7]. However, the method
developed in [14] allows us to describe the classes €1} (and £)) as unions (or in-
tersections) of associated one parameter families of Denjoy-Carleman classes E{W"}
(or € (Wz)), where W7 are weight sequences associated with w in a precise way de-
pending on a real parameter z. More generally, this construction can be turned into
a definition, and in this manner one obtains ultradifferentiable classes 1™} (and
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EM) defined in terms of weight matrices M = {M?®},. These comprise the clas-
sical Denjoy—Carleman classes E1M}, €M) the Braun-Meise-Taylor classes £1¢},
£ and many more; cf. [T4, Theorem 5.22]. This new technique often makes it
possible to treat all these classes uniformly, while previously every setting required
a special proof.

In the present paper we will show in an elementary way that the Borel mappings

5O g S AP and 5o g0 — APV f = (9°£(0))as

are never surjective in the proper quasianalytic setting (proper means not contained
in the real analytic class). Here 8&?3} (resp. 55?33)) denotes the ring of germs at 0 €

R™ of functions in £} (resp. £™), and A (resp. Asm)) is the corresponding
sequence space. As a corollary we recover the results of Bonet and Meise [6].
We actually show more: if {7 (resp. £ (zm)> is a proper quasianalytic class then

there exist elements in AL™ (resp. A£Z“m>) that are not contained in

(1.1) j°°<U{ 333} : 56{33} is quasianalytic});

see Theorems and@ Note that, since trivially 56?31) C & M this result implies

o,n

all statements above. In particular, A;{f}} (resp. A%w)) is not contained in
j* ( U {5&2} : 0 is a quasianalytic weight function}).

Our proof is based on Bernstein’s theorem on absolutely monotone functions [2]
and on a theorem due to Bang [I] (Theorem [1| below), which we recall with full
proof for the sake of completeness.

Let us emphasize that our proof also provides some partial information on the
image . If n = 1 (for simplicity) then cannot contain any strictly positive
sequence a = (ay) unless a defines a real analytic germ. Even for a single quasian-
alytic weight sequence M it is generally not known how to identify the elements of
jmgéﬁ“ among those of AiM}.

We wish to mention the recent paper by Sfouli [I8] in which Carleman’s result
is obtained for quasianalytic local rings defined in an abstract way. This abstract
definition includes stability under composition and differentiation. These rather
restrictive properties (see e.g. [15] for a characterization of the former) are not
required in our setting. Moreover, the approach of Sfouli yields Carleman’s result
only in dimension n > 2.

2. WEIGHT SEQUENCES AND DENJOY—CARLEMAN CLASSES

Let us recall some basic facts on weight sequences and define Denjoy—Carleman
classes and its germs.

2.1. Denjoy—Carleman classes and its germs. Let M = (My)ren be a positive
sequence and let U C R™ be an open non-empty set. Then the set £{M }(U) of all
f € C=(U) such that for all compact K C U there exists p > 0 with
0% f ()]
Hf”I]\g,p = Subp < 00,
z€K, aeNn P M\a|
is called the Denjoy—Carleman class of Roumieu type associated with M. It is
endowed with the natural projective topology over K and the inductive topology
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over p € N. Analogously, we define the Denjoy—Carleman class of Beurling type
EM)(U) consisting of all f € C°°(U) such that for all compact K C U and all
p >0, ||fHAK4p < oo, and endow it with its natural Fréchet topology (1/p € N).

Let us define the spaces of germs at 0 € R™,

k' k
M= indpen EM (-1, Lym).

N

&
Finally we consider the sequence spaces
AMY = fa = (ay) eCY" : Ip>0: |a|g/1 < oo},
AM = {a = (aa) €CV" : Yp>0:a} < oo},
where

M ._ |aq|
ol S Ty
Then A;{ZM} is an (LB)-space and A%M) is a Fréchet space.

With the sequence M = k! we recover the real analytic functions E'}H(U) =
C*(U) and restrictions of the entire functions £*")(U) = H(C") if U is connected.
We denote by Oy, the ring of germs of real analytic functions at 0 € R".

By convention we write £IM] if we mean either E{M} or €M) similarly A%M]
stands for A;{LM} and A,(lM), etc.

2.2. Weight sequences and properties of Denjoy—Carleman classes. We
shall impose some mild regularity properties on the sequence M = (Mj) that
guarantee, in particular, that 5&%] is a ring.

By definition, a weight sequence is a sequence of positive real numbers M =

(M) ken such that:

(2.1) 1= My < M,

(2.2) k — M is logarithmically convex (log-convex for short),
. 1/k

(2.3) hmkmf m,/ " > 0.

Given a sequence M = (M},) we associate the sequences m = (mg) and u = (ug)
given by

M, ip

mp ‘= ﬂ’ Kk = Mk71 .

Note that (2.1)) and (2.2 imply that My and M ,i/ ¥ are non-decreasing.

Remark 1. Under the assumption that C« C £{M} (resp. C¥ C E(M)) which
we shall always make, , , and are no restriction of generality for
our problem, because one can change to the log-convex minorant M of M which
describes the same function space: M = £IM] gee [14, Theorem 2.15], whereas
A C AIM]

In [14] and [15] we denoted by M = (M}) the sequence which here is denoted
by m = (my). We deviate from our former convention for notational simplicity.
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For arbitrary positive sequences M = (M) and N = (Ny) we define

k Mk 1/k
M<N = 3Cp>0vk: M, <Cp"N, o sup(N—) <0
k k

and

k . Mk 1/k

M<aN & VYp>03C>0Vk: My <CoFNy & hin(N—k) =0
Then M =< N implies EM C Nl and AIM C AV and M < N implies £1M} C
EW) and AT} C AMN)| The converse implications hold if M is a weight sequence;
cf. [T4, Proposition 2.12] and [12, Lemma 2.2], that A C A(N) implies M < N
follows from the argument in [9]. In particular, holds if and only if the real
analytic class is contained in £}, and furthermore, if and only if the restrictions
of all entire functions are contained in £™). The inclusion of the real analytic class
in EM) is equivalent to the condition

(2.4) mi/k — 00.

A weight sequence M = (My,) is called quasianalytic if

Z — =00, or equivalently, Z ik X
=1 Mk k=1 M

The famous Denjoy—Carleman theorem (cf. [I2] Theorem 2.1]) holds that M = (My)
is quasianalytic if and only if M is quasianalytic, i.e., for open connected U C R”
and each a € U the Borel mapping f +— (9% f(a))q is injective on EMI(U).

Remark 2. A class £IM! is called non-quasianalytic if it is not quasianalytic. This
is equivalent to the fact that there exist non-trivial £M)-functions with compact
support.

3. A PROOF OF CARLEMAN’S THEOREM

We have the Borel mapping
(3.1) 50 M AL f s (9% £(0))aene

If M = (My) is a quasianalytic weight sequence, then this mapping is injective. In

=

this section we will show that it is never surjective if Qg , C 5&%].

3.1. The Roumieu case. Let us first concentrate on the Roumieu case. Due to

a theorem of Carleman, the mapping 7 : 8(‘){%} — A;{TM} is never surjective if

Oon €& (M} equivalently,

= ~“0,n >

1/k
supm,’ = = oo.
k

A concise proof (following the main ideas of Carleman) may be found in [19].

We shall give another proof based on Bernstein’s theorem (cf. [20] p. 146] for a
proof and [B] for a survey of related results) and the following elementary theorem
due to Bang [I]. We reproduce the proof of the latter for the convenience of the
reader and for the sake of completeness (cf. also [13]).
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Theorem 1 (Bang [1]). Let M = (My,) be a quasianalytic weight sequence and let
f e C>=(0,1]) satisfy

(3:2) sup |f9(x)| < M, jeN.

z€[0,1]
If f is not identically 0 and for all j € N there exists x; € [0,1] such that f(j)(xj) =
0, then the series Z;io |z; — x;q1| is divergent.

Proof. For N € N and z € [0,1] set
_ o fY@)
By n(z) = En>aN M,

Let us collect some properties of By n:

(1) Byn(x) <e ™,

(2) By (x) 2 Bynra(z), and By n(2) = Byn (@) if f™)(2) =0,

(3) for all k> N and all z,x + h € [0,1] (h #0),

By n(z+ h) < max{Bj n(z),e "} eIl

(1) and (2) follow easily from the definition and from (3.2)). To see (3) let k > N,
N < j<k,and x,x + h € [0,1]. Then, by Taylor’s formula, for some & between x
and x + h,

. ki1 . ) i
SOz + )] _ U ()] R n [ ()] ||~
eij - P €iji! eij (k‘—j)'
kil , .
IR M SO () My ) )
= M EJ'HM]_H 7! Mj M;, (k—j)‘
k—j—1

ielhl) | _p( Mi k= (e]h))* 7
< (M Y Moy el
fN ; Mk 1 Z! Mk—l (k*])'
< max{Bj ny(x),e*} el
where we used that M = (Mjy) is log-convex. If j > k then, by (3.2] .,
(4) h ,
W < e’ < max{Bj n(x),e F}eclhlre,
This implies (3).
Let f and x; be as in the theorem. Set 75 := Zf;é |zj — 1], k> 1, 79 :=0,
and define for ¢ € [Tn_1,7n],

~ ) BN+ TN —t) ifan <oy,
Bf N(t) = .
Bin(zny—1 —Tn_1+1t) oy >zn_g.
By (3), the function By y is continuous and, by (2), Bfn(7n) = Bfn(zy) =
Br ny1(zn) = By,n+1(7n). So we obtain a continuous function B on the interval
[0,7), where T := supy, 7%, by setting
Bf(t) :ZBfVN(t) iftE[TN_l,TN], N > 1.

By (1) and (2) we find that By(t) < e~V for all t > 75_; and hence Bf(t) — 0
as t — 7. Since f and thus also B ¢ does not vanish identically, the range of B [
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contains all numbers e~* for sufficiently large k, say k > ko. So we may choose
a strictly increasing sequence tj such that Bf(tk) = e % and Bf(t) > e~ * for all
t € (tk—1,tr) (recursively, take for ¢ the smallest ¢ € B;l(e*k) with t > t5_1). By
(3) (applied to each interval in the subdivision of (¢x_1,tx) induced by the points
7N between tp_1 and t;) we may conclude that

Bf(tkfﬂ < Bf(tk) ee(tk—tk,l)uk7
or equivalently,
1
lp = th—1 = —,
CHE

and therefore
k

by >ty + é > i

ko1 Hi
By the choice of the sequence t; we find that 73, > ti, which implies the assertion
as M = (My,) is quasianalytic. O

Corollary 1 (Bang [1]). Let M = (My,) be a quasianalytic weight sequence and let
f e Cc>=([0,1)) satisfy (B.2). If f9)(0) > 0 for all j € N, then f9)(z) > 0 for all
x €[0,1] and j € N.

Proof. Suppose that f()(0) > 0 for all j € N and that some derivative f) has
a zero z; € (0,1]. By Rolle’s theorem, we find a strictly decreasing sequence
T; > Tjp > -+ > 0, where zy is a zero of f(k) for all £ > j. This contradicts
Theorem [l O
M} A

,n

We may deduce not only that j°° : &

56{%}, but that there exist elements in AL} that are not contained in jooéd{,]x} for

any quasianalytic weight sequence N = (Ny).

is not surjective if Op,, C

Theorem 2. Let M = (My,) be a quasianalytic weight sequence such that Og ., C

5(;{7%}. Then there exist elements in AY that are not contained in jocé’éﬁ} for
any quasianalytic weight sequence N = (Ny).

Proof. Without loss of generality we may assume that n = 1. Let a = (a;) € AiM}
be positive, i.e.,, a; > 0 for all j. Let N = (Nj) be any quasianalytic weight
sequence. We claim that if there exists f € Eéf} such that j>°f = a then f € Og 1.
There is > 0 such that f € £V ((—r,r)) and 0 < r; < r and p > 0 such that

sup |f9(x)] < PN, jEN
z€[0,r1]

abusing notation we denote germs and its representatives by the same symbol. Let
us define f(z) := p~' f(riz) and N; := (pr1)?N;. Then

sup |fP(2)] <N;, jEN,

z€[0,1]
and hence Corollary |1 implies that fU)(z) > 0 for all 2 € [0,1] and all j € N, that
is fU)(z) > 0 for all z € [0,7] and all j € N. By Bernstein’s theorem (e.g. [20,
p. 146]), f € Og 1.
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Thus if @ = (a;) is chosen such that it does not define a real analytic germ, which
is possible by the assumption Op , C 56{7]7\14}, then it cannot belong to j‘x’é’éﬁ[} for

any quasianalytic weight sequence N = (Ng). |

3.2. The Beurling case. Here we assume that Op,, C 55%) which is equivalent

=

to the condition (2.4), i.e., m,lﬂ/ ¥ s 00. We shall use the following representation
result which is a special case of Proposition [3] below.

Proposition 1 ([I4, Proposition 2.12]). If M = (My,) is a positive sequence such
that m,lg/k — 00, then

AM = J{AB i LaM, /F = o).
This proposition allows us to reduce the Beurling to the Roumieu case.

Theorem 3. Let M = (My) be a quasianalytic weight sequence such that Og,, <

Eé’]\g). Then there exist elements in A%M) that are not contained in j°°5§_’]x} for any
quasianalytic weight sequence N = (Ny).

In particular, there are elements in A%M) not contained in j 005(57]:1) for any quasi-
analytic weight sequence N = (Ny), since always £€V) C £1N},

Proof. Let L = (L) be a positive sequence satisfying L <« M and K,lc/k — oo. Let
L = (L;,) denote the log-convex minorant of L. We still have L << M and E,lc/k — 00;

cf. [I4, Lemma 2.6 and Theorem 2.15]. Thus L is a quasianalytic weight sequence
(since so is M). The condition ﬁ,lc/ ¥ — oo implies that Oon & 8&%}.

By Theorem there exist elements in ASZ that are not in jooﬁd{ﬁ} for any
quasianalytic weight sequence N = (Ng). This implies the statement by Proposi-
tion [I O

4. WEIGHT FUNCTIONS, WEIGHT MATRICES,
AND BRAUN-MEISE-TAYLOR CLASSES

4.1. Weight functions. A weight function is a continuous increasing function
w :[0,00) = [0,00) with w|p,1] = 0 and lim; o w(t) = oo that satisfies

w(2t) = O(w(t)) ast— oo,

w(t)=0() ast— oo,

logt = o(w(t)) ast— oo,

o(t) := w(e') is convex.

For a weight function w we consider the Young conjugate ¢* of ¢,

¢*(x) ==supzy —¢(y), >0,
y=>0

which is a convex increasing function satisfying ¢*(0) = 0, ¢** = ¢, and x/p*(x) —
0 as z — oo; see [§].
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4.2. Braun—Meise—Taylor classes and its germs. Let w be a weight function
and let U C R™ be an open non-empty set. Then the set £} (U) of all f € C®(U)
such that for all compact K C U there exists p > 0 with

0% f ()]

z€K, aeN? eXP(%‘P*(MO‘D) ’

1fll%,, =

is called the Braun—Meise—Taylor class of Roumieu type associated with w. It is
endowed with the natural projective topology over K and the inductive topology
over p € N. Analogously, we define the Braun—Meise—Taylor class of Beurling type
E@(U) consisting of all f € C°°(U) such that for all compact K C U and all p > 0,
[ f1I%,, < 0o, and endow it with its natural Fréchet topology (1/p € N).

Let us define the rings of germs at 0 € R",

k> k
£6) = indpen E@) (-1, 1)),
and consider the sequence spaces
A i={a=(aa) €CY" : Fp>0:]al]¥ < oo},
A = {a=(as) €CY : ¥p>0: lal}; < oo},
where

laly := su —1|a0‘| .
P o (Lo (al)

Then AL is an (LB)-space and A is a Fréchet space.

With w(t) = t we recover the real analytic functions £8(U) = C¥(U) and
restrictions of the entire functions £ (U) = H(C™) if U is connected.

Again &l gtands for either £1¢} or 5(“’), Agf] for A;{{“} or Ag{"), etc.

For weight functions w and o we define

w=x0o & ot)=0w(t) ast— oo

and

w<do & o(t) =o(w(t)) as t — oo.
Then w =< ¢ if and only if gl C gl if and only if Al € Al and w <o if
and only if £} C £(9) if and only if A{w} C A@); cf. [14, Corollary 5.17]. In
particular, (4.2) holds if and only if the real analytic class is contained in £{*}, and

furthermore, if and only if the restrictions of all entire functions are contained in
£, The inclusion of the real analytic class in £*) is equivalent to the condition

w(t)=o0(t) ast— 0.

A weight function w is called quasianalytic if

[

t2

This condition is equivalent to quasianalyticity of €I
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4.3. The weight matrix associated with a weight function. Given a weight
function w we may associate a weight matriz 20 = {W?},50 by setting

Wi = exp(Le*(zk)), keN.
By the properties of p*, each W* is a weight sequence (in the sense of Section
and W* < WV if x <wy.
The weight function w is quasianalytic if and only if each (equivalently, some)
W? is quasianalytic; see [14, Corollary 5.8].
The associated weight matrix 20 allows us to describe any Braun—-Meise—Taylor
class £ as a union or an intersection of Denjoy-Carleman classes.

Theorem 4 ([14, Corollary 5.15]). Let w be a weight function and let 3 =
{W?},50 be the associated weight matriz. Let U C R™ be any open non-empty
set. Then

ASHIRE proj gy indz>oind,~o 5:;‘/1 (K),
5(w)(U) = prOJKgU Proj, o Projp>o 5pWZ (K)

as locally convex spaces (K runs through a compact exhaustion of U). Here EZVI (K)
denotes the Banach space

EV(K) = {f € C=(K) : [|fI|¥,, < oo}
4.4. Weight matrices and associated ultradifferentiable classes. More ab-

stractly, we define a weight matriz to be a family of weight sequences 9 =
{M?*}zex indexed by a subset X C R such that

(4.5) M* < MY ifx<uy.

For a weight matrix 9 = {M®},cx and an open non-empty set U C R”, we
define the locally convex spaces

) = Proj gy indz>oind,~o 5;\4” (K),
g(m)(U) = Projgcy Projz~o Proj,~o %W (K),
its rings of germs at 0 € R”,
58[,?} = indeen EPV (-1, 1)),
Sé?ff) = indgen 5(930((—%7 "),
and the sequence spaces
A ={a=(a,) €eCV : Jx e X Tp>0: ]l < oo},
AP = la=(a,) eCY" : V2 e X Vp>0: |a|2/11 < oo}
with the natural (LB)- and Fréchet topology. As usual £ means either E{™} or

EM) ete.
For weight matrices MM = {M*},cx and N = {N¥Y},cy we define

MMM & VeeXIyeY:M*<NY
MM & VyeYdreX:M® <NV
and

M)N & VeeXVyeY:M® <NV
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Then M[=<]N if and only if P C £V if and only if AP C APY, and M{<)N if
and only if £ € £V if and only if AT € A®V: see [14], Proposition 4.6].
Analogously to Theorem [] we get:

Proposition 2. Let w be a weight function and let 20 = {W?},~¢ be the associated
weight matriz. Then

Al = AT gpd AW = AD)
as locally conver spaces.

Proof. This follows from the proof of Theorem [4|in [I4, Theorem 5.14]. The argu-
ment is based on the following two facts: by definition,

(4.6) la|® = |a|V", aeCN",
and, by [14, Lemma 5.9],
(4.7) VYo >03H >1Vz >03C > 1Vk e N: "W < CWH=,

The (continuous) inclusions Ailw} C A}{Lmj} and AW D A follow easily from ([4.6]).
If we combine (4.6) and (4.7) we obtain
YVo>0dH >1Vz>03dC >1:

lalti. < Claly” and laly), < Clalyy, aeC™,

which implies the continuous inclusions AV C AR and AW C A%WI), for all
x> 0. O

5. NON-SURJECTIVITY OF THE BOREL MAPPING
FOR PROPER QUASIANALYTIC CLASSES

We shall show in this section that the Borel mapping is never surjective in the
proper quasianalytic setting. We will work in the framework of ultradifferentiable
classes £ defined in terms of a weight matrix 9. In view of Theorem {4 this
includes all Braun—Meise-Taylor classes and thus we recover the result of Bonet
and Meise [6]. The approach via weight matrices allows us to apply the results on
Denjoy—Carleman classes in Section [2]in a direct way.

Let M = {M?*},cx be a weight matrix. Let us consider the Borel mapping

00 m a
(5.1) 50T S AP f s (0% £(0))aenn
The mapping (5.1)) specializes to the mapping (3.1]) if 9 consists of a single weight
sequence M, and it specializes to the mapping
%€ = AL e (0°F(0)acn,
if w is a weight function, thanks to Theorem ] and Proposition

5.1. Quasianalytic weight matrices. It is easy to see that the ring Séf?f} is
quasianalytic (i.e., the Borel mapping j* : 86{?3} — A;{fm} is injective) if and only
if each weight sequence M?* in the weight matrix 9 = {M?®},cx is quasianalytic.

In the Beurling case, Eé?if) is quasianalytic if and only if at least one weight

sequence M?* in the weight matrix 9 = {M*},cx is quasianalytic; this follows
from [I7, Proposition 4.7]. In that case we can assume that all weight sequences in
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M are quasianalytic by removing all non-quasianalytic ones; by the property (4.5))
this leaves the spaces £™)(U), é}g?:f), and ALY unchanged.

In light of this remark we call a weight matrix 9 = {M?*},cx quasianalytic if
each weight sequence M? is quasianalytic. (We warn the reader that the formal

negation of this notion, i.e., 9 is not quasianalytic, means that Séf?f} is non-

quasianalytic, but not necessarily Eéijf).)

5.2. The Roumieu case. We shall assume that 0t = {M*},cx is a quasianalytic
weight matrix such that Op, C 56{?3}. The latter condition holds if and only if

=

Oon C Eéi\fw} for some x € X, or equivalently
Jz € X : sup(mf)F = o0,
k

where mj = M /k!.

Theorem 5. Let M = {M*},cx be a quasianalytic weight matriz such that Op,, <
56{?3}. Then there exist elements in Affm} that are not contained in jooé'éj);} for

any quasianalytic weight matric N = {NY},cy.

Proof. By assumption there exists x € X such that Op, C ngl‘}. Then Theorem
implies that there is an element a = (a,) € Ay{LMI} C A,{fm} such that a & j“géi\j}
for all quasianalytic weight sequences N = (Ny).

Eé?;} for every quasianalytic weight matrix 0t = {N¥},cy.
o g9}
0,n

In particular, a & j*°
In fact, suppose that a € j for some quasianalytic weight matrix 91. Then
there exist 7 > 0 and f € £ ((—2r,2r)") such that j°f = a. By restriction, we

can assume that f € £ ([, r]") and in turn that there exists y € Y such that
f € EWH([—r,7]™). But this contradicts the first paragraph. O

In view of Theorem [4] and Proposition [2] we immediately obtain the following
corollary.

Corollary 2. Letw be a quasianalytic weight function such that Og, & 50{;}. Then
there exist elements in AY*Y that are not contained in joogézl}
weight function o.

for any quasianalytic

Note that the strict inclusion Op, C Sé’“:l} holds if and only if

lim inf M =0
t—00 t

which is immediate from the inclusion relations recalled in Section (.2

5.3. The Beurling case. Here we assume that 9 = {M?*},cx is a quasianalytic
weight matrix such that Op, C Eé?gf). As we will see below this strict inclusion

=

holds if and only if Op,, C & ) for all z € X, or equivalently

(5.2) Vo e X - (md)Y* = oo,

where m§, := M} /kL
We will reduce the Beurling to the Roumieu case. The key to this reduction is
the following lemma.
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Lemma 1. Let M = {M*},cx be a weight matriz. Let L = (Li) be any posi-
tive sequence satisfying L{<)IN. Then there exists a positive sequence N = (Ny)
satisfying L < N{<)O

Proof. Without loss of generality we can assume that X = (0, 00). The assumption
L{<)M precisely means that

Vz € (0,00)Vp >03C >1Vk € N: L, < Cp* M.
In particular, (taking z = p = 1/p)
(5.3) VpeNs; 3C > 1VEeN: Ly < Cp "M}/

Let C), denote the minimal constant C' such that (5.3)) holds. This defines a non-
decreasing sequence (C,), (by (4.5)). Fix a real number A > 1. Choose a strictly
increasing sequence (j,),>1 of positive integers such that C, < A’r.

We define
N; ::\/L»M-l/p for  j, <5 <Jpt1s

for 0 < j < j1 any choice of N; works. Then L<IN since, by (5.3)), for j, < j < jp41,

) j 1/3
()" - (o) = <

which tends to 0 as j — co. Let z > 0 be fixed. If j, < j < jp41 where p > 1/x,

then by (4.5)),
() = (V) < ([Ey”

which tends to 0 as j — oo because L < M?®. That is N{<)9 and the proof is
complete. ([

Corollary 3. If M = {M*},.cx is a weight matriz satisfying (5.2)), then there
exists a positive sequence N = (Ng) = (klng) satisfying n,lc/k — 0 and N{<)M

Proof. If L denotes the sequence Ly = k!, then (5.2) means exactly L{<)9 and
the above lemma implies the assertion. [

Thus, if a weight matrix 9 = {M*},cx satisfies (5.2]), then there is a positive
sequence N = (Ni) such that Oy, C Eéfz) C E(Em , and the assertion at the
beginning of the section is proved.

Proposition 3. If M = {M*},cx is a weight matriz satisfying (5.2)), then
(5.4) AP = J{ASE : L{m, /% - oo}

Proof. Let us show the nontrivial inclusion C. Let a = (a,) € Agm) and set L :=
max{max|q|— |/, k!'}. Then L{<)M as a € AT and by (15-2]). Lemmaprovides

a positive sequence N = (N}) such that L < N{<)9, and thus a € AN c AN

1/k

In particular, (k!); <t N, that is n,’" — oo. The proof is complete. a
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Remark 3. (1) The proof of Proposition |3| actually shows that
(5.5) AP = [ J{AD  L{<ym, /% — o).

(2) It is easy to see that and hold with Agﬁ) and ALlL] replaced by

EM)(K) and EH(K) for any compact K C R", where
EPV(K) = indysoindpso M (K),
E(W)(K) '= PrOj;~( Proj, >0 S;WD (K).

(3) In the situation of Lemma 1| it is sometimes possible to transfer properties
of M to N, just as in Corollary Another instance is the following: if L{<1)M1,
where L satisfies and €™ is non-quasianalytic, then there is a log-convex
non-quasianalytic NV satisfying L <t N{<1)9.

(4) In analogy to the inductive representations in and , there are
projective representations of the form

AR = (VAP = A,

where the intersections are taken over all weight sequences L with 9t{<1) L; similarly,
for M (U) and EH(U) and any open U C R™. See [16], Proposition 9.4.4].

Now we are ready to show our main result in the Beurling case.

Theorem 6. Let M = {M*},cx be a quasianalytic weight matriz such that O, <
80(?33). Then there exist elements in AS”‘) that are not contained in jooé'é:):} for any

quasianalytic weight matrizc M = {NY},cy.

In particular, there are elements in Agm) not contained in j OOE(()?Z) for any quasi-

analytic weight matrix 91 = {N¥},cy, since always EOV C gy,

Proof. Let L = (L) be a positive sequence satisfying L{<)9 and é,t/ P

which exists by Proposition [3| Let L = (L) denote the log-convex minorant of L.
Then still L{<)9M and ﬁ,lc/k — 00, by [I4, Theorem 2.15]. It follows that L is a
quasianalytic weight sequence, since €™ is quasianalytic. Thanks to ﬁ,lc/ 00
we have Qg , C 5&%} .

=

Now the assertion is a direct consequence of Theorem [2| (or Theorem [5)) applied
to L. O

By Theorem [] and Proposition 2] we immediately get the following corollary.

Corollary 4. Letw be a quasianalytic weight function such that O, < 8&2. Then

there exist elements in A%‘) ) that are not contained in jooé'é;} for any quasianalytic
weight function o.

The strict inclusion O, ¢ 5&“;3 holds if and only if w(t) = o(t) as t — oo; cf.
[14, Corollary 5.17(3)].

REFERENCES

[1] T. Bang, The theory of metric spaces applied to infinitely differentiable functions, Math.
Scand. 1 (1953), 137-152.

[2] S. Bernstein, Sur la définition et les propriéts des fonctions analytiques d’une variable réelle.,
Math. Ann. 75 (1914), 449-468 (French).



14

(3]
(4]
(5]
(6]
7]
(8]

A. RAINER AND G. SCHINDL

A. Beurling, Quasi-analyticity and general distributions, Lecture notes, AMS Summer Insti-
tute, Stanford, 1961.

G. Bjorck, Linear partial differential operators and generalized distributions, Ark. Mat. 6
(1966), 351-407.

R. P. Boas, Jr., Signs of derivatives and analytic behavior, Amer. Math. Monthly 78 (1971),
1085-1093.

J. Bonet and R. Meise, On the theorem of Borel for quasianalytic classes, Math. Scand. 112
(2013), no. 2, 302-319.

J. Bonet, R. Meise, and S. N. Melikhov, A comparison of two different ways to define classes
of ultradifferentiable functions, Bull. Belg. Math. Soc. Simon Stevin 14 (2007), 424-444.

R. W. Braun, R. Meise, and B. A. Taylor, Ultradifferentiable functions and Fourier analysis,
Results Math. 17 (1990), no. 3-4, 206-237.

[9] J. Bruna, On inverse-closed algebras of infinitely differentiable functions, Studia Math. 69

(1980/81), no. 1, 59-68.

[10] T. Carleman, Sur le calcul effectif d’une fonction quasi analytique dont on donne les dérivées

[11]

en un point., C. R. Acad. Sci. Paris 176 (1923), 64-65 (French).
, Les fonctions quasi-analytiques, Collection Borel, Gauthier-Villars, Paris, 1926.

[12] A. Kriegl, P. W. Michor, and A. Rainer, The convenient setting for Denjoy—Carleman dif-

ferentiable mappings of Beurling and Roumieu type, Rev. Mat. Complut. 28 (2015), no. 3,
549-597.

[13] F. Nazarov, M. Sodin, and A. Volberg, Lower bounds for quasianalytic functions. I. How to

control smooth functions, Math. Scand. 95 (2004), no. 1, 59-79.

[14] A. Rainer and G. Schindl, Composition in ultradifferentiable classes, Studia Math. 224

(15]

(2014), no. 2, 97-131.
, Equivalence of stability properties for ultradifferentiable function classes, Rev. R.
Acad. Cienc. Exactas Fis. Nat. Ser. A Math. RACSAM. 110 (2016), no. 1, 17-32.

[16] G. Schindl, Ezponential laws for classes of Denjoy—Carleman differentiable mappings, Ph.D.

(17)

thesis, Universitdt Wien, 2014, http://othes.univie.ac.at/32755/1/2014-01-26_0304518.
pdf.

, Characterization of ultradifferentiable test functions defined by weight matrices in
terms of their Fourier transform, Note di Matematica 36 (2016), no. 2, 1-35.

[18] H. Sfouli, On a problem concerning quasianalytic local rings, Ann. Polon. Math. 111 (2014),

no. 1, 13-20.

[19] V. Thilliez, On quasianalytic local rings, Expo. Math. 26 (2008), no. 1, 1-23.
[20] D. V. Widder, The Laplace Transform, Princeton Mathematical Series, v. 6, Princeton Uni-

versity Press, Princeton, N. J., 1941.

A. RAINER: FAKULTAT FUR MATHEMATIK, UNIVERSITAT WIEN, OSKAR-MORGENSTERN-

Pratz 1, A-1090 WIEN, AUSTRIA

E-mail address: armin.rainer@univie.ac.at

G. ScHINDL: FAKULTAT FUR MATHEMATIK, UNIVERSITAT WIEN, OSKAR-MORGENSTERN-

Prarz 1, A-1090 WIEN, AUSTRIA

E-mail address: gerhard.schindl@univie.ac.at


http://othes.univie.ac.at/32755/1/2014-01-26_0304518.pdf
http://othes.univie.ac.at/32755/1/2014-01-26_0304518.pdf

	1. Introduction
	2. Weight sequences and Denjoy–Carleman classes
	2.1. Denjoy–Carleman classes and its germs
	2.2. Weight sequences and properties of Denjoy–Carleman classes

	3. A proof of Carleman's theorem
	3.1. The Roumieu case
	3.2. The Beurling case

	4. Weight functions, weight matrices, and Braun–Meise–Taylor classes
	4.1. Weight functions
	4.2. Braun–Meise–Taylor classes and its germs
	4.3. The weight matrix associated with a weight function
	4.4. Weight matrices and associated ultradifferentiable classes

	5. Non-surjectivity of the Borel mapping for proper quasianalytic classes
	5.1. Quasianalytic weight matrices
	5.2. The Roumieu case
	5.3. The Beurling case

	References

