ON SPACES OF ARC-SMOOTH MAPS
ARMIN RAINER

ABSTRACT. It is well-known that a function on an open set in R% is smooth
if and only if it is arc-smooth, i.e., its composites with all smooth curves are
smooth. In recent work, we extended this and related results (for instance a
real analytic version) to suitable closed sets, notably, sets with Holder bound-
ary and fat subanalytic sets satisfying a necessary topological condition. In this
paper, we prove that the resulting set-theoretic identities of function spaces are
bornological isomorphisms with respect to their natural locally convex topolo-
gies. Extending the results to maps with values in convenient vector spaces,
we obtain corresponding exponential laws. Additionally, we show analogous
results for special ultradifferentiable Braun—Meise—Taylor classes.

1. INTRODUCTION

A result of Boman [9] states that a function f defined on an open subset U of
R is smooth (C*) if and only if it is arc-smooth (AC™), i.e., f ocis C* for each
C> curve ¢ in U. Arc-smooth functions are meaningful on arbitrary nonempty
subsets X of R? but a few assumptions are necessary in order to expect a result
similar to Boman’s. Let us assume that X is closed and fat, i.e., X is contained
in the closure of its interior; thus X = X = X°. This is a natural assumption
for our purpose: for example, on the algebraic set X = {(z,y) € R? : 2® = 3?}
the function X > (x,y) + y*/3 is arc-smooth, by a theorem of Joris [18], but it
is not the restriction to X of a C* function on R2. Moreover, we assume that
X is simple, i.e., each x € X has a basis of neighborhoods % such that X° N U
is connected for all U € % . This condition is needed to guarantee uniqueness of
potential candidates for derivatives at boundary points. The third assumption is a
certain tameness of X: we will suppose that X is subanalytic or a Holder set (see
the definition in Section 2.3)

For simple closed fat subanalytic or Hélder sets X C R? we proved in [33] (see
also [36]) that the arc-smooth functions on X are precisely the restrictions of C*
functions on R%:

AC™(X) = C*(X). (1.1)
(This can be extended to sets definable in a polynomially bounded o-minimal ex-
pansion of the real field that admit smooth rectilinearization, see [36].) It is false
on infinitely flat cusps, see [33, Example 10.4].
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The real analytic analog of Boman’s theorem is wrong, but the arc-smooth func-
tions on an open set U C R? that additionally respect C¥ curves are precisely the
real analytic functions on U, by a theorem of Bochnak and Siciak [41, 5].

We proved in [33] (see also [37]) that this is also true on simple closed fat sub-
analytic or Holder sets X C R? in the sense that the arc-smooth functions on
X that also respect C¥ curves (AC”) have a real analytic extension to an open
neighborhood of X:

AC®(X) = C¥(X). (1.2)

In contrast to the case of open domains, for closed domains there is a loss of
regularity, namely, the discrepancy between m and n, where m is the number of
derivatives of f o ¢ necessary to determine the n first derivatives of f. This loss of
derivatives was linked in an exact way to the sharpness of the (outward pointing)
cusps in the boundary of X in [36]. Even at smooth parts of the boundary 2n
derivatives of f o ¢ are needed for the first n derivatives of f. See also [37] for the
real analytic case.

This loss of regularity manifests itself also in the ultradifferentiable framework
of Denjoy—Carleman classes (as explored in [33]) while on open sets we have an
ultradifferentiable version of Boman’s theorem, see [25].

In this paper, we work with special ultradifferentiable Braun—Meise-Taylor
classes whose defining weight functions w have a property (see (5.1)) that allows
for absorption of the loss of derivatives. We show that, for all simple fat closed
subanalytic sets X C R?, the functions on X that respect all curves of class £{«}
in X (AE{“}) are restrictions of C* functions on R? that satisfy the defining £}
bounds on compact subsets of X:

At (x) = elvh(x). (1.3)

It should be mentioned that the class £{“} is assumed to be non-quasianalytic and
stable under composition. In the quasianalytic case, there is no hope for a result
like this, see [17] and [34].

We will show that the set-theoretic identities (1.1), (1.2), and (1.3) are bornolog-
ical isomorphisms with respect to their natural locally convex topologies. Further-
more, we prove the bornological isomorphisms (exponential laws)

ACOO(Xl, .ACOO(XQ,E)) = ACOO(Xl X Xg, E),
AC“(Xl,AC‘*’(X2,E)) = AC“(Xl X XQ, E),
A (X, AEH (X, B)) = AEWH (X, x X, B),
where X; C R%, i = 1,2, are arbitrary simple fat closed subanalytic sets and E
is any convenient vector space (see the definition in Section 2.1). To make sense
of the left-hand sides (even if F = R) we have to extend the definitions of AC™,
AC¥, and A&} to maps with values in convenient vector spaces. It turns out that

the bornological isomorphisms (1.1), (1.2), and (1.3) lift to versions for such vector
valued maps. As a consequence we obtain the exponential laws

Coo(Xl,Coo(XQ,E)) = COO(Xl X XQ,E),
C¥(X1,C¥ (X2, E)) = C¥ (X1 x Xo, E),
elvh(xy, 9N (Xy, B)) 2 9N (X, x Xy, E).
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Note that the product X; x X5 is a simple fat closed subanalytic set in R x Ré2
(see Lemma 3.9).

For open sets X;, even ¢*-open in convenient vector spaces (see Section 2.1),
the exponential laws are well known: for C* by [14, 15, 20, 21], for C* by [23], and
in the ultradifferentiable case by [25, 26, 27, 40]. For convex sets X; in convenient
vector spaces with nonempty c*>°-interior, similar results in the C* and C¥ case
were obtained by [22].

Let us briefly describe the structure of the paper. In Section 2, we recall facts
on convenient analysis needed later on, in particular, the uniform boundedness
principle which will be used frequently. Moreover, we define Holder sets and list
their most important properties. Section 3 is devoted to the C*° case. The real
analytic case is treated in Section 4. Here (in Section 4.6) we also investigate maps
that respect 2-dimensional real analytic plots (without presupposing smoothness)
and obtain a corresponding exponential law. In general, this class of maps strictly
contains all AC* maps, but on open sets and Lipschitz sets in R? the two classes
coincide. In Section 4.7, we comment briefly on the holomorphic case. The ultra-
differentiable case £1¢} is studied in Section 5. We use a result which was proved
for Denjoy—Carleman classes by [1] (see also [11]). An adaptation of their result to
our setting is proved in the appendix, see Theorem A.1.

Notation. For a locally convex vector space E, we denote by E* (resp. E') the
dual space consisting of all continuous (resp. bounded) linear functionals on F.

If S is a regularity class (e.g., C>, C¥, £{¢}) and X is a nonempty subset of RY,
then S(R, X) denotes the set of S curves ¢ : R — R? that lie in X, i.e., ¢(R) C X.

The euclidean open ball in R? with radius r and center a is denoted by B(a,r)
and B(a,r) denotes its closure.

For amap f: X x Y — Z defined on a product, we denote by fv : X — Z¥
the map defined by fY(z)(y) := f(z,y). Conversely, given g : X + Z¥ the map
g" : X xY — Z is defined by g"(z,y) := g(z)(y).

For a map f: X — Y we have the push-forward f. : X? = Y%, f.(9) = fogy,
and the pull-back f*: Z¥ — ZX f*(g) =go f.

The evaluation map ev : Y x X — Y is defined by ev(f,z) = f(z). For z € X,
ev, : YX = Y is given by ev,(f) = f(z).

2. PRELIMINARIES

2.1. Convenient vector spaces and c*-topology. Let us recall some of the
fundamentals of convenient analysis. The main reference is the book [24], see also
the three appendices in [25] for a brief overview.

A locally convex vector space FE is called a convenient vector space if it is ¢>°-
complete, i.e., a curve ¢ in E is smooth if and only if o ¢ is smooth for all £ € E* (or
equivalently £ € E’). An equivalent condition is that each Mackey Cauchy sequence
(zn) (e, mn(zm — x,) is bounded for some real sequence pi,, — 00) converges
in E.

Let E be a locally convex vector space. The final topology with respect to all
smooth curves in F is called ¢*-topology. Equivalently, it is the final topology with
respect to all Mackey convergent sequences x, — x, i.e., there is a real positive
sequence f, — 0o such that u,(z, — x) is bounded; in this case we say that z,, is
Un-convergent to x.
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In general, the c¢*-topology is finer that the given locally convex topology and
it is not a vector space topology. On Fréchet spaces the two topologies coincide.

For smooth, real analytic, and holomorphic convenient analysis in convenient vec-
tor spaces, see [24], and for ultradifferentiable convenient analysis, see [25, 26, 27]
and [40]. Let us point out (since this will be used several times) that (multi)linear
maps between convenient vector spaces are smooth, real analyic, and of ultradiffer-
entiable class £{¢} if and only if they are bounded (see [24, 5.5 and 11.13] and [27,
Proposition 8.3]).

2.2. Uniform boundedness principle. Let F be a locally convex space and
let S be a point separating set of bounded linear maps with common domain F.
Following [24, 5.22], we say that E satisfies the uniform S-boundedness principle
if any linear map T : F' — E on a convenient vector space F' is bounded provided
that £oT is bounded for all £ € S.

By [24, 5.24], any locally convex space E that is webbed satisfies the uniform S
boundedness principle for any point separating family S C E’.

For later reference, we recall the following stability result.

Lemma 2.1 ([24, 5.25]). Let F be a set of bounded linear maps f : E — Ej
between locally convex spaces, let Sy be a point separating set of bounded linear
maps on Ey for every f € F, and let S :={go f: f e F,geSs}. If F generates
the bornology and E satisfies the uniform Sg-boundedness principle for all f € F,
then E satisfies the uniform S-boundedness principle.

2.3. Holder sets. A closed fat set X C R? is a Hilder set (vesp. a Lipschitz set)
if its interior X° has the uniform a-cusp property for some a € (0,1] (resp. for
a = 1), ie., for each x € 90X there exist ¢,h,7 > 0 and A € O(d) such that
y+ ATG(r,h) € X° for all y € X N B(x, €), where

T5(r,h) == {(«',24) € R xR : || <7, b (Z1)® < 2y < )

is a truncated open a-cusp of radius r and height h. If X° is bounded, then this is
equivalent to X° having a-Hdélder boundary (i.e., in local orthogonal coordinates,
X° ={zqg>a(z)} and 0X° = {x4 = a(2')}, where a is an a-Holder function).

Holder sets are simple, (1/a)-regular (if the a-cusp property holds), and their
c®-topology coincides with the trace topology from R?; see [33] and [36] for details
and examples.

2.4. Subanalytic sets. A subset X of a real analytic manifold M is called suban-
alytic if each point in M has a neighborhood U such that X N U is a projection of
a relatively compact semianalytic (i.e., locally described by finitely many analytic
equations and inequalities) set. See e.g. [3] which serves as a reference for the main
properties of subanalytic sets.

3. SMOOTH MAPS

3.1. Arc-smooth functions. Let X C R? be nonempty. We equip the vector
space
AC®(X)={f: X > R: ful (R, X) CC™®(R,R)}

with the initial locally convex structure with respect to the family of maps

AC®(X) <5 C®(R,R), c€ C™(R,X), (3.1)
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where C*° (R, R) carries the topology of compact convergence in each derivative sep-
arately. Then the space AC™(X) is ¢*-closed in the product [] cco (g, x) C* (R, R)
and thus a convenient vector space.

Lemma 3.1. AC™(X) satisfies the uniform S-principle for S = {ev, : x € X}.

Proof. The assertion follows from Lemma 2.1 and the fact that C*°(R,R) is a
Fréchet space, and hence webbed; note that {ev;oc* : ¢ € C*(R,X),t € R} =
{evy 1z € X}. O

Remark 3.2. Note that (X,C*(R,X), AC*(X)) is the unique Frolicher space
generated by the inclusion X — RY; see [24, 23.1].

If RY carries its natural diffeology, then AC®(X) is the space of smooth maps
X — R in the category of diffeological spaces, where X C R? is endowed with the
subspace diffeology; see [16]. Indeed, a map f : X — R is smooth if and only if
fopis C™ for all C>* maps p: U — R? with p(U) C X, where U is an open subset
of some R™. By Boman’s theorem, these are precisely the functions f € AC>(X).
3.2. The space C*(X). Let X C R? be closed and nonempty. Let

C®(X):={f:X = R: f=F|x for some C>*(R%)}
be endowed with the quotient topology; then C*°(X) is a Fréchet space.

Let X C R? be a Holder set or a simple closed fat subanalytic set. Then X is
C> determining (see [32]) in the sense that, for each f € C>°(R%), f|x = 0 implies
0%f|x = 0 for all @ € N%. Moreover, every g € C*°(X°) such that all 9%g, a € N9,
extend continuously to X is the restriction of a C° function on R?, see [33, Lemma
1.10]. It follows that C*°(X) is isomorphic to the space of Whitney jets of class C>°
and, moreover, the topology is determined by the seminorms

I fllxe:= sup sup |[0%f(x)|, ¢€N, K C X compact.
T€KNXC o<t

Furthermore, there is a continuous linear extension operator E : C*°(X) — C*(R%),
so that E(f)|x = f; see [2] and also [13].

Lemma 3.3. C>(X) satisfies the uniform S-principle for S = {ev, : x € X}.

Proof. C*(X) is a Fréchet space and thus webbed. Clearly, the point evaluations
are bounded and point separating on C*°(X). O

3.3. Arc-smooth functions have smooth extensions.

Theorem 3.4. Let X C R? be a Holder set or a simple closed fat subanalytic set.
Then

AC®(X) = C*(X) (3.2)
and the identity is a bornological isomorphism.

Proof. The set-theoretic identity (3.2) was established in [33], see also [36].
Boundedness of the inclusion C*(X) C AC>(X) follows from Lemma 3.1. We
give an alternative argument that shows that the inclusion is even continuous. For
any fixed ¢ € C*(R,X) we have to show that the linear map ¢* : C*(X) —
C*(R,R) is continuous. Let I = [—r,r] and R > 0 such that ¢(I) C B(0,R).
Let f € C®(X) and let F := E(f) € C°(R%), where E : C*(X) — C®(R?) is a
continuous linear extension operator. Then (see e.g. [31, Lemma A.5]), for all k,

HC*(F)||C’€(I,R<1) < C(k) ||F|‘ok(§(o,3))(1 + ”cHCk(I,Rd))k
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where ||gl|cx @Ry = Maxo<;<k SUPzey |&7g(2)|| L, mn ey and U € R™ is either
(=r,7) C R or B(0,R) C R% Now c*(F) = ¢*(f) and there exist C > 0, ¢ € N,
and a compact subset K C X such that

1l exB0,ry) < C Il .e-

This implies the assertion.

To see that the inclusion AC™(X) C C*>°(X) is bounded, we have to check, by
Lemma 3.3, that AC*(X) > f — f(z) € R is bounded for each z € X. This
follows from (3.1), using the constant curves ¢, : t — . O

3.4. The vector valued case. Let X C R? be nonempty and E a convenient
vector space. Consider

ACC(X,E):={f: X = E: . R, X) CC®(R,E)},

and equip AC* (X, FE) with the initial locally convex structure with respect to the
family of maps

AC®(X,E) %5 C=(R,R), ceC®(R,X), (€ E".

Then the space AC™ (X, E) is ¢>-closed in the product [].cce (g x)ep- C (R, R)
and thus a convenient vector space.

Lemma 3.5. AC™ (X, E) satisfies the uniform S-principle for S = {ev, : x € X}.
Proof. This follows from Lemma 3.1 and Lemma 2.1. (]

Let X C R? be closed and nonempty. We define
C(X,E)={f: X > FE:lofeC®X)forall € E*}

and endow C*° (X, F) with the initial locally convex structure with respect to the
family of maps

C®(X,E) 25 C>(X), (€ E*
Then C*(X, E) is a convenient vector spaces since it is ¢*°-closed in the product
[Licp- € (X).
Lemma 3.6. C*(X, E) satisfies the uniform S-principle for S = {ev, : x € X }.
Proof. This follows from Lemma 3.3 and Lemma 2.1. (]

We are ready to deduce a vector valued version of Theorem 3.4.

Theorem 3.7. Let X C R? be a Hélder set or a simple closed fat subanalytic set
and E a convenient vector space. Then

AC*®(X,E) =C*(X,E) (3.3)
and the identity is a bornological isomorphism.
Proof. The set-theoretic identity (3.3) follows from Theorem 3.4:
fEACT(X,E) &V e E*Vee C®(R,X): Lo foceC®(R,R)
&SVeFE* lofe AC™(X)
SWeE* lofelC®(X)
& felC™(X,E).
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That the identity (3.3) is a bornological isomorphism is a consequence of the fact
that AC* (X, E) and C* (X, F) both satisfy the uniform boundedness principle with
respect to point evaluations, see Lemma 3.5 and Lemma 3.6. (]

Remark 3.8. In the setting of Theorem 3.7, each f € AC™(X, E) is of class C* in
the interior X° and all derivatives (f|x-)™ : X° — L"(R?, E) extend continuously
to X. This can be seen by repeating the proof in [33] for the vector valued case
(see also [22]).

3.5. Exponential laws.

Lemma 3.9. Let X; C R%, i = 1,2, be simple closed fat subanalytic sets. Then
also X1 x Xo is simple closed fat subanalytic.

Proof. Clearly, the product X; x X5 is closed and subanalytic. It is fat because
(Xl XXQ)O :Xlo XXSZTfXTS:Xl XXQ.
Let us check that X; x X5 is simple. Fix (x1,22) € X3 x X5. Since X; and Xo
are simple, for 1 = 1,2, there exist basis of neighborhoods %; of x; in X; such that
U;N X7 is connected for all U; € %;. Then {U; x Uy : Uy € %4,Us € %} is a basis
of neighborhoods of (21, z2) in X7 X X5 and for all Uy € 24, Uy € %,
(Ul X Ug) N (X1 X Xg)o = (U1 ﬁXf) X (U2 ﬁXQO)

is connected. O

Theorem 3.10. Let X; C R%, i = 1,2, be simple closed fat subanalytic sets.
Let E be a convenient vector space. Then the following exponential laws hold as
bornological isomorphisms:

(1) AC™(X1, AC™(X3, E)) = AC™ (X1 x X, E);

(2) COO(Xl,COO(XQ, E)) = Coo(Xl X X27E).
Proof. (1) This is precisely the exponential law in the category of Frolicher spaces
(see [24, 23.2 and 23.4]), where X is the Frolicher space described in Remark 3.2
and F is the Frolicher space generated by the bounded linear functionals (see [24,
23.3]).

(2) By Theorem 3.7 we have a bornological isomorphism AC™ (X, E) =

C>®(Xs, F) and thus a diffeomorphism in the category of Frolicher spaces. Thus,
again by Theorem 3.7, we have bornological isomorphisms

AC= (X1, AC(Xs, E)) = AC® (X1, C(Xa, E)) = €% (X, C (X5, E),
and, using Lemma 3.9,
AC® (X, % Xo, E) = C®(X; x Xa, B).
Then (2) follows from (1). O

Remark 3.11. In Theorem 3.10(1), the sets X; can actually be arbitrary. Theo-
rem 3.10(2) remains valid (with the same proof) if X7, X2, and also X; x X, are
Hoélder sets, for instance, if X7 = R™.

Corollary 3.12. Let X C R be a Hélder set or a simple closed fat subanalytic
set. Then we have a bornological isomorphism

C®(R™,C®(X)) = C®(R™ x X).
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4. REAL ANALYTIC MAPS
4.1. The space AC¥(X). Let X C R% be nonempty. We consider the vector space
ACY(X) :={f € AC®(X) : f.C*(R,X) CCY(R,R)}
and endow it with the locally convex structure with respect to the family of maps
AC®(X) <5 C=®(R,R), c€ C®(R,X),
AC®(X) <5 Cc*(R,R), ceC¥(R,X),

where C¥(R, R) carries the final locally convex topology with respect to the embed-
dings (restrictions) of all spaces of holomorphic maps ¢ : U — C with ¢|g : R — R,
where U is a neighborhood of R in C, with their topology of compact convergence.
Then AC®(X) is a convenient vector space.

Lemma 4.1. AC¥(X) satisfies the uniform S-principle for S = {ev, : x € X}.

Proof. This follows from Lemma 2.1 since C*°(R,R) and C*(R,R) satisfy the uni-
form boundedness principle with respect to point evaluations; see [24, Theorem
11.12]. 0

4.2. The space C¥(X). Let X C R be closed and nonempty. Let C*(X) be the set
of all functions f : X — R such that there exists an open neighborhood U of X in C¢
and a holomorphic function F' : U — C such that f = F|x. We topologize C*(X)
as the inductive limit of the Fréchet spaces of holomorphic functions F' € H(U)
such that F(U NRY) C R, where U ranges over the directed set (with respect to
inclusion) of open neighborhoods of X in C¢.

Lemma 4.2. C¥(X) satisfies the uniform S-principle for S = {ev, : x € X}.

Proof. C¥(X) is webbed since it is an inductive limit of webbed spaces, see [24,
52.13], and S is point separating. O

4.3. The spaces AC”(X) and C¥(X) coincide.

Theorem 4.3. Let X C R? be a Hélder set or a simple closed fat subanalytic set.
Then
AC*(X) = C¥(X) (4.1)

and the identity is a bornological isomorphism.

Proof. The set-theoretic identity (4.1) was proved in [33, Corollary 1.17], see also
[37, Corollary 1.2]. Then Lemma 4.1 and Lemma 4.2 imply that it is a bornological
isomorphism. O

4.4. The vector valued case. Let X C R¢ be nonempty and E a convenient
vector space. We consider the space

AC*(X,E) :={f: X > E:lofec AC*(X) for all £ € E*}
with the initial locally convex structure with respect to the family of maps
ACY(X,E) 25 AC¥(X), (€ E*.
Then AC” (X, E) is a convenient vector space.
Lemma 4.4. ACY(X, E) satisfies the uniform S-principle for S = {ev, : x € X }.

Proof. This follows from Lemma 2.1 and Lemma 4.1. [
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For X C R? closed and nonempty, we consider the space
CYX,E)={f: X > FE:lofeC’X)forall € E*}
with the initial locally convex structure with respect to the family of maps
C¥(X,E) L5 ¢¥(X), (e E"
Then C¥(X, E) is a convenient vector space.
Lemma 4.5. C¥(X, E) satisfies the uniform S-principle for S = {ev, : x € X}.
Proof. This follows from Lemma 2.1 and Lemma 4.2. U
We easily obtain a vector valued version of Theorem 4.3.

Theorem 4.6. Let X C R? be a Hélder set or a simple closed fat subanalytic set
and E a convenient vector space. Then

ACY(X,E) =CY(X,E) (4.2)
and the identity is a bornological isomorphism.
Proof. This is an easy consequence of Theorem 4.3, Lemma 4.4, and Lemma 4.5. O

In the case that on the dual E* there exists a Baire topology for which the point
evaluations are continuous (for instance, if E is a Banach space), the elements of
(4.2) have holomorphic extensions.

Theorem 4.7. Let X C R? be a Hélder set or a simple closed fat subanalytic
set and E a convenient vector space. Assume that on E* exists a Baire topol-
ogy for which the point evaluations evy,, x € E, are continuous. Then for each
f € AC¥(X,E) = C¥(X, E) there is an open neighborhood U of X in C% and a
holomorphic map F : U — Eg¢ such that F|x = f, where E¢ is the complezification
of E.

Proof. Let f € ACY(X,FE). Then f € AC™(X,E) and hence the derivatives
f™ X — L™(RY, E) exist; see Remark 3.8. Fix x € X and consider the sequence
(%f(")(x))nzo. For each ¢ € E*, the composite £o f extends to a holomorphic func-
tion Fy defined on an open neighborhood of X, since AC¥(X, E) = C¥(X, E), by

Theorem 4.6. For each v € R? and y € X° close enough to z, we have Fe(") (y)(v™) =

((f ) (y)(v™)) and letting y — & we find F{" (2)(v") = (/) (x)(v")), by continu-
ity. We conclude that the power series

S e(HF @) =Y HE @) )

n>0 n>0

has positive radius of convergence. It follows from [24, Theorem 25.1] that the
power series Yo 25 f"(2)(v™) converges for v in some neighborhood of 0 € C*
and hence represents a holomorphic map F, in a neighborhood U, of z. For each
¢ € E* and each n,

(Lo F)™(2) = e(f™ () = F™ (x)

so that the holomorphic functions ¢ o F,, and F; coincide on a neighborhood U,
of z. Thusif y € X°NU, then ¢(F,(y)) = Fe(y) = £(f(y)). Since this holds for
all £ € E*, we conclude that the holomorphic extension F, : U, — E¢ satisfies

Fz|X°ﬂUm = f|X°r1Um~
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Now it remains to check that f and the F, glue coherently to a holomorphic
extension of f which follows from the arguments in the proof of [37, Proposition
2.2]. O

4.5. Exponential laws. The following lemma is a special case of [24, 25.11].

Lemma 4.8. Let X C R? be nonempty. If f : R x X — R is locally the restriction
of a holomorphic map and ¢ € C®(R, X), then c* o f¥V : R — C®(R,R) is real
analytic.

Theorem 4.9. Let X; C R%, i =1,2, be simple closed fat subanalytic sets. Let E
be a convenient vector space. Then the following exponential laws hold as bornolog-
ical isomorphisms:

(1) AC* (X1, AC¥(Xo, E)) =2 AC¥ (X1 X X9, E);

(2) Cw(Xl,CW(XQ, E)) = Cw(Xl X XQ, E)

Proof. (1) Let f € AC*(X;, AC¥(X2, E)) and consider the associated map f” :
X1 X Xo = E. Let ¢ = (¢1,¢2) : R = X7 X Xg be C%, for a = o0 or a = w,
and ¢ € E*. Tt suffices to show that £o f" o (c; X c3) : Rx R — R is C*. Now
(Lo fro(cy X))V =4L,o0cs0foc;:R— C*R,R) is of class C* by assumption.
By the C* exponential law (on open domains), see [24, 3.12 and 11.18], we may
conclude that f" € AC¥(X; x Xo, E).

Conversely, let f € ACY(X; x X3, E). Then Y : X; — ACY(X3, E) is well-
defined; we want to show that this map is of class AC¥. Let ¢; € C*(R, X3), for
a=o00o0ra=uw,c €CR,Xs), for b=00orb=w, and £ € E*. We have to
prove that £, ocy o f¥ oc; : R — C*(R,R) is C®. We distinguish three cases:

(i) If @ = b, the desired property follows from the C* exponential law (on open
domains).

(ii) Now assume that ¢; € C¥ and ca € C*°. Then fo fo(c; xid) : Rx X9 - R
is of class C¥. By Theorem 4.3, £ o f o (¢; x id) has a holomorphic extension. By
Lemma 4.8, c3 o (£ o fo(c; xid))Y =Locso fYoc; : R — C®(R,R) is of class C¥.

(iii) Finally, let ¢; € C*> and ¢o € C¥. We may apply case (ii) to the map
f(z,y) := f(y,z) to conclude that £ o cto (f)¥ ocy : R — C°(R,R) is of class C¥.
By [24, 11.16], this means that £ocj o f¥ ocy : R — C¥(R,R) is of class C*°.

Thus we have proved that f € ACY(Xy, A} ( Xy, E)) if and only if
N e ACY(X;: x Xo,E). That it is a bornological isomorphism is seen as
follows. By Lemma 4.4 applied to ACY(X; X Xs, E), the linear map (-)" :
AC* (X1, AC¥ (X3, E)) — ACY (X1 x X3, E) is bounded provided that

f — e* o ev(wl,wg) O()/\(f) = K(fA(xl,xg))

is bounded for all (z1,z2) € X7 x X3 and ¢ € E*. This follows from the definition
of the structure on AC* (X1, AC¥ (X3, F)), viewing z; and z3 as constant (C* or
C¥) curves and noting that £, oz} is a continuous linear functional on AC* (X2, E).

To see that the linear map (-)V : AC*(X; x X9, F) — AC¥(X;, AC¥ (X2, F)) is
bounded we have to check, by Lemma 4.4, that

g eva, o()(g) = 9" (21) € AC¥(X2, E)
is bounded for all 27 € X3, or equivalently, again by Lemma 4.4, that

g Lioevy, (gv(xl)) = g(gv(xl)(mz)) = l(g(w1,22))
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is bounded for all 1 € X1, 2o € Xo, and £ € E*. As before, it follows from the
structure on AC”(X; X Xo, FE) and viewing x1 X x5 as a constant (C* or C¥) curve
in X1 X XQ.

(2) This follows from (1), Lemma 3.9, and Theorem 4.6, by arguments similar
to those in the proof of Theorem 3.10(2). O

Remark 4.10. Note that in (1) we could replace one of the X; with any convenient
vector space; the proof of the fact that f — f” is a bijection remains the same (using
[24, 11.17 or 25.11] instead of Lemma 4.8). Then the boundedness (even if both X;
are subanalytic) can be deduced as in [24, Corollary 3.13].

Remark 4.11. Theorem 4.9 remains valid (with the same proof) if X;, Xs, and
also X7 x X9 are Holder sets, for instance, if X; = R™. Notice that Theorem 4.3
was used in the proof of (1) (and of (2)). Indeed, (1) is not always true as seen in
the following example.

Example 4.12 ([24, 25.12]). Let X C R? be the graph of h : R — R, h(t) :
exp(—t~2)if t # 0 and h(0) := 0 and f : R x X — R be defined by f(z,y,z) :=
g for 22 + 9% # 0 and £(0,0,2) := 0. Then f € ACY(R x X) but fV: R —
ACY(X,R) is not C¥. Indeed, for c(t) := (¢, h(t)) the map c* o f¥ : R — C®°(R,R),
= (y—= flz,ely)) = x’;%z) is not C¥. For details see [24, 25.12].

4.6. Real analyticity on 2-dimensional plots. Instead of asking that a map
respects C*° and C¥ curves we will now assume that it respects 2-dimensional C¥
plots.

It is known that a function f on an open nonempty set U C R? is real analytic if
and only if the restriction of f to each affine 2-plane that meets U is real analytic,
by [6, 8]. See also [4] for a global version this result.

For any nonempty subset X C R? and any convenient vector space F let us
consider

PCY(X,E):={f:X - FE:lofopecC’R2R) for all p € C*(R? X), £ € E*}
endowed with the initial locally convex structure with respect to the family
PCY(X, E) =& c*(R%,R), peC¥(R?X), (e B
where C¥(R2,R) carries the usual structure defined in analogy to the structure on
CY(R,R). Then PC¥(X, E) is a convenient vector space.
Lemma 4.13. PC*(X) satisfies the uniform S-principle for S = {ev, : x € X }.

Proof. This follows from Lemma 2.1 since C¥(R% R) satisfies the uniform S-
boundedness principle; see [24, Theorem 11.12]. (I

Theorem 4.14. Let X; C R%, i = 1,2, arbitrary nonempty sets and E a conve-
nient vector space. Then the exponential law holds as bornological isomorphism:

PC“’(Xl,PC“(Xg,E)) = PC“’(Xl X XQ,E).

Proof. The proof of the fact that f € PCY (X, PC¥(Xs, E)) if and only if f* €
PC¥ (X1 x Xa, E) can be reduced, by the definition of the convenient structure, to
the case X; = X5 = R? and F = R, which then is a simple instance of the real
analytic exponential law on open domains (see [24, 11.18]).

That this gives a bornological isomorphism can be seen using the uniform bound-
edness principle, Lemma 4.13, similarly as in the proof of Theorem 4.9(1). (]
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Let us now compare the spaces AC* (X, E) and PC¥(X, E).

Lemma 4.15. Let X C R? be nonempty and E a convenient vector space. We
always have the bounded inclusion

ACY(X,E) C PC¥ (X, E). (4.3)
There exist X and E such that this inclusion is strict.

Proof. Let f € ACY(X,E), p € C*(R?,X), and £ € E*. We have to show that
g:=/{o fopé€ C(R? R) which holds since g respects C* and C* curves in R2.

Boundedness of the inclusion follows from Lemma 4.13.

Let X := {(z,y) e R? : 2 >0, V2 <y<av?4 2?}. Then f|x\{(0,0)} := 0 and
£(0,0) := 1 belongs to PC*(X) but not to AC¥(X). Indeed, any p € C*(R?, X)
such that (0,0) € p(R?) must be constant, which follows from [36, Example 6.7].
On the other hand, for the C* curve ¢: R — X,

c(t) == (e_l/tz,e_‘/i/t2 + %e_Q/tz), ift£0, ¢(0):=(0,0),

the composite f o ¢ is discontinuous. (One can argue similarly for the set defined
in Example 4.12.) O

We will see that (4.3) is an equality for open sets and Lipschitz sets X C R%. To
this end we recall a result of Bochnak and Siciak.

Theorem 4.16 ([8]). Let U C R? be an open set, where d > 2. Let f: U — R be
a function. If the restriction flunp is real analytic for each affine 2-plane P in E,
then f is real analytic.

Remark 4.17. The result is true for open subsets U of infinite dimensional Banach
spaces E and continuous functions f : U — R. By [5, Theorem 7.5], it is enough
to check that f is infinitely Gateaux differentiable and f|yny is real analytic for
each affine line L in E. That f is infinitely Gateaux differentiable follows from [7,
Theorem 4]: by the finite dimensional case Theorem 4.16, f|yny is real analytic
for each finite-dimensional subspace V of E.

Theorem 4.18. Let X C R? be open or a Lipschitz set and E a convenient vector
space. Then

AC¥(X,E) =PC*(X,E) (4.4)
and the identity is a bornological isomorphism.

Proof. The set-theoretic identity (4.4) follows, after composing with ¢ € E*, from
Lemma 4.15 and Theorem 4.16 for open X and [37, Theorem 1.3] for Lipschitz sets.

That the identity is a bornological isomorphism is a consequence of the fact
that both sides satisfy the uniform boundedness principle with respect to point
evaluations; see Lemma 4.4 and Lemma 4.13. ([l

Remark 4.19. The theorem remains true if X C R? is any simple closed set such
that for each z € 0X there is a nondegenerate simplex X, with z € X, C X. In
dimension 2, it holds if this condition is fulfilled with compact fat subanalytic X,
in particular, it is true for all Holder sets and all simple closed fat subanalytic sets
in R2. See [37].

Remark 4.20. Theorem 4.14 and Theorem 4.18 together yield a shorter proof
of the AC% exponential law, see Theorem 4.9(1), in the cases where X7, X5, and
X7 x Xs satisfy the assumptions of Theorem 4.18 or Remark 4.19.
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4.7. Remarks on holomorphic maps. One cannot expect that holomorphic
curves can detect holomorphy even on nice closed sets in C? (by the open mapping
theorem for holomorphic maps).

Theorem 4.21. Let X C C? = R?? be a Hilder set or a simple closed fat subana-
lytic set and E a complex convenient vector space. If f € AC¥(X, E) is such that
its derivative f'(x) is C-linear for all x € X°, then f has a holomorphic extension
to some open neighborhood of X in C?.

Proof. By Theorem 4.6, f has a real analytic extension F' to some open connected
neighborhood U of X. For fixed v € C?, the real analytic map g(z) := iF'(x)(v) —
F'(z)(iv) on U vanishes on X°, thus on U. Hence F' is holomorphic. O

In this spirit we define
AH(X,E) :={f € AC*(X,E) : f'(z) is C-linear for all z € X°}.

Then AH(X, E) is a closed linear subspace of AC*(X, E) and thus a convenient
vector space.

Theorem 4.22. Let X; C R%, i = 1,2, be simple closed fat subanalytic sets. Then
the following exponential law holds as bornological isomorphism.:

AH(X1, AH(Xa, E)) = AH(X, % Xo, E).

Proof. By Theorem 4.9, if suffices to check that C-linearity of the respective deriva-
tives is transferred which follows from

Fl(@r,22) (1, v2) = eva, ((FY) (@1)(01)) + (V) (1)) (22) (v2).

5. ULTRADIFFERENTIABLE MAPS

Ultradifferentiable functions form classes of C*° functions defined by restrictions
on the growth of the iterated derivatives. They include the real analytic class,
Gevrey classes, Denjoy—Carleman classes, and Braun—Meise—Taylor classes. We
will focus on the latter since, under certain circumstances, they admit analogues
of the smooth and real analytic results of Sections 3 and 4. For background on
ultradifferentiable classes, see the survey article [35].

5.1. Weight functions. A weight function is a continuous increasing function
w:[0,00) = [0,00) with w(0) = 0 and satisfying:

(1) w(2t) = O(w(t)) as t — oo;

(2) logt = o(w(t)) as t — oc;

(3) ¢ :=woexp is convex on [0, 00).
Two weight functions w and o are called equivalent if w(t) = O(o(t)) and o(t) =
O(w(t)) as t — oo. Up to equivalence, we may always assume that w|jg 1) = 0. Let
©* be the Young conjugate of ¢,

@*(t) = Sglg(st —¢(s)), t=0.

We associate with w a family {W}, of positive sequences:
Wi = exp(te*(€k)), keN.
We will also use w,[f} = W,Lf]/k!.
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Lemma 5.1 ([35, Lemma 11.3] or [38]). Let w be a weight function with associated
family {WEl}eoo. Then:

(1) Each Wl is a weight sequence, i.e., Wl is log-convex and satisfies Wég] =

1< Wl[f] and (W,EE])I/’“ — 00 as k — co. In particular, W is increasing.
@) Wi <wl forall kif € < ¢
(3) For all € >0 and all j,k € N, W, < wPw?,
(4) Vp>03H21V§>03021Vk€N.pkWE <cwfd,
It is evident, that (2), (3), and (4) also hold for the sequences wl€l instead of W,
Let w be a weight function. A crucial property for this paper is the following:
3B > 1Vt >0:w(t?) < Bw(t) + B. (5.1)

Lemma 5.2. Let w be a weight function with associated family {W[E]}€>Q. If w
satisfies (5.1), then

Wil < eVewP D keN, ¢>o0. (5.2)
Moreover, for every integer a > 2 there are constants C, H > 1 such

W[ﬂ <eGlEwW keN, ¢ >0, (5.3)
We may take G := 5= and H := BP, if p is an integer with a < 2P.

Proof. By (5.1), for all t > 0,

By*(2L) = sup(2st — By(s)) = sup(2tlogu — Bw(u))
5>0 u>0

< sup(tlogu? — w(u?)) + B = sup(tlogv — w(v)) + B = ¢*(t) + B.
u>0 v>0

Consequently,
Wi = exp(Lo*(26k)) = exp(£e¢* (255))
< exp( ¢ (9" (BEK) + B)) = e!/SWiPel.
Let p > 1 be an integer such that a < 2P. Then (5.3) follows by iterating (5.2):

p—1 _1

1 1 . P
Wi < Wi, < etwlP < e (Bl o< e Eyplee,

We recall that a weight function w is called

e non-quasianalytic if f
e strong if there is C' > 0 such that foo @) gy < Cw(t) + C for all £ > 0.

u?2

Note that a strong weight function is always equivalent to a concave weight function,
see [28, Propositions 1.3 and 1.7].
We remark that if w is non-quasianalytic then each associated weight sequence
W is non-quasianalytic, i.e., >, (W, [él) Uk < o0; see e.g. [35, Theorem 11.17]
and Section 5.3.

Definition 5.3. A weight function w is said to be robust if it is non-quasianalytic,
concave up to equivalence, and it satisfies (5.1).
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Example 5.4. For each s > 1, ws(t) := ((logt)y)® is a strong robust weight
function. On the other hand, v,(t) := t'/* for s > 1 are strong weight functions
that are not robust; they give rise to the Gevrey classes G° = {7},

5.2. The ultradifferentiable classes £{“}(X). Let w be a weight function. Let
X C R? be nonempty and either open or closed. Let E{w}(X) be the set of all
functions f € C*°(X) such that for all compact K C X there exists p > 0 such that

I1fll%,, = sup sup 0% f ()| exp(— 5" (plal)) < oo (5.4)
K ae
Equivalently, f € £1“}(X) if and only if f € C>°(X) and for all compact K C X
there exist £, p > 0 such that

a(x
sup sup [0°f(@)] < 00. (5.5)
z€K aeN¢ pWWl[i]l
This follows from Lemma 5.1(4); see [35, Theorem 11.4] and [38, Theorem 5.14].
We will be interested in the case that X C R? is a simple fat closed subanalytic
set. We topologize £{«}(X) by

EWN(X) = proj, ey indmen £2/(X N B(0,n)),
where

EL(X N B(0,n)) :={f €C®(XNDB(O,n)): < o0}

Hf”Xr‘]B(O n),m

is a Banach space, by Whitney’s extension theorem. The inductive limit can be
equivalently written as an inductive limit with compact connecting mappings; see
Lemma A.2. Tt follows that £{}(X) is complete and webbed and hence satisfies
the uniform boundedness principle with respect to point evaluations.

Lemma 5.5. Let X C R? be a simple fat closed subanalytic set. Then E1“}(X)
satisfies the uniform S-boundedness principle for S = {ev, : x € X}.

The topology on £1“}(X) is defined analogously if X C R? is an open set (see
g. [10]). In particular, this gives the topology on £{«}(R) that will be used below.

Let us recall some facts; details can be found in [35]. The class £{¢} is non-
quasianalytic and hence admits nontrivial functions with compact support if and
only if w is non-quasianalytic. It is stable under composition if and only if w is
equivalent to a concave weight function (see [12] and [38]).

If w is strong and satisfies (5.1) and X C R? is a simple fat closed subanalytic
set, then each function in £{¢}(X) extends to a function in £1“}(R?). Indeed,
the strong weight functions are precisely those among the non-quasianalytic ones
that admit a £{“} version of the Whitney extension theorem. That a function
in £{«}(X) defines a Whitney jet of class £} on X follows from (5.3) and [33,
Lemma 10.1].

5.3. Weight sequences. By definition, a weight sequence is a positive log-
convex sequence M = (M) satisfying My = 1 < M; and (M)'/* — oo (see
Lemma 5.1(1)). Log-convexity means that the sequence p = My /M1 is increas-
ing. For a weight sequence is increasing and also (Mk)l/ k is increasing. Note that
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(M)'* < py and (My,)'/* — oo if and only if pp — oo; see [35, Lemma 2.3]. A
weight sequence M = (M) is non-quasianalytic if
1

1
——— < oo or equivalently — < 0.
zk: (Mk)l/k zk: i

For later reference, we recall the definition of curves of class E{M} in a Banach
space E:

(k)
S{M}(R,E) = {f EC®(R,E):Vr>03p>0: sup supM < oo}.

t|<r ken PR M,

5.4. The space AS{W}(X). Let X € R? be nonempty. We consider the vector
space of arc-EX} functions,

AN X) = {f: X - R: f,EWI(R, X) C (R, R)}
and equip it with the initial locally convex structure with respect to the family of
maps
A (X)) S e R R), ce (R, X),
where £1“}(R,R) carries the topology described in Section 5.2. Then the space

AL (X)) is ¢*-closed in the product [eceter @ x) EWWHR,R) and thus a conve-
nient vector space.

Lemma 5.6. AEW}(X) satisfies the uniform S-principle for S = {ev, 1z € X}.
Proof. This follows from Lemma 2.1 and the fact that £1“}(R,R) is webbed. [

Remark 5.7. (1) Let w be a quasianalytic concave weight function satisfying
w(t) = o(t) as t — oo (i.e., the quasianalytic class £1} strictly contains the real
analytic class). Then, by [34, Theorem 3], for each integer d > 2 and each positive
sequence N = (N},) there exists f € AEHRY) N C®(RY) such that flravfoy €
@R\ {0}) but, for all 7, p > 0,

0% f (@)

sup sup ——— =
z€[—7r,r]? aeNd p‘a|N|o¢\
Thus we will only consider non-quasianalytic weight functions w.
(2) The function f: X := {(z,y) € R?: 2% = 4%} > (z,9) — y'/> € R belongs to
Aele} (X) for any concave weight function w (quasianalytic or non-quasianalytic),
which follows from [30, Corollary 1.2] (see also [29] and [42]), but clearly f & C*°(X).

5.5. A} (X) and £{“}(X) coincide for robust w and suitable X. The fol-
lowing lemma goes back to [9]; we recall a version that appeared in [33, Lemma
2.4] and repeat the proof for later reference.

We start with the setup for the next lemma. Choose a sequence

T; € (0,1] with Y Tj < oo and let tj :=2 " Tj + Tj. (5.6)
J i<k
Then tp — to € R.
Let M = (M}) be any non-quasianalytic weight sequence. There exists a non-
quasianalytic weight sequence L = (Lj,) such that (My/Lg)"/* — oo (use e.g. [35,
Corollary 3.5] with oy = 1/ug).
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Choose a deceasing sequence A\; > 0 such that the following conditions are ful-
filled:

i M;, .
0< ?} S Tk for all j,kj, (57)
Aj .
TF 0 asj— ooforall k. (5.8)

It suffices to take A\; < infy Tf“Mk/Lk.

Lemma 5.8 ([33, Lemma 2.4]). Let (T}) and (t;) be the sequences defined in

(5.6). Let M = (My) and L = (Ly) be non-quasianalytic weight sequences such

that (My,/Li,)'"/* — co. Let (A1) be a positive sequence satisfying (5.7) and (5.8).
If (cx) is a sequence in C* (R, E), where E is a Banach space, such that the set

0

t

{c’f ():teI,MeN} (5.9)
Ak

is bounded in E for each bounded interval I C R, then there exists ¢ € EM} (R, E)
with compact support such that c(ty +t) = cx(t) for |t| < Tk /3.

Proof. Choose a 1L} -function ¢ : R — [0, 1] which is 0 on {t: |t| > 1/2} and 1 on

{t : |t| <1/3}. Define
(0= 3o Jeatt ~ 1)

The summands have disjoint supports. Thus ¢ is C* on R\ {ts}. By assumption
(5.9), there is R > 0 such that

19(8)]| < RA, for all [t| <1/2, £,k € N.
So there exist C, p > 1 such that, for |t —t;| <T}/2,

£
4 i [t 1 —
) :H Tt (i) J (g i) ot
I = | 320 () O () - )

14
<R\ Y (f)Tj—iCpiLi <R\ (1+ jf;)eLg < CR), @’;)Zu.
1=0

Consequently, by (5.7),
1OW] < CRED)M;  for t £ tu.

It follows that ¢ : R — F has compact support and is of class E{M} (cf. [24, Lemma
2.9] and [25, Lemma 3.7]). O

Lemma 5.9. Let w be a non-quasianalytic weight function. Let X C R? be a Hélder
set or a simple fat closed subanalytic set. Then we have the bounded inclusion

AEWH(X) C AC®(X) = C™(X).

Proof. We show the bounded inclusion A&} (X) C €°(X); the rest was seen in
Theorem 3.4.
Let {W }eso be the family of weight sequences associated with w and fix § >

0. Let f € ASH(X) and ¢ € EWHR, X). Then foc € C®(R,R) since
E{W[£O]}(R,X) C &{«H(R, X). This implies that f € C*°(X) by [33, Theorem 1.13]
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if X is a Holder set. (In [33] it was assumed that the sequence (M /k!) is log-convex
but this assumption is not needed in the proof; cf. Lemma 5.8.) Similarly, we get
that f € C>(X) if X is a simple closed fat subanalytic set: repeat the proof of [33,
Theorem 1.14], notice that the composites of £ (W} curves with the polynomial
maps ¥, , are still £V} curves (because W being log-convex implies the ring
property), and use [33, Lemma 2.6] in the argument for Claim 1.

That the inclusion is bounded follows from Lemma 3.1 or Lemma 3.3. (]

Theorem 5.10. Let w be a robust weight function. For each Lipschitz set X C R?,
At (x) = gl (x). (5.10)

Proof. The inclusion £} (X) € A1} (X) is an easy consequence of Faa di Bruno’s
formula; the assumption that w is (up to equivalence) concave entails that the class
£} is stable under composition, see [35] or [38].

To prove the inclusion A1 (X) C £} (X), let f € AEWH(X). Then f €
C>®(X), by Lemma 5.9. Suppose for contradiction that f ¢ £{«}(X). Then, in
view of [33, Proposition 7.2], there exists a € X such that for all §,C, &, p > 0 and
all nonempty open subsets V of S¥! there exist x € X N B(a,d),v € V, and k € N
such that

% f(2)| > CoPw . (5.11)

We may assume that a € dX because AL} (X°) = £{«}(X°) (see [25, Theorem
3.9] the proof of which can be adapted easily to the case £{¢}). Then, X being a
Lipschitz set, there is € > 0 and a truncated open cone I' such that y + 1" C X° for
all y € X N B(a,¢) (in suitable coordinates). Set C(y,r) =y + T, for 0 < r < 1.
There is a universal constant ¢ > 0 such that C(y1,71) NC(y2,72) # 0 if |y1 — y2| <
cmin{ry,ro}.

Fix &y > 0 and a non-quasianalytic weight sequence L satisfying (WEO] JLi)VF —
oo. Let (T},) and (¢,,) be the sequences defined in (5.6) and (\;) a sequence satisfying
(5.7) and (5.8) for M = Wl

Let B > 1 be the constant from (5.1). Taking § := c\,41/3, C :=e'/", ¢ := Bn,
p = A3 and V := S NR,T, we find sequences =, € X N B(a,c\,11/3),
v € STTTNRLT, and k, € N such that

i f(zn)| > el/")\;Sk”WkEIjn] for all n. (5.12)

Consider C,, := C(zy, \,) which lies in X° for sufficiently large n. Since |z,, —
Znt1| < cApy1 there is a sequence (uy,) of points in X satisfying u, 11 € C,, N Cpi1
for all n. Note that x,, and u, are A, '-convergent to a.

After a translation, we may assume that a = 0. Consider the curves c,(t) =
Ty + 2 X, 0,. Choose a E{F}-function ¢ : R — [0,1] which is 0 on {t : |t| > 1/2}
and 1 on {t: |¢t| <1/3}.

For t € [t, — Ty, tn + T, we set

c(t) = p(5F)en(t — tn) + (1 = (7)) (Un1 (—o0,t,1 (t) + Unt11it, +00) (1)

and ¢(t) := 0 for t € [teo,00). By the proof of Lemma 5.8, ¢ is a curve of class

W i particular, of class £}, which lies in X, by construction.
Now, for all &,
(2k)!

(f o C)(%)(tn) = T)‘ﬁdfnf(xn);
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here we use that f € C°°(X) so that the use of the chain rule is justified. By (5.2)
and (5.12), we conclude

(MW) T ((%n)! Al f (@) ) e

Wi bt W

I N |dBn f(22,)]\ 22
> ((2kn) 'l vnf;w )I)m N
kn' el/an[:nn] )\n
This contradicts the assumption f € AEH(X). 0

Lemma 5.11. Let w be a robust weight function. Let X; C R%, i = 1,2, and
p e S{w}(Xl,Xg), i.e., all components pr;op of the map ¢ : X1 — Xz belong to
EWNXY). If AW (X)) = £} (Xy), then o* AW (X,) C £193(Xy).

Proof. Let [ € AS{“’}(Xg). Assume for contradiction that fo ¢ ¢ £ (X)) =
AE¥}(X1). Thus there exists a £} curve ¢ in X; such that fopoc & 9} (R,R).
Since @ o ¢ is a £1“} curve in Xy (because £{¢} is stable under composition) this
contradicts f € AEWH(Xy). O

Proposition 5.12. Let w be a robust weight function. Let X C R? be a fat closed
subanalytic set. There is a locally finite collection of real analytic maps pq : Uy —
R4, where the U, are open sets in R?, such that

o AEH(X) C el 1(X)  for all o

Proof. We use the rectilinearization theorem for subanalytic sets (see [3]). There
exists a locally finite collection of real analytic maps ¢, : Uy — R such that each
Ya is the composite of a finite sequence of local blowings-up with smooth centers
and
e cach U, is diffeomorphic to R? and there are compact subsets K, C U,
such that |J,, pa(K,) is a neighborhood of X in R?,
e - '(X) is a union of quadrants in R?, for each a.

A quadrant is a set

QUo, I, I,)={z eR%:az; =0ific Iy, z; <Oific I, a;>0ifiel}

where Iy, I_, I, is any partition of {1,2,...,d}. In our case, Iy = () since X is fat.

We claim that for any union Y of quadrants Q(@, I_, 1) we have AS{“}(Y) =
S{W}(Y). Then Lemma 5.11 implies the assertion of the proposition.

To see the claim, let f € AEW}H(Y). Then f € C®(Y), by (the proof of) [33,
Theorem 8.2]. Hence it suffices to check that f satisfies the defining estimates on
each compact subset of Y (see Section 5.2). This follows from the fact that, by
Theorem 5.10, the estimates hold on all compact subsets of each of the finitely
many quadrants that make up Y. The inclusion £} (Y) C AEW}H (V) is a simple
consequence of the fact that £{«} is stable under composition. O

Theorem 5.13. Let w be a robust weight function. Let X C R? be a simple fat
closed subanalytic set. Then

Astoh(x) = elvh(x) (5.13)

and the identity is a bornological isomorphism.



20 ARMIN RAINER

Proof. Let us show the inclusion AE{“}H(X) C £{«}(X); the opposite inclusion
follows easily by Faa di Bruno’s formula. To this end we work with the maps ¢,
from the proof of Proposition 5.12. We may assume that the Jacobian determinant
of each ¢, is a monomial times a nowhere vanishing factor. Let f € AE {w}(X ). By
Lemma 5.9, we have f € C>(X). By Proposition 5.12, f o ¢, € £1}(Y,,), where
Y,, is a union of quadrants Q(f, I_, I,) in R%. By Theorem A.1, f is of class £{«}
on ,(Yy) for all a. We conclude that f € £{«}(X).
The identity (5.13) is a bornological isomorphism, by Lemma 5.5 and Lemma 5.6.
O

5.6. The vector valued case. Let X C R? be nonempty and F a convenient
vector space. We consider the set AE{“’}(X, E) of all maps f : X — E such that
lofoce EWHR,R) for all ¢ € (R, X) and ¢ € E*. We equip A (X, E)
with the initial locally convex structure with respect to the family of maps

AW (X, B) 2% N R,R), ce EWNR, X), (€ B,

which makes AE{“} (X, E) a convenient vector space.

Lemma 5.14. AE{“}(X, E) satisfies the uniform S-principle for S = {ev, : x €
X}.

Proof. This follows from Lemma 5.5 (or Lemma 5.6) and Lemma 2.1. |

Let X C R? be a simple fat closed subanalytic set. We define the set
ECHX,E):={f: X 5 E:lofe&lH(X)forall £ € B}
and endow it with the initial locally convex structure with respect to the family of
maps
sWhx, p) L el x), tep
Then £{“}(X, E) is a convenient vector space.

Lemma 5.15. Let X C R? be a simple fat closed subanalytic set. Then 5{“’}(X, E)
satisfies the uniform S-principle for S = {ev, : x € X}.

Proof. This follows from Lemma 5.5 and Lemma 2.1. ]

Theorem 5.16. Let w be a robust weight function. Let X C R be a simple closed
fat subanalytic set and E a convenient vector space. Then

AN (X E) = 9N (X, E)
and the identity is a bornological isomorphism.

Proof. The set-theoretic identity follows from Theorem 5.13, by composing with
¢ € E*. Tt is a bornological isomorphism, by Lemma 5.14 and Lemma 5.15. (]

5.7. Exponential laws.

Theorem 5.17. Let w be a robust weight function. Let X; C R%, i = 1,2, be
simple closed fat subanalytic sets. Let E be a convenient vector space. Then the
following exponential laws hold as bornological isomorphisms:

(1) At ( Xy, AN (X, E)) = AEWH( X, x Xs, E);

(2) EWH( Xy, N ( Xy, B)) = 19X x X, E).
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Proof. (1) It is well-known that (1) holds for the special case X; = X5 = E = R;
see [40]. Let f e AEWH( Xy, AW (X5, E)). Let ¢; € EWI(R, X;), i = 1,2, and
¢ € E*. Then

(Uofho(er xe)) = (lyocs)ofoer : R— EWHRR) (5.14)

is of class £1“}. By the special case, £ o f o (c; x ¢z) € E}HR?) and thus
e AW (X x Xy, E).

Conversely, let g € AW} (X, x X5, E). Then gV takes values in AEW} (X5, E).
Each continuous linear functional on AE{“}(X,, E) factors over some map £, o ¢ :
AW Xy, E) — R, R) for some ¢, € EWHR, X5) and £ € E*. So it suffices
to show that, for each ¢; € £1“}(R, X;), the map (5.14) with f = gV is of class
@} This follows from the special case.

Thus we have proved that f € AE}H (X, AN (X, E)) if and only if f* €
AE {“}(Xl x Xo, F). To see that it is a bornological isomorphism we may proceed
precisely as in the proof of Theorem 4.9(1), using the uniform boundedness principle
Lemma 5.14. Alternatively, it follows from the fact that Remark 4.10 applies to
the present situation.

(2) This follows from (1), Lemma 3.9, and Theorem 5.16, by arguments similar
to those in the proof of Theorem 3.10(2). O

APPENDIX A.

Let w be a weight function and U C R? an open set. Then £{“}(U) is a dif-
ferential ring with respect to multiplication of functions and the partial derivatives
di,i=1,...,d; see e.g. [35]. Consequently, £1“}(U) is stable by division of coordi-
nates: if f € EHU) and f|(,—a,3 = 0, then f(z) = (z;—a;)g(z) for g € EH(U).
Indeed,

1
f(ﬂfb-u,fﬂi,u-,xd):(xi*ai)/ 3if($17-~-,ai+t(iﬂi*ai)aw-,xd)dt-
0

It is not hard to see that multiplication m : EH(U) x EHU) - £1“HU) and
differentiation 9; : £1«}(U) — £1“}(U) are continuous.

If w is a concave (up to equivalence) weight function, then £} has strong
stability properties. In particular, £{¢} is stable under composition and taking
reciprocals: if f € E{}(U) does nowhere vanish, then 1/f € £} (U); see [39).

Let {W[f]}@o be the family of weight sequences associated with w and write

w][f] = WE] /E! (see Section 5.1). If w is concave, hence subadditive, then it follows

easily from the definition (e.g. [38, Lemma 6.1]) that, for each £ > 0,
wj[g]w,[f] < wj[i]k for all 7, k. (A1)
We present a version of [1, Theorem 1.4] adapted to the class &£ {w} for robust
weight functions w.

Theorem A.l. Let w be a robust weight function. Let ¢ : U — V be a E1¢}
map between open subsets of R?. Assume that the Jacobian determinant of ¢ is
a monomial times a nowhere vanishing factor. Let f € C(V) and assume that
fope&WHU). Then, for each compact K C U, fl (k) € E} (p(K)).
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This holds in a bounded way: If B is a subset of C>°(V) and there exist £ > 0
and C,p > 1 such that

|0%(f 0 p)

sup sup sup ](a:)| <,
\

feB eK aend p‘O‘|W|[§

then there exist A >0 and o > 1 such that

sup sup Ssup ‘ f)([?é)g] <A,
feByep(K) aeNd 0'|04\V[/‘a|'

and where H > 1 is a constant depending only on w and .

Proof. We may assume that K = [—r,7]?, for some r > 0. Let J(x) denote the
Jacobian matrix of ¢(z). By assumption, det J(x) = z7u(x), where v € N¢ and
u is nowhere vanishing. Consider T'(z) := u(z)~!adjJ(x), where adjJ(x) is the
adjugate matrix of J(z). Note that

T(x)
v

(0:) = (@) (3,,) and  (9,,) = —2 - (2,,), (A.2)

where (0;,) and (0,,) are the column vectors of partial derivative operators. By
the assumption ¢ € 5{‘“}(U, V) and the remarks before the theorem, there exist
& > 0 and Cy, po > 1 such that, for all i,j € {1,...,d}, z € K, and a € N4,

0°T}i(z)| < C plalW[EO] (A.3)

lee|

where the Tj; denote the components of the matrix 7". Since g := foy € glh),
there exist £ > 0 and C, p > 1 such that, for all z € K and a € N,

09 (@) < Col WS (A4)

It is no restriction to assume that & > &y, C' > Cy, and p > pg.

Since w is robust, we may assume that w is subadditive and consequently (A.1)
holds.

Let D > dp be such that ZaeNd(ﬁp)‘ ol =: B < co. We claim that, for all z € K
and o, f € N9,

0°((07 1) 0 ) ()| < (BOA) P DITEDIRIHl Wl ) T, B), (AB)

where
8]

L(a,B) = ol [ max (a: + (3 +1)).
L1/2

Let us proceed by induction on [3]. The case 8 = 0 follows from (A.4). Fix B e N4
with |8] > 0. Then 3 = 3 + e; for some 3 € N and some j € {1,...,d}. Then, by
(A.2),

sH

(89997 f) 0 p)( (07 f o p)()

/o 1)1 zd; (T L0 (0°f 0 90)) (Z) Qo(t) dt

by the fundamental theorem of calculus (applied || times), where

t=(t11, - sty 21y o tayms oo tdl, oy Edyg),
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&= (1%, teezr)i_,, and Qo(t) = Hk JT105, 17571 Consequently,
|3a((€)ﬂf) op)(z)] < /0 e Z ‘3"/+a (Tji . OF (8ﬂf o go)) (5:)’ Qa(t)dt

where Qq(t) = TTj—, TI2%, 1757, Now
‘8”“ (sz‘ L0%((9°f) 0 “P)) (56)‘
< > fn T)j) |07 T54(2)[|0™7 (97 F) 0 0) (2)]

K+A=a+y
and, by (A.3) and the induction hypothesis,
[Ty (D)0 (87 f) 0 0)(2)]

gC(dp)|“|n!w[§(BCd)‘BIHD('V'“)'BHW“ ET’]Y|+1)|B|+‘)‘I+1 A+ei, )

|x|
18141 (74D B+l . (€] (dp>
< C(BCd) D KW Bl lrgfuécdf()\—i—e“ﬁ)

using (A.1) in the last step. Since f[o 1 Qo (t)dt = ﬁ, we conclude

o (9P < BIAIGIAHL A D+ I3+ al 6
[0%((97f) 0 ) ()] < BPICVITAPID Y0181 Hal

Z i—:(%)‘ " max I'(A + e;, B).

1<i<d
K+A=a+y
We have (see [1, pp. 1970-1971])

ol
SR T(A+ e, 8) < T(a, B).

So, by the choice of D,
(58 1B1+1 I+ 1Bl +al (€] 3

and the claim (A.5) is proved.
Taking o = 0 in (A.5) and using (5.3), we find, for all y € p(K) and all 8 € N%,

10° £(y)| < (BCd)!PIH1 DIMHDIBly, £\§]|+1)\BI (0, )

< (BCA)1 (5| + )P DO g1 L)

GlE(BOA)PH(|y] + 1)\ﬁ\D(|v|+1)|ﬁ|W‘[ﬁ"£]

_ Al
= Ao Wyg ™,

where A = BCde®/¢ and o = BCd(|y| + 1)D"*! and G, H > 1 are constants
depending only on w and 7.

A careful re-reading of the proof confirms that supplementary assertion on the
boundedness. (Note that it is no restriction to assume & > 1 so that e“/¢ < e%.) O

Lemma A.2. Let K C R% be a compact fat subanalytic set. Let w be a weight
function with associated family {W[g]}£>0_ For each p > 0 there exists o > p such
that the inclusion £ (K) — £ (K) is compact. Recall that £ (K) = {f € C*(K) :
[ fll%, < oo}, see Section 5.2.
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Proof. We adapt the arguments of [19, Proposition 2.2]. We may assume that K
is connected. Then there exist an integer m > 1 and a constant C' > 0 such that
any two points z,y € K can be joined by a rectifiable path v in K with length ¢(+)
satisfying £(y) < Clz — y|*/™ (see e.g. [3, Theorem 6.10]).

Let B be the unit ball in £;(K) and € > 0. By Lemma 5.1(4), there exist

H,C > 1 such that ZkW,LP] < CW,EHP] for all k € N. Setting o := Hp, we have

2wl < cwlh forall ke N. (A.6)
Choose n € N such that )
€
g g AT
2n — 2C (A7)
Let f € B, z,y € K, and ~ a rectifiable path joining x and y with the listed
properties. For o € N¢ with |a| < n, we have

0% f(x) — 0° f(y)| < Vde(y) sup [9°T% f(2)]

z2€7,1<i<d
< OVl =y fll , exp(59* (p(lal + 1))
<0 |{E _ yll/m.

Thus {0*f : f € B} is equicontinuous and pointwise bounded. By the theorem
of Arzela—Ascoli, {0%f : f € B} is relatively compact in C(K). So there exist
fiy-++, fx € B such that for each f € B thereis i € {1,...,k} such that

sup [0%f(x) = 0% filz)] < e exp(7¢*(olal))
S
for all |a| < n. For |a| > n, we have
sup [0°f(z) = 9% ful@)| < (If &, + 1fill% ) exp(50* (plal))

U5 20yl
20 la|

(A.6) (o] 1

< e W =e-exp(se*(alal)).

lel ™

Thus {f1,..., fx} is an e-net for B in £Y(K). O
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