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Introduction
In this thesis, we develop a numerical method for the
Hodge–Laplace equation, formulated within the frame-
work of exterior calculus. Let Ω be a smooth domain
in Rn, Find ω ∈ Λk(Ω) such that

(δd + dδ)ω = f in Ω

trω = 0 on Γ

tr ⋆ ω = 0 on Γ

Under the boundary conditions described above, stan-
dard methods [Arnold, Ch. 4.5.2] become ill-posed.
Consequently, we propose a Nitsche-type method for
trω = 0, ensuring both well-posedness and consistency.
[Ern, Ch. 37]

Method & Implementation
Find ω ∈ Λk(Ω) and σ ∈ Λk−1(Ω) such that

⟨dω, dη⟩Ω − ⟨tr ⋆ dω, tr η⟩Γ + ⟨dσ, η⟩Ω

−⟨tr ⋆ dη, trω⟩Γ +
Cω

h
⟨trω, tr η⟩Γ = ⟨f , η⟩Ω

⟨σ, τ⟩Ω − ⟨ω, dτ⟩Ω = 0

∀η ∈ Λk(Ω), ∀τ ∈ Λk−1(Ω)

Partial differential equations involving differential forms
can be reformulated for established numerical methods
by leveraging the isomorphisms that map differential
forms to their corresponding vector proxies.

HΛ0(Ω)
d0

−→ HΛ1(Ω)
d1

−→ HΛ2(Ω)

↓ ↓ ↓
H1(Ω,R) ∇−→ H(curl,Ω,R3)

∇×−−→ H(div,Ω,R3)

↓ Π0
h ↓ Π1

h ↓ Π2
h

V 0
h

dh−→ V 1
h

dh−→ V 2
h

Now we can represent k-forms with their correspond-
ing elements from classical vector spaces while pre-
serving essential topological and geometrical properties.
Find u ∈ H(curl,Ω) and p ∈ H1(Ω) such that

⟨curluh, curl vh⟩Ω − ⟨γn(uh), γ∥(vh)⟩Γ + ⟨∇ph, vh⟩Ω

−⟨γn(vh), γ∥(uh)⟩Γ +
Cω

h
⟨γ∥(uh), γ∥(vh)⟩Γ = ⟨f , vh⟩Ω

⟨ph, qh⟩Ω − ⟨uh,∇qh⟩Ω = 0

∀v ∈ H(curl,Ω) and ∀q ∈ H1(Ω)

where γ∥(vh) = n × (vh × n) corresponds to trω and
γn(vh) = n× (∇× vh) to tr ⋆ dω [Boon, Ch. 3].

Well Posedness
For coercive and continuous a(·, ·), c(·, ·) in their Kernel
spaces and for inf-sup stable b(·, ·), perturbed saddle
point problems are well-posed [Boffi, Thm. 5.5.1].{

a(u, v) + b(v , p) = ⟨f , v⟩V ′×V ∀v ∈ V

b(u, q)− λ2c(p, q) = ⟨g , q⟩Q ′×Q ∀q ∈ Q

Our method can be categorized as such a problem by
e.g. setting b(uh,qh) = ⟨uh,∇qh⟩Ω. While for Qh the
H1 norm suffices, Vh requires to be endowed with the
following norm

∥uh∥2# = ∥uh∥2H(curl,Ω) +
∑
Fh∈Γ

1

h
∥γ∥(uh)∥2L2(Fh) +

∑
Fh∈Γ

h∥γn(uh)∥2L2(Fh)

Theorem. ∃α1, α2, β1, β2, γh > 0 such that

α1∥vh∥2# ≤ ah(vh, vh) ≤ α2∥vh∥2# ∀ vh ∈ Kh

β1∥qh∥2H1(Ω) ≤ c(qh, qh) ≤ β2∥qh∥2H1(Ω) ∀ qh ∈ H⊥
h

inf
qh∈H⊥

h

sup
vh∈Vh

b(vh, qh)

∥qh∥H1(Ω)∥vh∥#
=: γh

.

Consistency
We introduce the strong form of the Hodge Laplacian
for 1-forms in 3D in the vector proxy setting.
Let (u, p) ∈ [H2(Ω)]3 × H1(Ω) solve

∇p −∇× (∇× u) = f

∇ · u + p = 0 in Ω

u = g on Γ

Theorem. (u, p) solve the Nitsche type mixed
method for the Hodge Laplacian.

ah(u, vh)− b(p, vh) = ℓh(vh)

.

Experimental Results
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Conclusion & Outlook
The current analysis results are only valid for 1-forms in 3-D, the general
result for k-forms in n-D is still open. The experimental results suggest a
super convergence of the proposed method.

∥u − uh∥2L2(Ω) = O(hp+1), ∥p − ph∥2L2(Ω) = O(hp−
1/2)

∥∇ × (u − uh)∥2L2(Ω) = O(hp), ∥∇(p − ph)∥2L2(Ω) = O(hp−
3/2)

The current a-priori error rate result obtained by the analysis is highly sub
optimal, not coinciding with the observed behavior. More experiments need
to be done and sharper bounds need to be proven. The implementation for
the experimental results are done in NGSolve for 1-forms in 2D and 3D,
with manufactured solutions that are products of trigonometric functions.
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